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CHAPTER 1 

P. E. 1.1 

(a) A + B = (1,0,3) + (5,2,-6) = (6.2,-3) 
\A + B\ = V36 + 4 + 9 = 7 

(b) 5 A - B = (5,0,1 5) - (5,2,-6) = (0 -2,2 1) 

(c) The component of A along a v is A y = 0 

(d) 3A + B = (3,0,9)+ (5,2,-6) = (8,2,3) 
A unit vector parallel to this vector is 

a _ (8,2,3) 

" V64 + 4 + 9 

= ±(0.9 1 1 la x + d. 2219a , + 0.34 1 9a. ) 

P. E. 1.2 (a) The distance vector 

r Q M=r K -r Q = (0,3,8) -(2,4,6) 
= -2a x -a y + 2a : 



(b) The distance between Q and R is 



|r flf | = V4 + l + 4=3 



(c) Vector r QP =r p -r' Q = (l -3,5)- (2,4,6) = (- 1,-7 -l) 



re* IV I 
<V =70931 



3^51 



(d) Area = / 2 \r QR x v | = ^|(l 5,-4,1 3} 
= 10.12 



2 



P. E. 1.3 Consider the figure shown below: 

40 

U Z =U P + U w = -350a x + a \ + a v ) 

= -378a v + 28.28a, 
or 

u = 379.3Zl 75.72' 




N 



+> x 



-> E 



P. E. 1.4 



At point (1,0), G = a y ; 
at point (0,1), G = -a x ; 
at point (2,0), G = a y ; 



— a +a 

at point (1,1), G = — *-= " ; and so on. 



42 

It is evident that G is a unit vector at each point. Thus the vector field G is as 
sketched in Fig. 1.8. 



P. E. 1.5 

< 

Using the dot product, 

cosG 



-13 



\13 



A«B 

Att ~ AB '~ 4wj65^~H~5d 



or using the cross product, 



Ajc B [481 

sin0 .„ = ■ = A 

AH AB \650 



Either way. 



0 Att =120.66° 



'i 
I 



3 



F 141 



= -0.28370, + 0.7092a, -0.3546a. 



(b)£xf = 



a, a, a. 



= (55,16,-12) 



0 3 4 
4 -10 5 
a c . F = ±(0.9398,0.2734,-0.205) 

P. E. 1.7 a + 6 + c = 0 showing that a, A, and c form the sides of a triangle. 
a-A = 0, 

hence it is a right angle triangle. 



Area = i|axA| = l|Axc| = ^|cxa| 



1, 1 
—\axb\ = — 

2 1 1 2 



4 0-1 
1 3 4 



= 1|(3,-17,12)| 



Area = -V9 + 289 + 144 = 10.51 

2 — 



P. E. 1.8 



(a) PA = ^2-^Y+(y2-y i y+(z 2 -z i y 

= V25 + 4 + 64 =9.644 

* 

(b) r p =r P| + -/■„) 

= (1,2,-3)+ X{- 5 -2,8) 
= (1-5A,2-2/1-3 + 8/1)l 

(c) The shortest distance is 

</ = />/> sin0 = |P 1 />x«,, / , 

6 -3 5 
-5 -2 8 



V93 



|(- 14,-73 -27)1 = 82 
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Prob.1.1 



r = (-3.2,2) -(2,4.4) = (-5,-2,-2) 
r _ (-5,-2-2) 



a. = 



\r\ V25 + 4 + 4 
Prob. 1.2 



= -0.8703a t -0.3482a, -0.3482a. 



(a) A + 2B = (2,5,-3) + (6,-8,0) = 8a,. - 3a , - 3a : 



(b) /I -5C = (2,5,-3) - (5,5,5) = (- 3,0,-8) 
\A - 5C\ = V9 + 0 + 64 = 8.544 

(c) kB = 3ka x -4ka y 



\kB\ = yj9k 2 +\6k 2 =±5k = 2 
=> k = ±C4 

(d)AB = (2,5,-3) - (3 -4,0) = 6- 20 + 0 = 14 
2 5-3 



AxB = 

AxB 
A B ~ 

Prob. 1.3 



3-4 0 



12 9 23 



U4 14 14 ) 



= (-12-9-23) 



= 0.857la, +0.6428a„ + 1.642a. 



(a) A-2B- (2,1,-3) - (0,2,-2) = (2,-1 ,-l) 
A - 2B + C = Sa x +4a y **-6a l 

(b) A + B = (2,2,-4) 

C-4{A + B)= (3,5,7)- (8,8,-16) = - 5a x - 3a, + 23a, 



(c) 2A-3B = (4,2,-6)- (0,3,-3) = (4,-1,-3) 
|C| = V9 + 25 + 49 =9.11 

2A ~J B = 0.439a, -0.1 la, - 0.3293a : 
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(dM-C = 6 + 5-21 = -10, 
\B\ = J2 



A-C-\B\- = -10 + 2 = -8 



(c)-A + -C = / 
3 4 



2 



2 1 ^\ f2 5 7^ 

rr-l + =(1.4167,1.5833,0.75) 

3 3 J U 4 4j ' 

= l.l667a A . -0.7084a,. -0.7084a. 



U 4 J 2 



0 1 -1 

1.4167 1.5833 0.75 



Prob.1.4 



(a) T = (3.-2. D andS = (4. 6.2) 

(b) r TS = r s - r t = (4, 6, 2) - (3, -2, 1 ) = a v + 8av + a. 



(c ) distance = |r T s| = Vl + 64 + 1 = 8.124 m 



Prob. 1.5 

Let D = aA + 0B + C 

= {5a-/3 + S)a x +(3a + 4/3 + 2)a y +(-2a + 60)a : 
D x = 0->5a-y9 + 8 = 0 (1) 
D. = 0->-2a + 6/? = 0-»a = 3/? (2) 
Substituting (2) into (1), 



Thus 



15/?-/? '+8 = 0 -> p = -— = -- 

14 7 



12 n 4 

a = ,/? = — 

1 H 1 
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Prob. 1.6 

A B = 0->0 = 3a + /?-24 (1) 

AC = 0->0 = 5a-2 + 4y (2) 

B C = 0->0 = 15-2/7-6/ (3) 



In matrix form. 



24" 




"3 


1 


0" 


a 


2 




5 


0 


4 


/? 


15 




0 


2 


6 


y. 



A = 



A, = 



A 2 = 



A 3 = 



a = — = 



3 1 0 
5 0 4 
0 2 6 
24 1 0 

2 0 4 
15 2 6 

3 24 0 
5 2 4 
0 15 6 
3 1 24 
5 0 2 
0 2 15 

-144 



= 3(0 -8)- 1(30-0)+ 0(10-0) = -24 -30 = -54 



= -24x8-(l2-60)=-144 



= 3(12 -60)- 24x30 = -864 



-12-75 + 240 = 153 



A -54 
864 



-54 
153 



= 2.66/ 
= 16 



A -54 
Prob. 1.7 



= -2.833 



(a) /I B = ABcos0 AB 
AxB - ABs\nO AB a n 

(A ■ Bf + U x tfj 2 = (^ (cos 2 6 AB + sin 2 0< J= (ab) 2 
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(b)a x \a Y xa z )=a x a x = 1. Hence, 



a x -a xa z 1 



a, 

T' 0 - 



Prob. 1.8 

(a) P + 6 = (2,2,0), P+Q-R= (3,1,-2) 
|P + g-fl| = V9 + 1 + 4 = Vl4 = 3.742 
-2 -1 -2 
4 3 2 
-1 1 2 
4 3 2 
-1 1 2 

P QxR = (-2,-1,-2)- (4,-10,7) = -8 + 10-14 = -12 
4 3 2 

(c)Q*P = 



(b)P QxR = 



QxR = 



= -2(6- 2) + (8 + 2)- 2(4 + 3)= -8 + 10 -14 = -12 
= (4-10,7) 



2 _ i 

gx/>.« = (-4,4,2)(- 1,1,2) = 4 + 4 + 4 = 12 

-1 1 2 

or QxP R = R QxP = 



4 3 2 
-2 -1 -2 

(d) {P x Q). (Q x R) = (4,-4,2) - (4,-10,7) =16 + 40-14 = 42 

4-4 2 
4 -10 7 
(2-1-4) 



= -(-6 + 2)-(-8 + 4)+2(-4 + 6)=12 



(c)(PxQ)x(QxR) = 
PR 



= -48a x -36a -24a. 



(f)cos0 ra = 



-3 



1 



\P\\R\ V4 + 1+4V1 + 1 + 4 3>/6 V6 



^=114.1" 
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(g)sin ^ = 



\P*Q\ V16 + 16 + 4 6 



\P\Q\ 3V16 + 9 + 4 3V29 



6 PQ = 21.8° 



Prob. 1.9 

(»)r. = r-«..^ ^;g (ui) -g = -2.tt77 

= -0.2857a x + 0.8571a, -0.4286a z 



(c)sin^ re = 



TxS 



T S 



2-6 3 
1 2 1 



_ |(- 1 2,1,1 0)| _V245 _ 
7V6 " 7^6 



= 0.9129 



6> re = 65.91' 



Prob. 1.10 

/ . a a AB -1 + 12 + 15 26 , ne 

(b)g ^( g „>^(^4M 26(-1.6,5) 

2 ( 1 + 36 + 2 5) 



= - 0.4 1 93a, + 2.5 1 6a y + 2.097a. 



/I 5 



26 



26 



MM V62V1 + 4 + 9 V62~Vl4 



e AB = 28.05' 



(d)/4xB = 



-16 5 
1 2 3 



= Sa x +Sa y -8a z 



A unit vector perpendicular to both A and B is 
8a + 8a - 8a. a_ + a.. - a 
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Prob. 1.1 1 



COS0 = 





3 


3 


w 


V9 + 25 + 64 


~98 


= 72.36° 






H a y 


5 


_ 5 


w 


V9 + 25 + 64 


~ 98 


= 59.66° 






Ha. 


-8 


_ -8 


m 


V9 + 25 + 64 


98 


= 143.91° 







Prob. 1.12 

QxR = 



= (3-1,-2) 



1 1 1 

2 0 3 

P (Q*R) = (2-1,1). (3-1,2) = 6 + 1-2 = 5 



Prob. 1.13 



(a) Using the fact that 

{A x B)x C = (A • C)B - (B ■ C)A, 
we get 

Ax(AxB)=-(AxB)xA = (B-A)A-(AA)B 

(b) Ax(Ax{AxB))=Ax[(AB)A-(AA)B] 

= {AB\AxA)-{AA \A x B) 

Prob. 1.14 





A. A, 


A. 




A x 


Ay 


A : 


A (BxC) = 




B. 


, (AxB)C = 




B> 


B. 






C 




c x 




c. 



Hence. A (BxC) = (AxB) C 
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Prob. 1.15 



p A =r Pi -r Pi =(-6.0.-3) 
PA =r*-r Pl = (15,-6) 

-6 0 -3 



P t P : x/>/> = 



1 5 -6 



= (15.39,-30) 



Area of the triangle = - \P\ P 2 x /» /> | = - Vl5 2 + 39 : + 30 : = 25.72 
Prob. 1.16 

Let P, = (4, 1 ,-3), P 2 = (-2, 5, 4), and P 3 = (0, 1 , 6) 

Pi 




« = '/., ~r Py =(-2,5,4)- (4,1 -3) = (-6,4,7) 
b = 'r, -r, t =(0,1,6)- (-2,5,4) = (2,-4,2) 
c = r Pt -r Pi =(4,1,-3)- (0,1,6) = (4,0 -9) 



Note that a + b + c = 0 

a b = a6cos(l80-^)-> -cos/ = 



a-fl _ -12-16 + 14 

MM " V10TV24 



X = cos 

VKHV24 



= 73.47° 



be = bc cos(l 80 - ft) -> - cos /? = = i+0-18 

* V24V97 



/? = cos 



-I 
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V24V97 



= 78.04° 



a • c = ac cos(l 80 - a) -> - cos a = ^ = l2^±^l 

Vl0TV97 



a = cos 



87 



Vl0TV97 



= 28.48° 
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Prob. 1.17 



(a)'* = r Q- r e =(2 -1,3)- (-1,4,8) = (3,-5,-5) 

r lv = \r PQ | = V9 + 25 + 25 = 1M\ 

= r„ -r,, =(- 1,2,3) -(- 1,4,8) = (0,-2 -5) = -2a y 
(c) r QP = -r PQ = -3a x + 5a y + 5a. 

r QR = r Q =(2-l,3)-(- U,3)= 3a x -3a, 



*a. 



COS& 



r QP ' r QR 



-9-15 



24 



\r QP \r QR \ V9 + 25 + 25n/9 + 9 >/l8>/59 
0 = 137.43* 



(d)Area = -|r e/ ,xr 0if | 



r <?/> x r {?« ~ 



-3 5 5 
3-3 0 



= 15a, + 15a,. -6a. 



Area = — Vl5 2 + 15 2 + 6 2 = 11.02 

(e) Perimeter = QP + PR + RQ = r Qf + r n + r QK 

= V59 + V4 + 25+Vl8 
= 7.681 + 5.385 + 4.243 
= 17.31 

Prob. 1.18 



(a) Let A = (A.B.Q and r =<(x,y,z) 

(r-A)-A = (x-A)A + (y-B)B + (z-QC 

= /!*+ By+ Cz+ D 
where D = -^ 5 -5 2 -C 2 . Hence, 
(r-A) A = 0 -Mx + By + Cz + £> = 0 
which is the equation of a plane. 

(b) (r-A) r = (x-A)x + (>-fl)j/ + (z-Qz 

lf(r-/l)r = 0,then 

x 2 + y 2 + z 2 - /lx - By - Cz = 0 
which is the equation of a sphere whose surface touches the origin. 

(c) See parts (a) and (b). 
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Prob. 1.19 



(a) Let P and Q be as shown below: 



y 

A 




Q 



p 



\P\ = cos~e, + sin 2 0, =l,|e| = cos 2 <? 2 + sin 2 0 2 = 1, 
Hence P and Q are unit vectors. 

(b)/»e = (l)(l)cos(^-^) 

But P • Q = cos<9, cos0 2 + sin 0, sin 0 2 . Thus, 
cos(0 2 -0,) = cos0, cos0 2 + sin ^, sin (9, 

Let P x = P = cos^a, + sin0,a, and 

£, = cos0 2 a x -sin0 2 a,. 
/»/ and £/ are unit vectors as shown below: 



Px'Qx = (l)(l)cos(0,+0 2 ) 

But /» g, = cos0, cos0 2 - sin 0, sin0 2 , 

cos(0 2 + 0, ) = cos 0, cos 0 2 - sin 0, sin 0 2 

Alternatively, we can obtain this formula from the previous one 
9 : by -0 2 in Q. 



y 

A 




Pi 



> x 
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(c) 
/ 

2 



Qi= jl(cos0, - cos0 : )a r + (sin0, - sin0 : )a v 



1 I ; ; ; ; 

= - ycos" 0/ + siir 0 ; + cos' 0 , + sin" 0 , - 2cos0 , cos0 , - .PsinO, sin0 , 

/ , / 

= -yj2- 2(cos% ,cos§ : + s\n§ ,s[n% ,) = -^2- 2cos(0 : - 0,) 

Let 0 , - 0 , = 0 , the angle between P and Q. 

^\P-Q= j>/2-2cos0 

But cos 2A = 1 - 2 sin 2 A. 

/ / / ; 

~ 2 \P-Q\= -\l2-2+4sm-Q/2-- sin0/2 

Thus, 

/, 0,-0, 
j|P-0|=|sin^y^| 



Prob. 1.20 



w = w(l, 2,2) = (1 _ 2 2) ^ r = ^ _ = (U3 >4) _ (2 _ 3 fl) = ( _, 6 3) 



m = H»xr = 



1 -2* 2 
-16 3 



= (-18,-5,4) 



« = -18a Jt -5a, +4o. 



Prob. 1.21 



(a) At T,A = (-4,3,-9) 



/l| = V16 + 9 + 81 = Vl06 = 10.3 
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(b) Let r, 



rs 



B = Ba 



B 



B 



(-4,3,-9) 
10.3 



TS 



g _ 5.6(-4,3,9) 
10.3 

-2.175a, +1.63 la, -4.893a. 



(c)r rs =r s 



rs 



:. r s = -0. 1 75a, + 0.63 la, - 1 .893a z 
Prob. 1.22 

(a) At (1,2,3), £" = (2,1,6) 

\E\ = V4 + 1 + 36 = yf4\ = 6.403 

(b) At (1,2,3), F= (2,-4,6) 



= 1.2860,-2.57^ +3.857a t 
(c) At (0, 1 ,-3), E = (0, 1 ,-3), F = (0,- 1 ,0) 



E F =(Ea F )a F = 



(E-F)F 36 



= —(2,-4,6) 



ExF = 



0 1 -3 



0-10 



= (-3,0,0) 
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CHAPTER 2 

P. E. 2.1 

(a) At P( 1,3,5), x=l, y = 3, z=5, 



p= <Jx 2 + y 2 = >fl6 , z = 5, <|> = tan"'>'/jc= 3 

P(p,*,r)= P(JJd~, Ian ' 3,5) = P(3.162,71.6" ,5) 

Spherical system: 

r= yjx 2 + y 2 + z 2 = V35 =5.916 

/• = ^ 2 + y 2 + z 2 = yf35 = 5.916 

0 = tan" 1 V* 2 + W z = tan" 1 VTo/5 = tan" 1 0.6325 = 32.31° 
^(/-,e ,(p ) = P(5.916,32.31° 71.56° ) 

AtT(0,-4,3), x-0 ;=-4, z=-y, 

/?= yjx 2 + y 2 = 4,z = 3,^= tan" 1 ,y/* = tan" 1 - 4/0= 270° 
T(p,<p,z) = 7X4,270° ,3) . 

Spherical system: 

r= Jx T 7y T +z T = 5,0 = tan l p/z = tan"'4/3= 53.13°. 
T{r,Q,<p) = 7-(5,53.13°,270°). 

AtS(-3-4-10), x=-3, y=-4, z=-10; 

p= y [x T +y 2 ~=5, <*=tan" , -4/-3= 233.1° 
S(p,<fi,z) = 5(5,233.1,- 10). 

l"i 'i 'i i ' ■ ". 1 .' . -: l .-:" i :ar. r:^:rr 

Spherical system: 

r= y/x 2 + y 2 + z 2 =5yf5= 1U8. 

0 = torv xp / z = tan 1 5/- 10= 153.43°; 
S(r,0,<fi) = 5(1 1.18,153.43° ,233.1° ). 



p zp sin d> 

Q< = / , • ^ = 0: ft 



VP + - V 



(b) In Cylindrical system, p=^Jx~ 2 ~Vy 2 ~; yz=zps'm0, ;! 
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Q„ 




cos 6 

r 


sin^ 


0 


o 






- sin^ 


cos^ 


0 


0 


Q-.. 




0 


0 


1 





ft = ft cos* = -h-^, ft = -ft sin* = -7^=4 
VP +z VP* + "* 

Hence, 



VJr'+z* 



In Spherical coordinates: 



^ rsin^ 

ft = = sin<*; 



1 



Or 




Qe 




0* 





ft =-rsin0sin#rcos#- = - rsin#cos#sin0. 

sintfcos^ sintfsin^ cos# ft 
cos#cos^ cos#sin^ -sin^ 0 
- sin^ cos^ 0 ft 

ft= ftsin0cos(* + ftcos# = sin 2 0cos^ - rsintfcos 2 0sin^. 
ft = ftcos<9cos^- ftsin# = sin#cos#cos^+ rsin 2 #cos<9sin^. 
ft = - ft sin^ = - sintfsin^. 

Q= sin#(sin<9cos^- rcos 2 Osm^)a r + sin0cos^(cos0 + rsin0sin$tf fl - sin0sin<^ 



4-12- 
Q(x,y,z) = -a x + —a : = 0.8a, + 2.4a.- ; 

4 

0O,^,z)= -(cos270°a„ - sin270°a, - 3sin270°a- 
= 0.8 a, + 2.4a r ; 

4 45 4 3 20 4 

0(r,0.*)=-(O- -(- + j(-)(0- y (- l))a, - |(- 1)*, 

36 48 - 4 - 
= —Or + —a 0 + -a, = lA4a r + 1.92 a tf + 0.8a, ; 
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4 




COS((l 


4 




sin (j> 


4_ 




0 



Note, that the magnitude of vector Q = 2.53 in all 3 cases above. 
P.E.2.2 (a) 

pzsin<|> 
ip costy 
0 1 pcos^sin^ 

A= (pzcos^sinf- Jpcosfsin^a, + (pzshV<|> + ip cos" <}»)a v + p cos<J) sin fa.. 
But p = yjx 2 + y 2 , tan<|> = -, cos+ = , * sin<(i = , = ; 

x V r + >' v r ' + / 

Substituting all this yields 

A = I ! 2 [(xyz- 3xy)a x + (zy 2 + 3x 2 )~a y + xyaJ. 

V * + y 

sin9cos<|) cos9cos«|) — sin <(► 
sin0sin<f> cos9sin<|> cos<J> 
cosG -sinG 0 

Since r = <Jx 2 +y : +z 3 ,tar\6 = ^ X +y 1 y 











A. 







' r 2 " 




0 




sin 9 



and sin 9 = 
and sin<}) = 



v^7 



, tan<|> = -; 

z z 



J77 y 

y 



2 +z 2 



^, COS0 = 



COS<|> = 



B x = r'sin0cos<|> - sin0sin<J> = rjc-- = -(> 2 jt-^). 



5> = r 2 sin0sin(|> + sin0cos<() = ry + — =-( r i v + x) 

x r 

B, = r 2 cos0 = rz = -(r'z). 

r 



Hence, 



5 = 
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P.E.2.3 (a) At: 

(l,n/3,0), H= (0,0.5,1) 

a t = cos<|> a p - sinifr a* = -j(a p - VJ a t ) 

- - VJ 

H*a x = -— = -fl.VJJ. 
(b) At: 

(/, n 1 3, 0), ao = cosG a p - sinO a : = - a : 



Hxa 9 = 



a p a+ a. 

• I ' 

0 0-1 



= -0.5 a B 



(c) (H*a p )a p = Oa fi 



(d) 



0? a* a.- 
0 1/2 1 
0 0 1 



= 05 a, 



Hxa : 



= 0.5 



P.E. 2.4 

(a) 



= (3,2,- 6) • (4,0,3)= -6. 



(b) 



(c) 







3 


2 -6 




A x B 






0 3 






4 





6a r - 33 a 9 - 8a^ 
Thus the magnitude of A x B = 34.48. 



At (/, k/J. 5*/-/), 9 = ^/5, 

c/ r = cosOiir - sinQa, = -c/ r - —a. 
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(A»a : )a : = (-- y[3)(-a r - —a*) 
= -0.116 d r + 0.201 a» . 



Prob. 2.1 

(a) 

x = pcos<f> = lcos60° = 0.5; 
jy= psin^= lsinl20° = 0.866; 
z = 2; 

POt^z) = P (0.5, 0.866, 2). 



(b) 

x= 2cos90° = 0; >> = 2sin90° = 1; r=-10. 
2 = g (0> I - 4). 

(c) 

x=rsin0cos^ = 3sin45°cos210° = - 1.837; 
.y = /sin0sin0 = 10sinl35°sin90° = -1.061; 
z = rcose = 10cosl35° =2.121. 
R(x,y,z) = R(- 1.837, - 1.061, 2.121). 



(d) 

jc= 4sin90°cos30° = 3.464. 
>> = 3 sin 30° sin 240° =2. 
z = rcos# = 4cos90° = 0. 
T(x,y,z) = T(3.464, 2, 0) . 

Prob.2.2 

(a) Given P( 1,-4,-3), convert to cylindrical and spherical values; 
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p = V**' = + y 2 = <Jl 2 + {-4) 3 = yfl7 = 4.123. 

<j> = tan"' - = tan" 7 — = 28-f.0r . 
x 1 

■ ■ P(pA,z) = (4.123,284.04°, -3). 
Spherical: 



r = yjx 2 + y 2 + p = V/+ M + 9 = 5.099. 

0 = tan ' - = tan"' = 126.04° . 

z -3 

P(r,Q,$) = P(5.099, 126.04°, 284.04°). 

Prob . 2.3 

(a) 

x = pcos<f>, y = psm$, 

V = pzcostf- p 2 sin^cos^+ /ozsin^ 



(b) 



U = x 2 + y 2 + z 2 + y + 2z 2 
= r 2 + r z sin 2 0sin 2 ^+2r 2 cos 2 0 
= r 2 [l+ sin 2 0sin 2 ^ + 2cos 2 0 



Prob. 2.4 
(a) 







COSljl 


siji$ 0 




0 






- sini|» 


cosf 0 




x+ z 






0 


0 i 




0 



D p = (x+ z)sin<|> = (pcos<|> + z)s\n$ 
D 4 = (x+ z)cos<|> = (p costy + z)cos<t> 

D = (p cos<|> + z)[sin<|> tf p + cos<|> ] 



Spherical: 







... sinG sin<|) 


Do 




... cos0 sin<|> 






COS<j> 





0 




x+ z 


i 


0 

- 
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D r = (x+ z)sin0cos<j> = r(sin0cos<j> + cos0)sin0 sin<j> . 
D Q = (* + z)cos0 sin<|> = r(sin0 sin<j) + cos0)cos0 sinf. 
= 0 + z)cos<j> = /-(sin0cos<|> + cos0)cos<|>. 

Z> = /-(sinG cos(j) + cosO)[sin0 sin(j> a, + cosG sin<f> a 0 + cosfy 



(b) Cylindrical: 



cos^ sin^ 0 
-sin^ cos^ 0 
0 0 1 
E p = (j; 2 - x 2 )cos^+ xyzsin^ 



= /? 2 (sin 2 ^- cos 2 <p)cos(f> + p 2 zQos<f>sm 2 <f> 

= -p 2 cos2^cos^ + /rzsin 2 <f>cos<f>. 
E 4 = ~ tv 2 ~ x 2 )sin^ + jcyzcos^ 

= p 2 cos20sin^ + p 2 cos20sin^ + /? 2 zsin^cos 2 ^. 
£ r = jc 2 -z 2 = p 2 cos 1 <f>- z 1 . 

E = cos^Qrsin 2 cos2^)a, + p 2 sin#2cos 2 ^ + cos2^)a, + (p 2 cos #- z 2 )a. 
In spherical: 







sin0 cos<(> 


sinG sin<t> 


COS0 




2 i 

y - jr 






COS0 COS<|> 


cos0 sin(() 


- sin0 




JC>'Z 






-sin<t>' 


COS<(> 


0 







£ r = (X - x')sin0 cos<|> + xyzsinO sin<|> + (x 2 - 2")cos0; 
but x = rsinOcos<j>, y= r sinG sin z=rcos0; 
£, = r 2 sur0(sin'<|>-cos*'<|>)cos<|> + r 3 sin 3 0 cos8 sin' <j> cos<|> + r (sin 2 0 cos' <j>) cosU; 



£ 9 = (y 2 ~ x 2 )cosQ cos<|> + xyzcosQ sinty - (x 2 - z')sin0; 

= - r sirr 9 cos2<|> cosG cos<|> + r J sur 0 cos' 0 snr <fr cos* - r'(sin'0 cos'tfr - cos : 0)sin0; 
£* = ( v * - )' 2 ) sin t + Jryzcostj) 

= r sin : 0cos2<|>sin<|> + r s sin' 0 cos'<|> sin<|> cos0; 
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E = [-A-^sin J 8cos2^ + r-'sin J 0cos0sin^cos^ + r(sirr0 cos'> - cos'0)cos0]tf, t 
[-r : sin : 0 cos2<|> cos0 cos<(> + ^ sin : 0 cos : 0 siir <j> cos<j> - r sin0(sin ; 0 cos" (j) - cos : 0)]a o + 
+ |V sin~0cos2<[i sin<t» + r J sin ; 0 cos ; 4 sin $ cos0 ]a* 



Prob. 2.5 (a) 







cos^ 


sin^ 


o' 






- sin^ 


sin^ 


0 


F : 




0 


0 


1 



yjp 2 + z 2 

y 



4 



1 . , p 
: ^ cos <f>+ psm <f>\ ~ 



yip + z 4r 

1 



F* = 

F. = 



IP +z 



4 - /-j-^rf-pcos^sin^+pcos^sin^] = 0; 
V/ 0 + 2 



F = 



IP + z 
1 

/ i ; (pa p + 4a : ). 
y}P + * 



In Spherical: 







F Q 









sin0cos(|) sin0sin0 cos0 
cos0cos<|> cos0sin<|> - sinG 
- sin0 cos((f 0 
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T V 4 

F = -sirr0cos : 0 + -sin' 0 sin" G +■ -cosG 
r r r 



= sin' G + -cosG; 



F 0 = sin0cos0cos : <|> + sin0 cos0 sin' <J> - -sin0 = 

r 

F # = - sinG cos<|> sin<j> + sinG sin<|) cos^ = 0\ 

,\ F = (sin' 0 + ~sin0)a r + sin0(cos0 - -)a 0 . 

r r 



sin0cos0 - -sin0 ; 
r 



(b) 







cos^ 


sin^ 


o" 






- sin^ 


sin^ 


0 


G. 




0 


0 


1 



xp- 



yp 2 



yjp 2 + z 2 

zp 2 
fp>T7 



G p = [pcos 2 ^+ psin 2 = 

G, = 0; 



G. = 



G = 



IP' 



2 + z 2 



(pa p + za : ). 



Spherical : 



G r 




sinG cos<|> 


sinG sin(j> 


cosG 


G 9 




COS0 COS<|> 


cosG sin<(> 


- sinG 






- sin<|) 


COS(j) 


0 



xrsinG 



r 

j>sin0 
zsinG 
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G r = r sin : 0 cos* <j> + r sin' 0 sin' <j> + rcos* 0 sin0 

= rsin J 0 + rcos*sin0 = rsin0. 
G o = rshr0cos0cos**<j> + rsin**0 crossing - rsin J 0cos0 

= r sin' 0 cos0 - r sin* 0 cos0 = 0. 
G # = - rsin* 0 sin<j) cos<|) + rsin 2 0 cos<|) sin<|> =0. 

G = rsin0 a r . 











A. 





-pzcos(|» 
0 



Prob. 2.6 (a) 

cos<|> - sin^i 0 
sin<|> cos^» 0 
0 0 1 
A x = p(z + /)cos((i + pzsin<|> cos<|> 

xyz 



= x(z' + l) + 

fx' + y 

A y = p(z 2 + 7)sin (j> - pzcos 2 <fr 



V* + y V** + y 



x 2 z 



yjx + y 



A. = 0; 
:. A = [x(z 2 + /) + 



*yz r , 2 „ 

/ , , K + [K* + 7) - -7=7=7 a,. 
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sinG cos()> 


By 




sinG sin<j> 


B. 




cosG 



sinG 



0 



2x 

rcosG cosG 
-rsin<(» 



B x = 2xsin6 cos<(» + rcos^Gcos'iji + rsin' <j> 

**V* J + / + ^±?J7 xz n — — / 

2x' 



y yjx + y + z~ 



yjx 2 + y 2 + z 2 (x 2 + y 2 )Jx 2 + y 2 + z 2 x' + >- 

^ = 2xsinG sin<J) + rcos^G sin^> costji - rsin<|>cos^ 



> + y 2 y[x 1 Ty T ; z 2 "~ x 2 + y 2 + z 2 " ^' + ' +Z * <?77> 



2xy 



xyz~ 



>R + y 2 + z 2 x 2 + y 2 ylx 2 + y 2 + z 2 " V^T/ ; 
5. = 2x cos- r sinG cosGcos^ 

2xz Jx 2 + y 2 + z 2 (xy)ylx 2 + y 2 



'x 2 + y 2 + z 2 (x 2 + y 2 + z 2 ) ~~ JPTy 2 
2xz 



Jx 2 + y 2 + z 2 Jx 2 + y 2 + z 2 = Jx~ 2 Ty 1 7z T '' 



2x 2 



B = [ + — — 

ylx 2 + y 2 + z 2 + (x 2 + y 2 )ylx 2 + y 2 + z 2 



> ! J7 



+ y 2 + z 2 



x 2 + y 2 



]a x + 



2xy 



jcyz 



xy^fx 2 + y 2 + z 2 



x 2 + y 



K + 



r * 2 



x + + 
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Prob 2.7 (a) 







cos^ 


-sin^ 0 




rsin^ 






sin^ 


cos^ 0 




- pcos<f> 


c 




0 


0 1 







C y = zsin^cos^ + /7sin^cos^ = , . + f — 



C ~ zsin ^- />cos 2 ^ = . 
C = 2/72: = 2z^jx 2 + I ■; 



^ 2 z jc 2 ^ 2 + y 



x 2 + / ' 



* 2 +/ V*Vv 2 



-)a x + ( 



)a y + 2zjx 2 + ^ 2 a. 



(b) 



"a" 




sin0 cos(j) cos0 cos<|> 


- sin<|> 






sin0 sin(j) cos0 sin(() 


COS<f> 






cos0 € -sinty 




D x = 


sin 2 0 cos<|> cos 2 0 cosfy 


COS<f> 






r r 






sin 2 0 sin<() cos 2 0 sin<|> 


sin<f> 
r 2 " 



sinG 



COS0 



r 
0 



yfx* + y*(x 2 + y 2 + z~) ' 

■V 

V*' + /(x 2 + / + r)' 



smG cosG sine cosB 

D. = 5 - ; = 0; 

r* r 



D = 



x +r (*• + >•• + -■) 
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Prob. 2.8 (a) 

^•a„=(cos^ - sin^dv)*a, = cos<f> 
a x *at =(cos</>a p - sin^a*)* a, = - sin^ 
^.•a, = (sin0a, + co$><f>a<>)* a P = sin^ 
= (sin0a„ + sirupa*)* a* = cos^ 

(b) 

Since a p , a*, and <? r are mutually orthogonal 



Also, = 0; a^flr = 0. 



cos<(> - sin<^ 0 
sin<|> cos<j> 0 
0 0 / 



a x *a p 
a y * a p 



a y * a+ a y * a z 



(c) 



In spherical system: 

a x = sin0 cos<)> tf r + cos0 cos(|) a e - sin(j) a*. 

a y = sin0 sin$ a r + cos0 sin(() tf 9 - cos<|> a*. 

a r = cos0 a r - sin0 as . 
Hence, 

a x «a r = sin0cos<|>; 

a x *a Q = cos0cos<|); 

^•a, = sin0 sin<|>; 

a_ v * #o = cosG sin<j>; 

a : « a r = cosG; 

a-t an = - sin0; 
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| Prob 2.9 (a) ~ 

X + + 2~ = ^ + 2" . 

0= tan" 1 -; ^ = ^ 

2 

or 

p= y/J 2 + >> 2 = ^/r 2 sin 2 0cos 2 ^+ r 2 sin 2 0sin 2 <f>. 
- rim6\ 




From the figures below, 

tf P = cose 0e+ sinG a,; a 2 = cosGa,- sin0tf e ; a* = a 4 . 



•i 

l! 





Prob. 2.10 (a) 







COS<j> 


sin <f> 


0~ 




xy 2 z 






- sin$ 


COS<j) 


0 




x 2 yz 


H. 




0 


0 


1 







H () = xy 2 zcos$ + xVsint = p'zcos' 4 sin' 4 + p'zcos'^ sin* 

1 i 

= -p z sin 24 

2 « 

// 4 = - xy'zsint + x'jscosf = - p J zcos$ sin J 4 + p J zcos$ sin$ 

= p'zcos^i sin^ cos24>. 
H : = xyz 2 = pVsin4>cos$. 

H= -^p'zsin^tfp + -jp J zsin2<|> cos2<|> a t + -^p J zsin2<|> a... 







sin 8 cos<|) 


sin8 sin<|> 


COS0 




xy 2 z 


ff. 




COS0 COS* 


cosG sin* 


- sin0 




x 2 yz 


! ". 




- sin<j» 


COS* 


0 




xyz 2 



x = rsin0 cos*, y = rsin0 sin*. 



= rCOS0, 
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H r = xyz[ysinQ cos<j> + xsinG sin <|> + zcosQ 

= r 3 sin' 0 cosO sin $[r sin 2 0 sin <(>cos<j> + rsin* 0 sin<|> cos<|> + rcos'0] 
// e = jcyz[j>cos0 cos<j> + jccos0 sin<|> - jsin0] 

= r^sin^cosGsin^cos^rsinGcosGsin^cosij) + rsinG cosG sin<)> cosfy - rcosGsinO] 
//^ = a>c[- j'sin<|) + xcos<J>] 

= r s sin' 0 cosG sin<|> cos<|>[- rsinG sin : <(> + rsin0 cos : <|>] 
= r 4 sin j 0 cos0 sin<|> cos2<(). 

//= r'sin J 0cosGsin<|>cos<J>[(sin : Gsin2<|> + cos ; 0)a r + 

(sin0 cos0 s\x\2§ - cos0sinG)a 0 + sinG co$2§ a+]. 



(b) 



At (3- 45), H(x,y,z)=-60(-4,3,5) 



= 424.3 



This will help check H(p,ty,z) and //(/\0,<|>) 
p = 5, 2 = 5, <j> = 550°- tan"' | = 505.57° 

//= -^(/25)(5)(-0.05)a p + ^(/25)(5)(-0.00)(-0.277))a* + |(25)(5)(-0.P5)a.- 



= 288 a p + 84 a* - 300a : 



Spherical, 



r=V50=5V2;' sin0= = -jL; cos0 = -4-* 



4 3 
& sin^= - - cos^= - 



= -8.485a r + 415.8a* + 84a,. 



Prob 2.11 (a) 



4 




cos<|> 


- sin<|) 


0' 








sin<!> 


COS(|» 


0 




4 




0 


0 


1 





p cos<j> 
pr : sin<!> i 
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,4 r = p cos" <|> = yfjp + y 2 



.v" + y~ 



<P + J' 



.4, = p sin<j> cos<(» = y[x~ 2 + P P~ ; = , 
4- = / / , [x 3 flx + -v>'tf, + vza-]. 



At (3,-4,0) x-3, y=-4, z=0; 
A = |[9a,- 12a,]. 





A 




sin 0 cos ^ 


sin#sin^ 


COS0 


(b) 






cos ^ cos ^ 


cos 6 sin ^ 


- sin# 




A 




- sin^ 


cos^ 


0 



p 
p 

yz 2 



rsinG cost, j> = rsinG sin<(>, z=rcosG, p = rsinG. 

r 1 sin' 6 cos 2 + . A r 2 sin 2 6 cost sint 

4 = r-7 smG cost +' — ~sin6 sin<|) + 

rsmU rsinG 

r 3 sinG cos 2 t 



sint cosG 



rsinG 

= r sin 2 6 cost + r 2 cos i 0sin6 

= rsinG cos 2 tcosG cost + rsinG cos<|> sint cosG sin(j) - r 2 cos' G sint sinG 
= rsinG cosG cos<() - r 2 sinG cos 2 sin<|) 
= rsinG cosG [cost - r cos G sin<|>] 



A % = - rsinG cos 2 t sint + rsinG cost sint cost = 



<'* = /'[sin 2 8 cost +rcos J 6 sinjlgr + rsinG cos6[cost - rcosG sint]a 0 . 
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At (5 - 4,0), r = 5, 0 = n / 2, 4 = 50(5.55 
cos<|> = 5/5, sin«J> = --//5. 



.4 = i^* j+5(0)W/5)R + 5(/)(0K 



= 5a r . 









= 5. 



Prob 2.12 



cos<|> - sin<)> 0 
sin<t> cos<|> 0 
0 0 / 



A. 



47+7 



4777 



4777 
0 o 



4 



sin#cos^ cos#cos^- sin^ 
sintfsin^ costfsin^ cos^ 
cos# -sin0 0 



A, 
A a 



xz 



y 

Jx 2 + y 2 + z 2 



yjx^TyU? 



4^774 

yz 



Jx T 7y T V? 



-y 



x 2 + y 2 + z 2 Jx 2 + y 2 



4^7 



0 



A. 
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Prob2.13 (a) Using the results in Prob.2.9, 

A p = pzsm<f> = r 2 sin#cos#sin^ 

A 4 = 3/?cos^ = 3rsin#cos^ 

/I. = pcos^sin^= rsintfcos^sin^ 

Hence, 



4 




sinG 


0 


COS0 


r 2 sinG cosG sin<|> 


A 




cosG 


0 


- sinG 


5 /-sinG cos(() 


\ 




0 


I 


0 


rsinG cos(() sin<(> 



/l(r,0,(t») = rsin0[sin(|» cos0(rsin0 + cos^ja, + sin<|>(rcos-'0 - sin0 cos<|>)tf 9 + 3cos<|>a # ] 



At (10,n/2Jn/4), r = 70,8 = n /2J = 3n 14 



A = I0(0a r + 0.5a 6 --j^a^)=5a 9 - 2l.2la k 



(b) B r = r 2 = (p 2 + z 2 ), 5 e = 0, = sinB = , 



p J + z' 



5 P 




sin0 


COS0 


0 


B, 


*♦ 




0 


0 


1 


B 9 


B. 




COS0 


- sin0 


0 


** 



B( 9 j,z)=Jp 2 + z 2 



a. + za. 



At (2,7i / 6 J), p = 2,$ = n/6,z= 1 

B = VJ(2a p + 0.^ + a.) = 4.472a p + 0.8944a< + 2.236a : 

Prob 2.14 



(a) c/= V(6-2) 2 + (-l-D 2 + (2-5) 2 = V29 = 5385 
J- = 3 : - 5 : - 2(3)(5)cos;r + (-1- 5) : = 100 



5(b) 



d = v^ioo = 10 



! 
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(C) 



d 2 = 10 2 + 5 2 - 2(10)(5)cos-cos- 

4 6 

a = (10)(5)sin — sin— cos7 — - — 
4 6 4 4 

d = V99.12 = 9.956. 
Prob 2.15 

(a) An infinite line parallel to the z-axis. 

(b) Point (2,-1,10). 

(c) A circle of radius rsin# = 5 , i.e. the intersection of a cone and a sphere 

(d) An infinite line parallel to the z-axis. 

(e) A semi-infinite line parallel to the x-y plane. 

(f) A semi-circle of radius 5 in the x-y plane. 

Prob.2.16 

At T(2,3,-4) 

9 = tan ' V *' * y2 = 130 ' = i3? - 97 

cosG = j==-0.7428,smQ = ^2 = 0.6695 

4 - tan'' - = tan'' - = 56.31 
x 2 

,2 . 3 
cosy r—- sin$ = 



13, ™" T ~ V7J 

a, = cosG a r - sin0 a 9 = - 0.7428 a 0/5695 a 9 . 
a r = sinGcosi)) a t + sinG sini|> a,+ cosGa . 
= 0.3 n l4a< + 0.5571a, - 0.7428a : . 
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Prob.2.17 

AtP(0,2-5). b = M°; 



~B~ X 




cos<|> 


- sin<|> 0 










sin <j> 


cos<|) 0 




*♦ 


A. 




0 


0 1 




B z 



0 -1 0 

1 0 0 
0 0 I 



-J 

/ 

-3 



i B = - a, - 5# v - 3a : 
(a) A+ B = (2,4,10)+ (-1,-5,-3) 



= a x - a y + 7a.- 



A*B 



-52 



( ' )cos ^ = HiH = So 

^„ = cos-'(-^H=) = 143.26° 
V4200 — — 



(c) /!„ = /4«a« = 



A*B 

B 



52 
V35 



= -8.789. 



Prob. 2.18 

At p(#, J0°, 60°)'= P(r,Q,$), 
x = /-sinG cos<|> = 5 sin 50° cos<50° = 2. 
>> = r sinG sini|> = 5 sin 30° sin 60° = 2VJ 

2 = rcos0 = «(^Vi)= WJ. 

G= 14a x +8y[3a y +(48+24)a : = {14,13 £6, 7 2); 

= - sin 4 a x + cos? a y = - ~^~ a *+ ~ZQy\ 
G\ = (G.£/«)a»= (-7j3~+4y/3)t(-y[3a x +a y ) 
= 4.5a,- 2.598 a,. 
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Prob. 2.19 

i| 

| (a) J _ - (J»a : )a : . 

At (2, n/2, 3tt/2), a z = cos0a r - sin0a e = -a g . 
J. = - cos2#sin^a,9 = - cos^-sin(3^-/2)ao = - a 0 . 

9 - 7t 

(b) Jo = tan-lnra, = tan — ln2a # = In 2 a, = 0.693 1 a, . 

(c) J, = J- J n = J- J r = - a 0 + ln2a, = - a e + 0.6931a, 



(d) J,> = (j*a x )a x 

a x = sinO cos<|) a r + cosG costy do- sin<|> a* = a*. 
At (2. n/2, 3k/ 2), 

«//> = ui2a^. 

Prob 2.20 

^ P, ^7=2, ^=30°, z= -l 
// = 10sin30a„+ 2cos30°a,- 4a : . 

= 5a p + 1.732 a^- 4a r . 

(5, 1.732, - 4) 
= + 173 22 ; 4 2 = 0-7538^+ 0.261 la,- 0.603a- 



(b) H x = H p cos fgzHj sin ^ = 5/t? sin ^ cos ^ - /k cos ^ sin ^ 
or P at p= 5, | = 30, r= t; 

//, = M x a x = (25sin30 o cos30 o +5sin30 o cos30°)a jr . 

= Ba, 

(c) Normal to p = 2 is H„ = H () a p ; 
i.e. H„ = 0.7538 a p . 



ii (d) Tangential to <j> = 30° . 



ii 

ii 
ii 

I H, = //.a : = 0.7538 a P - 0.603 a : 
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| Prob.2.21 



(a) At T,x = 3,y = -4,z = l,p = 5,cos<j> = - 



/I = 0 flp - 5(/)(- -)a p + 25(l)a : 



- 3a* + 25 a : 

, — 5 / 

r = y/26, sinO = ; cos8 = -7= 

j2o\ 426 



B = 26(y)*,+ 2(^/26)" 
= -I5.6a r + 10 at, 



(b) 



In cylindrical coordinates, 
sinG cosO 0 
0 0 1 
cosG - sinG 0 









II 







-75.5 
70 



fl p = 15.6 sinG = 2<5(- |)(^7=) = /5J 
fl, = 10, B : = 75.6 cos0 = -3.059 

£(p,*,z) = (-15.3,10,-3.059) 

a t'A ~ \~ t-A m i, 1 V°- 76.485X-15.3J0,- 3.059) 
A H = (A.a H )a H = (* 0 B)B^ — — 



= 2.071a,- 1.354 'a^ 0.41 41 a : . 



(c) In spherical coordinates, 



A, 




sin0 


0 


cose 


' o' 


4, 




COS0 


0 


- sine 


3 


A. 




0 


I 


0 


25 



38 



A r = 25 cos 0 = 



25 
426 



= 4.903 



= 25s'mQ = -25(-jj^)= -24.51 



A t = 0. 



Ax B = 



a r 



4.903 - 24.51 0 
-15.6 0 10 



= - 245.1 a r + 49.03a a - 382.43a. 



i Ax B 

OAxH = 456 87 = ± (°- 5365a ^ 01073 a » + 08371^. 
Prob 2.22 

(a) For (x,y,z) = (2 J, 6), 

r= Jx 2 + / + z 2 = 7 

x -2 

x - rcos a cos a = — = — ,a = 106.6° 
r 7 

y 3 

y = rcosp cosp = j = -,p = 64.6° 
z 6 

z- r cosy cosy = - = -,y - 31° 
Hence, 

(r,a,P,y)=(7, 106.6° ,64.-6° ,31°) 



(b) For (p ,♦,*)- (-MO 0 - J), 
r=Jp' + z 2 =5, 



z -3 
cosy=- = —y = 126.9° 
r 5 

x cosdi -/cosJ0° 

cosa = - = p = a = 46.15° 

r r 5 

„ y psind) •/ 

cos/? = - = -= -sin30° B= 66.42° 

r r 5 

(r.a , 5, v) = (5.46.15° .66.42° .126.9° ) 
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| (c) For (r,e,f ) = (J,J0° ,<50° X 
/•= J, >> = 0 = 30°, 

x rsin0cos<|> / 



cos a = 



= - a = 75.52° , 
4 



y 



cos£= -= sin9sin<j> = 0.433 B= 64.34°, 
(/\a , B.y) = (575.52° ^ J7° J0° ). 

Prob 2.23 

- 2/-cos#sind - , 

G = cosj>a y + — — — — a v + (1- cos <b)a. 

= cos^ajr+ 2tan#sin^a > ,+ sin^a r 

cos 2 <f> 
2tan#sin0 
sin 2 (p 

Gr = sin#cos^+ 2cos#sin 2 <j> + cos#sin 2 <j> 

= sintfcos 2 0 + 3cos#sin 2 0 
G, = cos0cos 2 <f>\ 2tan0cos0sin 2 0~ sintfsin 2 ^ 
G, = - sin^cos 2 0+ sin 2 ^cos^ = sin0cos^(sin0- cos^) 

G= [sin#cos 2 <j>\ 3cos#sin 2 <j>]a K 

+ [costfcos 2 0+ 2tan0cos#sin 2 <j>- sintfsin 2 (f>]a e 

+ sin0cos0(cos0- cos^)a^ 



Gr 




sinOcosfi 


sin#cos^ 


cos 6 


G 0 




sin#cos^ 


cos 6 sin <j> 


- s'm& 


<G 4 ) 




- sin0 




0 
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CHAPTER 3 



P. E. 3.1 



(a) DH = Jrsinfdf I 



= 0.7854. 



(b) R7 = J L, = 5(j- j) = 5 ~f = MB- 



0=60° 



(c) 



^£M)= J /r'sin8*M U = 9(-cos0)C:*|J; 



(d) 



Q=60° +=45 



60* 



r=5 0=90 r=5 

^CD=J \rdOdr- r -\ ^ = 4.189 



r=3 <9=60 



21., v 2 3' 



(e) 



r=5 4=60° 6=00 



Volume = f \ Jr'sinG** = y| £ (-cos0) | 9 e ;- * r' = 



V9n 



= -/.27d 



P.E. 3.2 
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jA»dl=(j+j + j)A*dl = Q + C + C, 

Along (/),C,= /^•t//= J pcos<(>c/p| 4=0 = | = 2. 

Along (2), dl = p4 a #> /!• <// = 0, C 2 = 0 

f p 1 

Along (3), C, = Ipcos^p^. = — , (-)=-/ 
, t o z 

jk* dl = C, + C 3 + C, = 2 + 0- 1 = 1 



P.E. 3.3 



(c) 



o,, 

(a) V£/ = — a x +— ~a y +— a : 

ox oy dz 

= y(2x+ z)a x + x(x + z)a y + xy a-_ 
/n „ w , dV. IdV- dV- 

(b) " v -^-^Tz a - 

z ,, 

= (zsin+ + 2p)a p +(zcos$ - -sin2$)a t + (pcos+ + 2zcos'A )a* « 

p i 



„, \df- l <f. 

a- r dO rsmu dtp 



P.E. 3.4 



= (cos#sin^+ 2r<f>)a r - sinflsin^lnz-a* 
+ (cos#cos^lnr+ rcosecO)a^ 



At (7,2,3) V^ = (UJ) 
where (2,2,1)= (3,4,4)- (1,2,3) 



I 
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P.E. 3,5 



Let / = x : y+ z- 3, g = xlogz- y 2 + 4, 

V/ = 2xya x + x 2 a y + a z ^ 

x - 

V g = \o%za x - 2ya v + — a z 

z 

At P(-/,2,/), 

n ' m± w — nr-^- 

« - - (-•*) 

COS0 = «/.«., = + y 

J 18x17 

e = cos "'77^J ■ 7J -*" 



P.E. 3.6 



(a) V.^ = —^+—^+— ^ = 0+^+0= ¥jc. 

ox dy dz = 

At (7,-2,5), V • A =4. 
(b) 

„ - Id ldB t dB. 

V • B = -— (p A) + r- 1 + 2- 

ii 2 

- — 2pzsin<|) - -Jpz siniji + 2zsin<|> - 3z' sin<|> 
= (2- Jz)z siti<t» . 

V.fl = (2-5)(/)= -A 



(c) 



V.C=— — (r 2 (A e sm0)+- - J - 

r 1 dr x rsmOdO K 6 ■ rsxnO d<j> 

- — 6r 2 cos#cos^ 
= 6cos#cos^ 

K K K 71 

At (I.-.-), V #C= 6cos- cos- = 2.598. 
6 j 6 3 ■■ 
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P.E. 3.7 This is similar to Example 3.7. 

s 

¥ t - 0 = !f A since A has no z- component 
K = I] p 2 cos 2 typdtydz = p J J cos"<|>di|> Jc/r 

= (4) 3 n(l) = 64n ' 
V=0+0+64n = 64n 



By the divergence theorem, 
= jv • Adv 

S V 

Id, 1 c 

V*A = — — (p J cos' <|>) + - — zsin(j) 
p dp p 



y " 

= Jpcos 2 <b + -cos6. !; 

p || 

!P = Jv • = } (ipcos^ + -cos$)pd$dzdp j 

V V P j 

= i{p 2 </p Jcos 2 <j>c/<(> Jdz + Jt/p Jcos^ \dz ! 

0 o o o o 0 ' 

4 3 

= J(y )*(/)= ««; 

P.E. 3.8 < I 

(a) , 

Vx^= ^(7-0)+ 0) + a.-(^-z) 
= <z, + «y- z)a : 

At (1,-2,3), V x A = a x - 2a y - lla : 

(b) __==_ 

Vx B= a p (0- <5pzcos<|>)+ a«(p sin<|> - 0) + a- -(6pz'cos<|> - pzcos<|>) 

P 



= -<5pzcos<|> a p + p sin<|) + (6z- /)zcos(j» a.- 
At (5.^,- /), V x B= 5a, . 
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(C) 



V x C = a r 



rsinO 



/ -in n ^ a * , 2rcos9 sin<|> 3 . , a, 

(r /2 cos0-0) + y(- -/'-)+ y(O-2rsin0cos((») 



= r 'cotO^-(2cot0sin(|) + -r" w )ae-2sinecot((ia + 



n n 



At VxC= /.7i2^-^.5a e -Q.5^ 



P.E. 3.9 



2COSli> - - 

But (Vx^) = sin<|> a_- + a p and f/S = p44> a : 



f(V x ~A)*dS= {Jpsinifi 4 dp 
= ^(-cos*)^ 



P.E. 3.10 



V x VF = 



£^ ^/ 

<k dy ck 



P.E. 3.11 

(a) 



3 3 3 

V ' U + —(x 2 + xz)+ —(xy) 

= 2y. 



I 
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(b) "~" " _ ^ ^ ~ 

V 2 V = p(zs'm<t>+ 2p)+ pzsxn^- 2z 2 -^-sin^cos^) + ~-(/?sin^+ 2zcos 2 ^) 
p op p" dp az 

1.1 
= — (rsin^+ 4p)- — v(rpsin^ + 2r~ cos2^) + 2cos~ <f>. 

P P^ 
2z 2 

= 4+2cos 2 ^- — rcos2^. 
P 



(c) 



V 2 / = ~y^[-y-cos0 sin<(> + 2r6] + ; { - ~~[- sin 2 8 sind) InH 
r or r r r sm0 50 



+ , . 2 „[- cos0 sin0 lnr] 
r sin 0 

cos0 sin<t>(/ - 2 In/ - csc ; 0 lnr) + <5W 



P.E. 3.12 



If B is conservative, Vxfi=0 must be satisfied. 

A JL JL 
Vx5= ax a>> az 

y+ zcosjcz x xcosxz 



= 0a x \ (cosxz- xzsinxz- cosxz + jczsinjcz)a,+ (/- l)a : = 0 
Hence B is a conservative^ field . 
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Prob. 3.1 

(a) 



dl = pd(j)\ p= 3 



(b) 



(c) 



L=\dl - 3/^=3(f-f)=^= 2356 



dl = rs\n0d<f>; r= 1, 0=30°; 

/r 

L= J<// = rsintf j <ty = (l)sin30°[(^)- 0] = 0.5236. 



L- jdl-r jd0--4i*-^)--^ = 4 m 



Prob. 3.2 

(a) 

dS = pd#dz 



K_ 

5 2 



S=]dS= p\\d<f>dz=2 jdz }d<f> = 2(5)[f-f] = l -^= 5.236 
(b) 

In cylindrical, t/S = p 4><# 



5= JrfS. Jpdb !(£)}. ^ 

/ 0 41 

(c) In spherical, dS = r : sinG <ty 



7* 



5= J</S = 700 JsinG^ J^= 100{2tl){- cosG) | = 200n(0.5 - 0.7071)= 7.58.4 

n 0 * == 

(d) 



c/S = rdrdQ 
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Prob.3.3 

(a) dV = dxdydz 

I 2 3 

V= \dxdydz = jdxjdyjdz = (1) (2- 1)(3- -3)= 6 

0 I -3 

(6) dV= pd^dpdz 



(c) c/F=r 2 sin6^4 



Prob 3.4 



/ « * J * u 



1 1 n 26n 

= 7 (27-/)(-) (l )- — .4J38 




f \{x 2 + xy)^<fc 

x=0 y=0 

' 2,1 5 

= J(*Vy- f(^ + y)c& 



/ / 17 
= -+— = — = 0,2£33 
5 12 60 ===== 
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Prob. 3.5 

jH*dl= j(x 2 dx+y } dy) 

I. 

But on L, y = x 2 dy = 2xdx 

\H*~dl= f (X 2 + X 4 2x)dx = y + 2y |' = j + j = Q-tftftf7 
Prob. 3,6 

K= { J Jr 2 sin0<#</rd|> = -^(/-cosa) 

6=0 r=o * 



Via - j) - 



2na 3 


(/- 










i 


2na } 


(/- 


0)= 


2na J 


3 


5 



Prob.3.7 
(a) 



r=i 



(b) 



v=0 jr=r> 

= 0+4-54= -50 



Let x=2t. y=t, z=3t 
dx=2dt, dy=dt, dz=3dt; 



\ ~F*dl = J(8/ 2 - 5/ 2 - 162/ 3 ) 

0 

Prob.3.8 



79 

— = - 39.5 
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jff.dl = \{x-y)dx\ +' \(r + zy)d=\;° o 
+ J (at + zy)dy + 5yzdz\' \ 

~~ 2 

1 f, •* V. 



= 1.5 



Prob. 3.9 



The surface S can be divided into 5 parts as shown below 

S, 




Let 



V- (jc + y)z = pz(cos<|» + sin<{») 



A-\vdS-\\, J + J + J + J 

V S, S : S3 S4 S5 J 



VdS = A, + ^ + A 3 + A 4 + A 5 



For ,4/. r - 2. c/.V = p<ij)c/pa : , 
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A,= \ \ p'r(cos* + sin<(>)4Jpa, = (2)^-|,/(sin<|> - cos*) | xl2 a : 

2 - 4- 

= -(1-0-0+ l)a : = -a z 

For z=0, dS=pd$(-a : ), 

I x/2 

A: = - \ Jp'z(cos<|> + s\n$)d§dpa : =0 

For Aj p = /, c/S= p d$dza p 

A 3 = J Jp 2 z(cos<|> + sin<j>)d|>dfeap 
= (/-') y 1(1+1) a p = 4a p 

¥otA 4i (fi = j, ^5= dpdzat 

I 2 

A 4 = \ \pz(co^ + sm^)dpdza^ 

For * = 0, = </p<fe)(-^) 

A, = - a* 

t - 4 - - 
Thus, ,4 = \ VdS= -a : + 0+4at-a* = 4a p + U33a : 

Prob 3.10 

(a) j/4i/v= \2xydxdydza x + \xzdxdydza y - \ydxdydza-_ 

2 2 2 2 2 2 2 2 2 

= 2{xcfcJ>^J<fca,+ J:rc&Jc/yJz<fca,+ \dx\ydy\dza : 

II 'I II II 0 I) n i) i) 



5! 



2 i 2 

Since \xdx = — [ = 2 and jdx= 2, we get 

0 2 0 

\ 'Adv= 2{2){2){2)'a x + (2)(2)(2)a> - (2)(2)(2)a- 



(c) 



= 16a x + 8a y - 8a : 







cos<(i sin<{» 0 




~2xy 


\ 




- sin<)> cos(|» 0 




xz 


A. 




0 0 1 







A p = 2xy costy + xzsinty = 2p~ cos J <j> sin<|) + p zcos(j) sin<J) 
^ = - 2xysin<|> + xzcos<|> = -2p* ? cos<|) sin' (j) + p zcos' <j) 
A_=- y= -p cos(() 
t/v = p d{> c/p Jz 

\kdv = \l\2p 3 cos s $d(-costy)dpdza p + jjjp 2 zcos<j> cos<(>)c/p <fca P 
-2}{Jp sin 2 ^c/(sin(|))c/pd!za 4 + \\\p : zcos 2 $ d$ dpdza* 
- JJjp 2 cos$ <afy c/p rfza : 

Since Jcos<|>*/<|> = 0, 



= 0+0+0+ (9Xyx|)«* = 56.25a, 



sinG cos<(> cos0 cosi|> - sinG 
sin9 sin<(» cosG sin<|» cos<|> 
cosG - sinG 0 



2xy 
xz 

-y 
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f Adv = \\\2r 4 sin 4 Q cos 2 { d(cos$)dQd$ dra r 
+ | J| r 4 sin 2 0 cos 2 0 cos 2 §dbd§dra r 
+ jjjV sin 2 0cos<() sin<{) dftd§dra r 
+ }jj2r'sin'0sin 2 <() </(sin<|0<# 4 ^"o 
+ JUr 4 sin 2 0 cos 2 0cos<|> sinij) dddtydrao 
- JJjV sin 2 0 cos<|> sin<f> <ty rfra e 
+ {jl^ sin'0 cos0 sin<|> costy eft d§ dra^ 
- JJjV sin J 0 cos 2 0 cos<|> cfi d§ dra* 



= yC^+T 0082 *)^! cos0(/-cos 2 0)d3a r 
1 * * 

= 204.8 (-) [ J cos 2 0c* - Jcos'0<*]a, 



i 



r - „ 6 sin 20 « w ; 

But Jcos 2 0<* = (-+ — J~)[ = ^ \ 

Since cos 40 = 8 cos 4 Q-8 cos 2 0-7 1 

}cos'0^ = y+-J cos40<fl--r j<* I 

J ,4 dv* I02.4(y j + = -ft).2/ a. 
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"Prob 3.11 



dV x dV y dV : 



dV x 

-f=0 > V x = A 

dt 

dV v 

~-0 K-B 
dK 

= 2.4 > V. = 2.4t + C 



dt 

At t = 0, (V x ,V y ,V : ) = (-2,0,5). Hence, 
A=-2, B=0, C=5 
dx 

V x = —=-2 > x=-2t+D 

dt 

dy 

v '-i-° — » y- E 

V. = ^-= 2.41 + 5 > z=I.2t 2 + 5t+F 

■ dt 

At t = 0x= 0,y = 0,2 = 0. Hence, D= 0= E= F 
x = -2t,y= 0,z= 1.2t 2 + 5t 

(a) At / = /, x = -2, y = 0, z= 6.2. Thus the particle is at 
(-2,0,(5.2) 

(b) V=(V x ,V v ,K)=-2a x +(2.4t + 5)a : m/s 



Prob 3.12 

(a) 

- 

V U = — a,+ — a y + — a ; 

= 4z 2 a x + 3za,+ (8xz+ 3^) a- 
(b) — — — — 

VT- —a +-— " +— " 

= 5c" 2r sin 0a,, + 5e~ 2 "~ cos^a^- lOpe" 2 " sin^a r 
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(C) 

dti - \dH - 1 cH - 
a- r dO rsxnO cty 

= 2rcos$cos<j>a r - rs\n0cos<f>a<>- rcosQs\i\<f>a f 

Prob3.13 ■ 

d V - d V - d V - 
(a) vy = —a x +—a y +—a; 

c x c y c z j: 

= 2e (2xt3y) cos5za : + 3e (2xtSy) cos5za y - 5e'"' rt s'm5za : . | 
At (0.1 -0.2,0.4) \ 

e (2*+3y) = e 0.2-06 = ^ 570i? CQs5z = cos2 = _Q 416 J S j n5z = Q 9092 

V V = 2(0.6073)(-0.4161)a x + 3(0.6703)(-0.4161)'a y - 5(0. 6203)(0. 9092) 
= - 0.5578 a x - 0.8367 a y - 3.047 a : 



(b) 



V T = 5e~ 2z sin<|» a p + 5e 2 cos$ a 4 - 10pe" 2: sin$ a 



(c) 



At (2,y,0), 

VT = (5)(7)(0.5)o p + 5(7)(0.5)a*- 10(2)(l)(0.866)a : 
= 2.5 a p + 2.5 a^- 1 7.32 a - 



-2sin6 sinifc - cosG sirid» - cos<b - 
VQ= -p a,+ -p a 6 + —a> 



At (1,30°, 90°), 

-2(0.5)(1) - (0.36)(7) - - - 

V£> = a r + a e +0= -a r +0.866ae 



Prob 3.14 



VS = 2xa x + 2ya> - a : \\ 
At (1,3,0), || 
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VS= 2a x + 6a v - a z and a n - 



VS (2,6-1) 



a n = 03123a x + 0.937 a y -0J562a : 

Prob3.15 

V T - 2xa x + 2ya y - a : 

At (/,/,2), V T = (2,2,- /). The mosquito should move in the direction of 
2a x + 2a y - a z 

Prob3.16(a) 

V# A = >>e^ + xcosjty- 2xcoszjcsinzx 



dx dy dz 
e** sinjcy cos 2 xz 



= (0- 0)a x + (0 + 2z cos xz sin Jtz)*^* (>> cos xy- xe xy )a : 
- z sin2xza y + (>>cosjcy- xe xy )a : . 



(b) 

1 3 

V • i? = — — (/? 2 z 2 cos^) + 0 + sin 2 </> 
pdp 

= 2z 2 cos^ + sin 2 ^ 

i 

I SB. - dB p dB, -I dB - 

zsin2<|> - , 
= tf p + 2pzcos<|> + z sin<|>a r 



(c) 



V • C = ~(r J cos0) + -4-r^-(- ~sin 2 0)+ 0 

2 cos 9 
= 3cos0 ; — 
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VxC = 



1 d 

+ -[— (- sinG )+ r sinG 



r or 



Prob3.17 (a) 



V x A = 



= -/rcosG a r - drsinG a e + sinG a t 



(b) 



(c) 



.£ £. £. 

ck <%> ck 
x 2 y y 2 z -2xz 

V • V x A = 0 



-y 2 a x + 2za y - y 2 a : . 



V x A = ( 



p dz )ap+ ( 5z " dp 



("ir-Tr) a »+ - ( 



p dp <ty 



= (0- 0)a p + (p 2 - 3z 2 )a<+ -(4p 3 - 0)~a- 

P 

= (p 2 - 3z 2 )a* + 4p 2 a : 



V»V x A = 0 



V x A = 



I d 



•(- sinG cos((i)a, + [— 



/ cos<(» 3 



- cosG cos((i - / cos<|> 
rsinG ,°' ' + r^r 2 sinG 



-7 . , - / ,cosA 
= — cotG cos^i a r + — (-T-T+ cosG) a e 
a- r sinG 7 



V • V x /!= 0 



Prob 3.18 



V» 77= JfcV.V T= £V T 

V r-^^+ — -= 50sm— cosh— (- — + — ) = 
cx- ^ 2 2 K 4 4 f 



0 



Hence. V»77=0 
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|Prob3.19 
(a) 



(b) 



. dv ,rd\. W dA. dV dA 

- (A -TS V ~F7^ (A >T y * v ^> W-^-e) 



dz 
cV 



3A X dA SA. dV dV 



V • A = 2+3-4 = 1; VK= yza x + xza y + xya : 
= xyz + 2xyz + 3xyz - 4xyz = 2xyz 



Prob3.20 (a) 



V*VA = 



AAA 

bx by dz 
VA X VA y VA 2 



= ty^- h {VA > )Va * +[ h VA ^- h {VA : )Vay 



bz K " 

3 

■ d 7 



= [A—+V—^-A—+V—^-]a x 
dx by y bz bz 



bz 

r. dV „ dA x bA. - 



bz ' bz 
bV bA 



bx bx 
bV bA. 
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(b) 



„ r , dA - dA >,~ cA x dA. - 
= ^[("7T~ _ "T~)^ +(7^- -r-)a> 
c y cz cz cx 

3 A d A, - 

c x d y 

d V - dV - d V - 

+ ( Ix~ ax + 7y~ ay+ J7 a:)x ( A * a > + A > a > + A - a ^ 

= V(V x A) + V V x A 



V A = -cosOa, + ^sin0a<>+ p-sin#cos^a<, 

12 11 

1 1 

-(0+ -s'm0)a* 
r r 

2cosffcos^ - sin#cos^- sin# - 
= p ar+ p a,+ — a, 



Prob 3.21 



.„ 

gra/ U = — fl x + -r~fly + ~r~a : 
ox dy 

= (z- 2xy)a x + (2yz 2 - x 2 )~a y +(x- 2y 2 z)a : 

DivgradU= V.Vf/= j-( z - 2xy) + ~(2yz 2 - x 2 )+ J^(jt- 2y 2 z) 

= -2.y+2z 2 -2j; 2 
= 2(z 2 -y 2 -y) 



Prob 3.22 



d d d 

V lnp = (— -lnp)a, + (— lnp)a„+ (— \np)a. 
ox dy dz 



x y . 

— Ta x + —a v 
P P* 
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V x <j> a z = V x tan"' —a : 



8_ c_ 
ox dy 02 



0 0 tan"' 



x* + y 



y 

x 

y 



x' + y 



ray 



y 



= V lnp, as expected 



Prob 3.23 



V<|> = 



rsin<|> 
rVG a e 



V0 = -ae 
r 



sinG sinG 

rVG / 

V x (-r-T-) = -sinGae 
stnG r 

rVG 

Thus, V(|» = Vx(-— ) 
sinG 7 



Prob 3.24 

(a) VF= (6xy+ z)a x + 3x 2 a y + xa : 
V«VT= 6> 



VxVF = 



5 x dy a z 
dxy+z 5x 2 x 



= 0 



(6) V^= zcos<|>ap-zsin<|>a4+pcos<|>a r 

/ a z z z 

V • V F = -— (pzcosi|»)+ -cosG + 0= -cos* - -cos* = 0 

Pdp P p Y p Y = 

V x V V = 0 
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(c) VV= 4-(24r 2 )cos^sin^+ ^^(cos 2 0sin 2 0) 

A 

cos#sin^ 



r 2 sin 2 0 



n . . 4cos^ , 4cos0sin^ 

= 24rcos#sin^ + — : — — - 8cosdsin#- ; - 

. sin0 r sin 0 



V x V V = 0 

Prob. 3.25 

(a) 

(V # r) t = 3 T = 6yza,,+ 3xy 2 a y + 3x 2 yza : 

(b) 

ar dT_ dT 2 



x 



~dx + ) dy~* Z Jz~ = X ^ y ° y+ 2x yz<* : )+ y{2za x \ 2xya y + x 2 za x ) 
+ z(2ya x + x 2 ya : ) 
= 4yza x + 3xy 2 a y + 4x 2 yza : 



(c) 

V • ?(?• T)=3 (2xyz+ xy 3 + x 2 yz 2 ) 
= 6xyz + 3xy 3 + 3x 2 yz 2 



(d) 

(r#V)r=(x | + ^|^| )(x2 + / + 22) 

= x(2x)+y(2yj+z(2z) 
= 2(x 2 + y 2 + z 2 )=2r 2 

Prob. 3.26 

(a)Vr"r= — (xr")+ —(yr")+ — (zr n ) 
ox oy oz 



where r" = (jc~ + y + z* ) 



2\nl2 
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+ 2r (j) (jT + >r + r) 5 "' + r" + r" + r" 

n 

= n(x- + y 2 + z 2 ) (x 2 + y 2 + r') r ' + 3r" 
= nr" + 3r" = (n+ 3)r" 

d d c 

(b)V*r"r = - - - 

ox oy cz 

r" x r" y r" z 

= [2y(^)z(x 2 + / + z 2 )>-' - 2z(^)y(x 2 + / + 
= 0 

Prob. 3.27 



(a) Let F = /w = /w-y/x'T^+V 

dx~r 2 {2xHx +y + z) -2~r 2 



„ wr dV - dV - dV - xa x \ya y +za- r 

V V = — a*+ — a y + — a z = 3 = -7 

ox oy oz r r_ 

- r 1 - 

(b) Let V V - A = -7 = - ax in spherical coordinates, 
r r 

V (/«■)- V V (/ait)= V a. ^(r 2 ^r)= -j£(r) 

r or r or 

_/_ 



Prob 3.28 

(a) 



<?K <?K <?v, 



+ 



1 " ck 2 dy 1 d? 
= 6x + 6y + 6z = 6(.v + v + r) 



(b) 
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(C) 



V 2 = pz 2 sin 2<j> 

W 2 = --^(/r 2 sin2^)- — sin2<z> + 4(2>a:sin2^) 
p <7? p ct 

4= 2 

= — sin2^- sin2<ifr + 2psin2^ 

p p 

-3z 2 

= ( — — + 2/?)sin2^ 



= r 2 (I + cosG sin<j>) 

= TJTrP-'C+cose sin«|>)]+-y4-r ^-(- sin 8 sin f)^ 
r or r sinG 30 v T/ 



rsinG 59 
1 d 1 

* 735 le ( - sin ' + ^we r!< " co ^ sin,>) 

/r/i • .s 2sin# . cos#sin^ 
= 6(1+ cos#sin<#)- . - cosflsin^ = — - 

= 6+ 4cos#sin^- cos ^' n ^ 
sin 2 fl 

Prob 3.29 

(a) 

U = x 3 y 2 e c 

v2u= h i3x2y2ei:) * jy~ (2x2yeX:)+ h {x4y2eX:) 

= 6xy 2 e *+ 2x 2 e *+ x s y 2 e * = (tf*/ + 2jt' + *y )e 

At (1-1,1), 

V 2 U=e' (6+2+l)=9e = 24.46 



(b) 



F= p 2 z(cos<|i + sin^>) 

V = p dp ^ P z ( cos * + sin< t>)]- ^(cos(|t + sin<|>)+ 0 

= -/z(cos<|> + sin<|>) - z(cos$ + sin<|>) 
= 3z(cos<|> + sin<(i) 

At (5.jj,- 2), V -V = - 6(0.56(5 + 0.5)=-8J96 
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(c) ~ ;• 

W = e' r sin0cos()i 



-r 



Id, e 
V : » r = — — (-r<?~ r sin0cos<j>) + -v—rcos((» ^-(sinfl cos0) 

r 3r r* sin0 <?0 \ 

e' r sinG cos<|> 
r* sin 2 0 

= jr(-2re' r sin0 cos<|>) + e" r sin0 cos<|> 

e~ r cos<|> . . . -£?~ r cos0 
+ » . ft (cos* 0 - sin' 0)- , . 
r* sin0 r* sin0 

./ 

V->= e" r sin0cos(k(/- -) 

r 

At (1,60°, 30°), 

V 2 W= e' 1 sm60cos30(l- 4)= -2.25e'' = -0.8277 



Prob 3.30 

(a) 



„,„ <?V <?V &V 
ac 2 <^ 2 



(b) 



(c) 



(d) 



= 2CyV + xV + xV ) 

V 2 ^=V 2 ^ a t +V 2 A y a y +V 2 A : a : 

= (2y + 0+0)a x + (0+0+ 6xz)'a y + (0- 2z 2 - 2y 2 )a : 
= 2ya x + 6xza y - 2(y 2 + z 2 )a 2 

grad div A = V(V*A) = V (2xy +0- 2y 2 z) 
- 2ya x + 2(x- 2yz)a y - 2y 2 a : 

curl curl A = VxVxA =V(V • A)-V 2 A 
From parts (b) and (c), 

VxVxA = 2(x- 2yz- 3xz)a } + 2: 2 a : 



{ 
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Prob. 3.31 J 


i y 


I 


1 2 




« ► 






0 


1 2 x 


(a) 




jF*dl= (J + }+ J )F*dl 

1. 12) 


For l,y = x dy= dx,dl - dxa x + dya y . 



F' ""= x 3 dx-xdx = -- 



For 2,^= -x+2,<#> = -dx,dl= dxa x +dya y , 

\Fdl=\(-x 3 + 2x 2 -x+2)dx=j- 
For 5, 

(b) 

V x F = - x 2 a : ; </S = <&4y(- a.) 

1x2 

\(VxF)*dS= -\l(-x 2 )dxdy= \\x 2 dydx+} \x 2 dydx 

0 0 I 




(c) Yes 
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Prob 3.32 




(a) 



jb.ds= [JJ + JJ + JJ + JJ }D*ds 



Z=l 



Z=-l 



■> y 



:*-/ 2=/ p=2 p=5 



-ffp-'cos 2 (|>4^p+ jfp-cos'(|»4Jp- }}2pV4^^+ jJipV^db^ 

2% I 2k I 

- 2(2) 2 14 {z'<fc+ 2(5) 2 jz'dz 



0 -/ 

z j 



o -I 

z : 



-8(2n)(- t,) + 50(2k)(- {'_,) 
-32n 200 n 



3 

(b)V.D=-^-(2pV)=4z 
P ^p 



= 176 



15 2% 
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Prob 3.33 

Transform F into cylindrical system. 







cos<(> siniji 






X' 






- sin<j> cos<(> 












0 0 


/ 




y - i 



F p = x 2 cos<)> + >'~ sin<|> = p 2 cos J <j) + p'sin^,^ = z : - 1 
= -.y 2 sin<|> + y 2 costy = -p 2 cos 2 <|> sin(j> + p 2 sin 2 <)> cos<|> 

v •/ r = ~^"(P JcosJ * + P J sin J <(>)+ 2z- pcos J <() - 2p cos<|) sin 2 <j> 
+ 2p sin<j) cos' <j> + p sin J <j> 

= 2p cos J § + 4p sin 3 (f> - 2p cos<(> sin 2 <() + 2p cos 2 <(> sin<() + 2z 

Due to the fact that we are integrating sin<(> and cos<j> over 0 < <j> < 2ft , all 
terms involving cos<)> and sinty will vanish. Hence, 

21% 2 2 

]FdS = \\l2zpdpd$dz= 2 $ d$\zdz\pdp 

0 0 0 

2' 2 

= 2(2jl)(y o )=/5k 
= 50.26 



Prob 3.34 
(a) 



(b) 



• Adv, V • A = y+ z+ x 

v 

i / / 

jk*dS= \\\(x+y+z)dxdydz 



0 0 0 

/ / / 



= 3 \xdy\dy\dz=3(^- [)(/)(/) 



0 0 0 



1.5 



V*'A=0. Hence, j A* d S = 0 
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Prob 3.35 
(a) 

V • A = y~ + 3y 2 + >>* = 5>** 
\v*Adv = \\\5y 2 dxdych 

III 3 I 

= 5\dx\ydy\dz = 5(/)(/)(^- 1) = 1J6? 

0 0 0 * o 



jA.dS=[jl ]A .dS 

x=0 x=l y=() y*l z*0 z*l 

= -\Wdydz\ x ^ \\xy 2 dydz[ r \\y } dxdz\^ 
+ \\y } dxdz\ y i - \\y 2 zdxdy\^ \\y 2 zdxdy\ :i 

= (/)(/)(y [)+ (/)(/)(/)+ (/)(/)(y [) = j£67 

(b) 

= -— (2p'z) + L -0 = 4z + - 

P P P 



^ p jl 

2 S 2 S 45' j 

= 4\pdp \zdz\d§ + 3\dp\zdz jcos<|>d|> \ 

0 0 , 0 0 0 

4 25 11 25 ! 

■■'(■jHyXy) + i(2)(y)sin*J a I 

= 25 r+ 75 sin 45° = /3A57 ': 



y p=2 r=0 :=5 ^0 * = J5° 
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J 4 

where J, = fcpzpcfydz^ , = (2)(2) 2 \zdz\d$ = 25% 

' 0 0 

J : = H 4p cos^dppdty I =o = - y sin^- 
Jj = - jj4pcostydpdd\ } = ysin^ 
J, = JJiz sin <t>4>^|^ 0 = 0 
J } = |J 3z sin (|> Jp«aS|> |^ » = 7Jsin^- 

^•</5= 25* + 75 sin^= 131.57 
(c) 

= 4 r + 2cos#cos0 
Jv • Adv = JjJ 4/- J sin0<«4<fr + JJJ^r 2 sine cos8 cos+d9<#dr 

= */(/Xy) +/*(<? + j)(/-0) 
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\A.dS=[\\+ J/+./J+ \\]AHS 



4=0 4 = nf2 r^i 0 = x.O 



Since ^ has no 4 - component, the first two integrals vanish. 
jk*dS= I \ r 4 sinQdQcfy\ r3 + { J r 2 sin'0 cos [ 



= <S/(|)(-cos0 )['*' + 9(/)sin*[' 



8H 



+ 9 = /i(5.25 



Prob. 3.36 

\p y dv = jk^dS (divergence theorem) 



dx 



dA 



v - y 2 



= Vty4 = 


x 2 + 


y 




_ x^ 




> 4 


3 


+ c, 








► A y 


_y 3 

3 





Hence, 

/!= (y + C,)a x + (y + C,)a t 



Prob. 3.37 

(a) 



y 

2, b 




2, a 
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dl = dpa 0 + pdtya* 

A* d l = p sin<|> dp + p J dj> 

Along oa: 4 = 0, + = 0, dT= 0, \A»dT=0 

0 

n 

b J 

Along ob: dp = 0, p = 2, \A»dT= 0, J.S4 = 4ir 

</ 0 

Along bo: d^ = 0, <)> = -, \A*dT= \pdp = -2 

h 2 

Hence, j%»dT= 4n- 2 
(b) 




-2, c -l,d 



l,a 



2,b 



Along 4 = 0,^ = 0, A*dl=0, \ ~A*dl= 0. 

a 

Along be, dp = 0, A»dl=p 3 d^, 

c 

\'A*dl= \p 3 dk=(2) 3 (n-0)= 8n 

b 

Along cd, 4 = 0, $ = *, Md '1^0, \ ~A*d ~l=0 

C 

Along da, dp = 0, A*d~l = p s d§, 

a 0 

\~A*dU P i {4= *) = 

Hence, <J/lt d/ = 0 + 8n + 0- n = 7k . 
This may be checked by using Stokes' theorem. 
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Prob. 3.38 



Let y = jf*dS = + y h + Y„+ 



where ij/ / , \j/ ^ , y o , V|/ # are the fluxes through the top surface, bottom surface, 
outer surface (p = J), and inner surface respectively. 

For the top surface, dS = p cfy dp a z , z- 5; 

F*dS = p 2 z d§ dz. Hence: 



p=2 *=0 * 

For the bottom surface, z = 0, ^5 = p di|> </p(- a r ) 

F* </S = yldty dp = 0. Hence, y * = 0. 
For the outer curved surface, p = 5, d S = pd$dza p 
F*dS= p J sin<(> d§ c/z. Hence, 



For the inner curved surface, p = 2, dS= pdfy dz(-a : ) 
F*dS = p J sin<(> dty dz. Hence, 






5 



+ 0+0+0 = 



790 7i 



3 





— — ( p J sin<|>) + — — (zcos<(>) + p 



P ^P P 



= 3p sin(j) - — sin<j) + p 
P 
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[y»Fdv = fff(Jpsin<|>--sin<|> + p)p4rfp<£: 

p 



5 3 

= 0+0+ \dz\d$ Jp'Vp 

0 0 2 

190 n 



Prob. 3.39 

Let B = V x f 

V = j s B» dS = Jv • /? dv = |v • V x f</v = 0 

Prob 3.40 

- r 

= • *in0 rSm ^ COS ^~ sin ^ a ' + ( c °s^+ sin^a, 
= r(cos <j> - sin <j>) a x + r(cos <j> + sin <f>) a y 



(a) 



(b) 



Qr 




a, 









sin#cos^ sintfsin^ cos# 
cos /9 cos ^ cos#sin^ - sin0 
- sin^ cos^ 0 

0 = rsmOdr + rcosdae + ra 4 



Q, 

Qy 

La 



dl = pdfa^ p = rsin30°= 2(^)= 1 

z= rcos30°= V3 
Q 4 =r= yip 2 + z 2 

{0»«/7= f slp 2 + z 2 pd4>=2(\)(2K)=4K 



V x £>= cotG a r - 2a 9 + cos0 a+ 
For c/S = r s'mQ dQ dty a r 
l(V*Q)*dS= \r 2 sine cot0 d& d$ [ , 



= -/f^ fcos0d3 = 
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(C) 



(d) 



(e) 



(0 



For S,, dS = rs'mQc&drae 

f(VxQ)*dS = -2\rsmQd$dr[ 

s. 

2 :* 

= -2 sin 30 \rdr \d§ 

o o 

= -4% 

For S n dS=r 2 smQd$dBa r 
\ s Q*d ~S= r 3 \sm 2 QdQd^[ 2 

3n 30' 

= s{4 {sin^e^ 



30° 



- M TT ] 



For S 2 , dS=r sin6 c§ dra 9 
\ s &dS= fr'sinecosG^Jr^ 



= 2sin#+ cos#cot# 

jV • QdV = J(2 sin0+ costfcot 0)r 2 %\\\0d0d<f>dr 
= y o (2tc) \{Us\n 2 0)d0 



o 

4* S 
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Check: \ V . QdV = ( J, + J, )(V x Q) . dS 



. n 43 VJ 

= —[ti - — ] (It checks.) 



Prob. 3.41 

Since u = <d x r, V x w = V x (© x r). From Appendix A. 10, 



Vx(^x B)= A{V • B)- B(V • A)+ (B*S/)A- (A*V)B 

Vxw= Vx(coxr) 



Vx((oxr)=o)(Vtr)-r(V»o))+(r»V)(o - (cot V)? 
= o) (J) - © = 2 co 



or 0) = — V x w 



Alternatively, let *= rcos© if, >; = rsin© / 

d x - d y - 



= - corsinco ta x + co/-coscofa v 



= -co ya x + co xa y 

AAA 

5 jc 3,v dz 
-ay (ax 0 



V x u= 



= 2co a : = 2co 



i.e., co = -V x w 
Prob 3.42 

Let A = LN Vmd apply Stokes' theorem. 

\lJSlV*dl = \vX(UVV)*dS 

i. 

= f (V UXS1 V)dS+ \U (VAV f/) . dS 

s v 

But VXVV = 0. Hence. 



7; 



jiNV*di= \(VUXVV)*d~S 

I. s 

Similarly, we can show that 

\wU*dU \(yVXVU)*d~S- j(VUAVy)*dS 

i. 

Thus, juvr*di = - jwu»di 



Prob. 3.43 

Let A = r'r - (jc 2 + y 2 + z 2 )"' 2 (xa x + ya y + za : ) 
By divergence theorem, 

\~A*dS = \v*Adv 

y - dAx ^ dAy ^ dAz 
dx dy dz 

= r" + 2x'£y(x' + y' + z')""-' 
+ r" + 2y 2 (^Xx 2 + / + z 2 )"' 2 -' 

+ r" + 2z 2 (^)(x 2 + y 2 + z 2 )"' 2 ' 1 

= 3r" + n(x 2 + y 2 + z 2 )r"-' 
= (3+n)r n 

Thus, jr a 'rds = \(3+n)r n dV 

or \r"dv= — l —$r"rd~s 
J n+ 3 1 

Prob 3.44 



(a) 



V x G = 



c.r 



-2 «jr 



= 0a x + (-/ + /)o > .+ (/<5.v- I6x)a : = 0 
Thus. G is irrotational. 
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(b) 



4= j&ds = jv • Gdv 
V.G= 16^+0+0= \dy 

III 2 

4= \\\\6ydxdydz = 16 j dx\ dz\ ydy= 16(l)(l)(y 8 



0 0 0 



(c) 




x*0 



y=0 



I x=0 y»0 ?at ° x=I : *° y^( z '' 

= 0+8(l)yl+16(l)?jl+0 ' ••'•''■*'••'■•' : 

This is expected since G is irrotational, i.e. 
jG*dl= \(VxG)*dS= 0 

< 

Prob 3.45 



V x T = 



AAA 

dx dy dz 

ax + $z 2 3x 2 - yz 3xz 2 - y 



= (-l+y)a x + (3$z 2 - 3z 2 )a y + (6x-ax)a : 

If T is irrotational, V *T=0, i.e. 
a = /=p = y 
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V.T= — ^+ ~-^ + -r^= ay+0+6xz !' 
<?x c> c: 1 

At (2,- 1,0), | 

:{ 

v. r= -i+o= -i ! 

ssaaa I 
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CHAPTER 4 



P. E. 4.1 



(a) 



(a) F - — W ~ V l 5xi0 ~ 9 W-W-(2AW 
J [OZ] [U,-3J)- 2,0 J)) 3 
\ 36% ) 

-2xlQ- v [(l -3,7)- (-3,0,5)} 



[(1,-3,7)- (-3,0,5)] 3 
r 45(- 1-3,3) 18(4-3,2), 
19' 



= -1.004 a x - 1.284 a y + 1.4 a : nN 



(b) E=n = - IMMax- 1.284a y + 1.4 a : V/m 



P. E. 4.2 



F 2 




mg 



At point A, 

TsinG cos J0° = F,+ F 2 cos<50° 



r q 1 



4nz (t d- 4nt 0 d' v 2 



TcosO = w# 
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3 a 2 

Hence, tan 0 cos 30° = - . me 

8nt 0 d- * 

d_ 

But sinO = y= -^-tan0 = — 
I \3 I 



Thus, 



4~3 { 2 > V 



or q 2 = 4n£ od 3 mg 



<f4 



but q = y > q2= ^9' Hence ' 

^ _ 72 m 0 d 3 mg 




P.E. 4.3 



e£ = m—y 
dr 

where £ o = 2001cV/m 

~d7 =0 —> z=ct+c > 
d 2 x -2eE 0 t 2 
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At / = 0, (x,y,z) = (0,0,0) c, = 0=c, = c 6 
dx dy dz 

At / = 0 > c, = 0= c 3 = c s 

eE t 2 

Hence, (x,y) = — (-2,1) 

2m 

i e. 2 \y\ = \x\ 

Thus the largest horizontal distance is 
80 cm = 0.8 m 



P.E. 4.4 
(a) 



Consider an element of area ds of the disk. 
The contraction due to ds = pdfydp is 

dE= = 

4m 0 r 2 4nt 0 (p 2 + h 2 ) 
The sum of the contribution along p gives zero. 



£ _ P-i f f z f> d P<fy h Ps f P4> 
-"" '".pi J 0 (P' + ^) J/2 " 2E ( , p J 0 (p^^) 

- ^}( P 2 +h r>d( P 2 ) = ^(-2( P ' + h>r><> I 



-[/- 



(b) 



2e/ (AW) 



/fo a » 00, 

F p* - 



P.E. 4.5 

2 2 



2\II2. 



Q s = \ Ps dS= $ \l2\y\dxdy 

-2 -2 

2 

= 12(4) \2ydy= 192 mC 

0 ~ 

E-. f^, = fP^-1 



V;rer J -/tie Jr - rf 
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where r-r'= (0,0,10)- (x,y,z) = (-x -y,10). 



12 \y\W 3 (-x,-y,10) 



10 



-9 



,no,m-fi\f fi i f -xdxdya x \ \ — J^|_H dydxa y 

- 108(10 )[ }j yl IcTTTTT^ 7 + J w liP^TTTooy 72 



10 a - 1 l(x T 7y T 77oof T] 



2 2 



-E- >o80o')h:U2l (x ,^ +igor , y* 

2 1 1 

- -"«'«'>«' f I (x . + ,«)«-(,» +/(W) »1* 

7 - ,jc+ y/x 2 + 104 > 
x+ylx 2 +100 -2 

= - 216(10 7 )a : (- 7.6202 (W 3 )) 
E - 16.46 a : mV/m 

P.E. 4.6 



45° 




1 



x 
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r P/. - 

E= ~ a„ 

2nt 0 p 

To get a p , consider the z = -1 plane. 0-42 
a Q - a x co$45°- a y s'm45° 

10(I0 V ) 1 - 

= 90n(a x -a y ). Hence, 
E = E,+ E 2 + Ei 
= -180na x + 270na y +90%~a x -90n~a y . 
= -282.7 a x + 565.5 a y V/m 



P.E. 4.7 



£>= A? + D p = -£ja r + 9 ~f'a H 

30x10* [(0,4,3)- (0 AO)] WxlQ- 9 - 
= 4n(5) 2 5 + 2 "y 

30 



(0,4,3)+ 5 a y nClm 2 



500% 

= 5.076 a y + 0.0573 a : nC/m 2 

P.E. 4.8 

(a) pv= V» t>= 4x 
pv(-l,0,3)=-4Clm 3 

i i i 

(b) 4=Q= \pvdv = \ \\4xdxdydz 

0 0 0 

= 4(1)(1)(1/2)=2C 

(c) Q= 4= 2C 



8j 



P.E. 4.9 

Q = jpvdv = y = j/D»ds 
For 0<r< JO, 

D r (4nr) = \\\2r (r-)sinG dddrd^ 
D r (4itr)=4x(^[)=2nr< 

Dr=— E = - — nV/m 
2 2e 0 

V(/0" 9 ) - 

£(r=2) = — ^-a r = 72tt a. = 22d a V/m 

Ai6«j ===== 

For r< 10, 

D r (4nr 2 )= 2itr 0 \ r 0 = 10m 

D r = ^r — -> E=^ L -ra r nV/m 
2r~ 2e 0 r* 

£(r = /2) = ——J —a r = 7250* a, 

= i.927a f kV/m 

P.E. 4.10 

4tz 0 \r- r k \ 
At V(oo)=0, C*0 

\r- r,\=\(-l,5,2)-(2,-l,3)\=446 

\'r- r 2 \=\(- 1,5,2)- (0,4,-2)\=Jl8 

\r- r } \=\{- 1,5,2)- {0,0,0)\= JJd 

W' 6 -4 5 3 

= 10.3 kV 
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P.E. 4.11 



Q 

V = — — +C 
4nz 0 r 

If V (0,6 -8) = V(r=10) = 2; 
, 5(1 0' 9 ) 

2= C > C=-2J 



(a) 



(b) 



V , _ 25 

* io- 9 2,5 
4*(—)|(- 3,2,6) -(0,0,0)| 

= 3.929 V 



45 

V » = 12 2 ~ 25 = 2 696 F 

V/'+ l 2 + 5 2 



(*>) V M = V B -V A = 2.696 - 3.929 = - 1.233 V 

P.E. 4.12 

(a) 

^= \E*dU \(3x 2 + y)dx+ xdy 

2 -I 

= 18-12=6 
W= -6Q = 12 mi 



(b) 



dy = -3dx 

2 

E.dl= \(3x 2 + 5- 3x)dx + x(-3)dx 

— - f " 

Q \ 2 

= )(3x 2 -6x+5)dx = 8-12+10 



W= 12 nJ 



85 



P.E. 4.13 

(a) 



(0,0,10) > (r = 10,8 = 0,1 = 0) 

WOcosO „ 10-' : 



4nt„(10) 10 _ ' 

! 

100(10 n ) 
E= jjjzt [2cos0a r = s'm0a 6 ] 

= 1.8 a r mV/m 



(b) 



7i n 
At (l,- y -), 

100cos\(10-' 2 ) 

y= — jA = q.45 v ,: 

- wow' 2 ) n - . w - i 

W 9 (2cos— a r +sin-rae) \ 

^j*™ [ 

= 0.9 a r + 0.7794 a e V/m 

P.E. 4.14 ! 

I 



After Q,, W, = 0 
After Q 2 , W 2 =Q 2 V 2I = 



4m 0 \(l,0,0)-(0,0,0)\ 
1(-2)(10-' 8 ) 



4n(10- g ) 1 



= -I8n] 



36k 



After Q s , 

= m(1 ° 9) {\(o,o-i)-(o,o,o)\ + \(o,o-i)- (i,o,o)\ ' " 18ni 



2_ 

= -29.18 nJ 
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P.E. 4.15 

After Q 4 , 

W 4 = Q 4 (V 4I + V 42 + V 4J ) + Q 3 (V 3I + + 

/ -2 



\(0,OJ)-(OAO)\ \(0,OJ)-(I,0,0) \(0,0,1)- (0,0-1) 



- + JP, 



2 5 

39.09- 29.18 nJ = -68.27 nJ 



Prob. 4.1 

(a) 



g;& ('a -'<?,) -20(10' 2 )[(3,2,1)- (-4,0,0)} 

JQ-9 

4n—\(3,2J)-(-4,0,0)\ 3 



4n e 



r a " r Q< 



= -0.5655 



(7,2,5) 



= -5.746 a x - 1.642a y + 4J04~a : mN 



1 



Prob 4.2 

(a) 



Q(- 1,-1,0) 



Qd.-i.O) 




0(1.1,0) 



O(-l,i,0) 
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- F iQ [(0,0,2)- (0 AO)} ) qQ [(0,0,2)- (1,1,0)] qQ [(0,0,2)- (- 1,1,0)} 
4nz 0 \(0,0,2)- (0,0,0)\ 3 4nz 0 \(0,0,2)-(l,l,0)\ 3 + 4tt 0 \(0,0,2)- (-1,1,0)\ 3 
+ qQ [(0,0,2) -(1,-1,0)] qQ [(0,0,2) -(-!,- 1,0)} 
4ne 0 \(0,0,2)-(l-l,0)\ 3 + 4nt n \(0,0,2)- (- 1- 1,0)\ 3 
But qQ_ 15(l0)(10-») 
4%t 0 4n(W 9 /36n) 
Factoring and dividing by 1.35 yields 



(0,0,2) (-1,-1, 2) (1,-1, 2) (-1, 1, 2) (1, 1, 2) 

8 6 }l2 + + a»i + 



1.35 8 

F = 1.35(0.25+ = 1.072 a- N 

o ' 



(b) 



- F 1.072a. 

E --q- WO*)' 107 - 2a - kV/m 



Prob 4.3 (a) 

E(5 0 6)- qQ K^-^A-i)! qQ [(5 ,0,6)- (2,0,1)} 

' 4nt 0 \(5,4,6)-(4,0,-3)\ 3 4n e 0 \(5,0,6)- (2,0,l)f 
_ 0,0-P) qQ (3,0,5) 
4nz 0 (y[82) 3 + 4m 0 (61) 312 

If E : = 0, then 

9qQ 1 5qQ 1 
4%i 0 (82) 312 . 4m 0 (6 if 2 = U 

= -3.463 nC 



(b) 



F(5,0,6)= qE(5,0,6) 
If E x = 0, then 

4kz 0 (82) 32 4m 0 (6I) 3 ' 2 ~ ° 

Qr--SQ^---i2(f 1 )- n c 

O, = -18.7 nC 
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Prob4.4 



< 



l.Q 2,q 3.3Q 



x 



For the system to be in equilibrium,^ must be negative and 

F 12 = F 23 = F 1} 

-IQq ~3Qq 4Q 2 



or 



4n(d-x) 2 4%x 2 4%d 2 

that is, 3(d- x) 2 = x 2 > 3d 2 - 6dx + 3x 2 = x 2 

2x 2 -6dx+3d 2 = 0 

6d±y/36d 2 - 24d 2 6d±d4l2 



x = 



4 4 

x= 5±VJ = 4.732m, 1.268 m 
Prob 4.5 == = 

(a) Q= \ P L dl = \2x 2 dx = 4jc j | roC = 0.5 C 



0 

4 2% 3 



(b) 



Q= \ Ps dS= I \pz 2 pd$dz | =9(2n)^-\nC 
= 1.206 \iC 

10 



0= Ja^= JJJ— - r 2 sm0d0d</>d 

2 * * 4 € A 2 

(c) = 10 jdtfd0jrdr=lO(2/r)(x) 

0 0 0 

= 157.91 C 

Prob. 4.6 



2 



Q A = \p,dl = p,]dl= 5p, = 10mC 
Qh = Jp.s^= Psf^= P.JJp«*Mp 

4 n-2 2 

= P ^) = 20 n mC = 62.83 mC 
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Prob4.7 

pdlR 



- t paiK 



£=P/.J 



5a x - ya y 
4nt () (y^25) 312 

2(1 O' 3 ) '( - 1 
~ -9 77771 }(5a* + y<iy) , , ^3,2 <fy 



4n(W v /36n) 0 jv j y '(y 3 +25Y 
= 18(W 6 )[k t a x +k y a y ] 



7 dy 5(y/25) r s 1 



£ = - 2.545 a x \ 1.054 a y mV/m 
Prob. 4.8 

E= ^i^F ; ^=p44>; R=J?7h 2 

R = -pa p + ha : 

- p s f (-pg p + ha : )pd$dp 

SUP- 3 ) f 1.7 f P** - , 
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(b) 



But I —3 r~j7T = ln( + -) - + C 



, ( xdx 1 
and I — ; j- = - . + C 

Let E= 45{10 2 )[ : j-k p ~a p + ^hk : a : ] 



45 



E= — (10 6 )[0.67la p + 2.5126a : ] 
4 

= 7.5490,+ 28.27a : mV/m 

The result is the same as that in (a) except that instead of 

dip - — , we now have J sin<|> di|> = - cos(j) | = / 
That is, we replaces 12 by 7 
E = 45(10 6 )[-k p a Q + hk z a z \ 

= 4.806a p +18a : mV/m 



Prob 4.9 



-(p4^p) 2 „ 



^ln(p + Vp' + ^)[ =0 = 3rf ln («+ Vp 2 + ^)- InA] 



l n ^- 

2e„ /? 
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Prob. 4.10(a) 



(b) 




- (P,dlR 

>1V¥' R= ~ aap+ ha - 

D - ± \ 



Pz, f ad/S/{- aa p + ha : 
4n 



♦ («' + *')*' 

Due to symmetry, the p component varies. 



D = 



y L a(2nh)a I p L aha z 



4n(a 2 + h 2 ) 3 ' 2 2(a 2 + h 2 ) 3 ' 2 
a= 2, h= 3, p t = 5\iC/m 

Since the ring is placed in x = 0, a : becomes a x . 
2(6)(5)a x 



D = 



777 = Q.64 'a x fiC/m 2 



2(4+ 9) 



D _ Q [(3,0,0)- (0,-3,0)] Q [(3,0,0) -(0,3,0)] 
Q ~ An |(3,0,0)- (0,-3,0)| 3+ An |(3,0,0)- (0,3,0)| 3 



g(3,3,0) 0(3,-3,0) 



60 



4/r(18) V2 ' 4/r(18) 3/2 4^(18) 



v 3/2 



b= b K + b G = o 
0.64(1 o~V 6 ^ 



4^(18) 



iT=0 



. . = - 0.64(4^)(1 8 V2 )1 0- 



102.4//C 
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Prob. 4.11 



Due to symmetry, Ehas onlyz- component given by 
dE. = dE cos a 

Pgdxdy h 

4m 0 (x 2 + y 2 + h 2 )(x 2 + y 2 + h 2 ) 

z ~ 4%z 9 } m l(x 2 + y 2 + h 2 ) 312 



2\H2 



Pjh j f dxdy 
~ tt 9 I _[(x 2 + / + h 2 ) 3 ' 2 

Ps h j ydx » 

ne 0 j(jt 2 + /i 2 )(jt 2 + / + /,>) / o 

P, s -/t I 7><fr 

7tE 0 j (X 2 + h 2 Xx 2 + b 2 + h 2 )" 2 

By changing variables, we finally obtain 
= 36(10- 3 X0j0878 radians) a, = 5/4/ fiV/m 



Prob 4.12 



g - . P/. - A P.v - 
4m 0 r 2ne 0 p % 2e 0 



100(J0^) [ (1,1,1)- (4,1,-3) j 2(/Q f (1,1 J) -(1,0,0) . 5(10- 9 
4n( l0lA\(UJ)-(4,l,-3)\ 3 * + 7n( l^A\(l,l,l)-(l,0,0)\ 2 
K 36n } 2n ( 36 n> 
= (- 0.0216,0,00288) + (0,75,75) - 90n (0,0,7) 

= -0.0216a x + 18a y -264.7a : V/m 
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Prob 4.13 



7 




E = 




°n + 



2m 0 p 



P/. - 



E 
F 

Prob 4.14 

b 
b 



(0,0,0) -(3,0-1)= -3a x + a : 

4(1 0' 9 ) 20(1Q- 9 ) (-3a x+ a : ) 

2(1 0- 9 136n) {a * )+ 2n(W- 9 l 36n ) (9+1) 

72na x + 36(-3a x + a : ) 

q E= - 5(36) [(2n - 3)a x + a : ] mN 

- 0.591 a x - 0.18 a, N 

^ Q k (r~h) 
k -'4it\(?- ? k )\ 3 

Q \ 2[(0, 0,0) -(2,2,0)] 2[(0,0,0)- (-2,-2,0)] [(0,0,6)- (-2,2,0)] 

4n\\(0,0,0)-(2,2,0)\ 3 ~ \(0,0,0)-(-2,-2,0)\ 3 + | (0,0,6) - (-2,2,0)\ } 

[(0,0,6) -(2,- 2,0)] 1 




\(0,0,6)-(2,-2,0)\ } j 

15 \ 2(- 2 -2,6) 2(2,2,6) 2(2,-2,6) 2(- 2,2,6) 
4n\ 44 3 ' 2 ~ 44 3 ' 2 + 44 m ' 44 3 ' 2 




15 



j(-4-12,0) nC/m : 



4n (44) 



- 16.36 c/<- 49.08 a, nC/nr 
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Prob 4.15 



Let Q f be located at the origin. At the spherical surface of radius r, 

Q, = jthdS= 8 E r (4nr 2 ) 
or 

Qt - 

E - r <? r by Gauss's law. 

If a second charge £> 2 is placed on the spherical surface, Q, experiences a force: 

fmQt t.A£L- a , 

4 n t r' 
which is Columb's law. 



Prob. 4.16 
(a) 



(b) 



- dD 5 A dD 
p v = V.£>= — -*- + — — +— ^= 5>>+0=<S.y C/m J 
dx 3^ oz ====== 

Pk= V.£>= ^(p 2 sM) + ^(2pcos*)+^(2z i ) 
= 2sin$ - 2sin$ + 4z= 4z C/m 3 



(c) 

. 1 d 2 1 d 

. -4^0 ' (2sIn( w ) = o 

r sin# 



Prob 4.17 

(a) 



(b) 



D=e 0 (£) = 10- 9 -^(xy~a x +x 2 a y ) 
D = £.54 xya x + 5.54 x 2 a„ pC / m 2 \ 



^ . dD x 8D V dD. 

?x cv c: 11 
= 5.5-/>-pC/m 3 
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Prob 4.18 




Let f(x,y) =x+2y-5; Vf = a x + 2a } 



a„ = ± 



= + 



(a„+ 2a y ) 



|V/| ~ 4~5 
Since point (- 1,0,1) is below the plane, 



a„ = - 



(a x + 2a y ) 



V5 



E= —a„ = 
2t n 



6{1Q- 9 ) (a x + 2a y ) 



2(10- 9 136n) K V5 



) 



= -1517 a x - 303 Ja v V/m 



Prob 4.19 

W = ^-\ 'D* 'EdV= \\IJ\ 2 dV nJ 



2t 0 W= \\\{4yU 16x 2 y 2 + l)dxdydz 

2 2 4 2 2 4 2 2 4 

= 4 \dx \y 4 dy \dz + 16 J x 2 <fc J J <£: + \ dx \dy \dz 



x=0 y=/ 
.5 



jt=/ y=/ 



= *<J)y((J) + M(y[) a (5) +(i)C?)(5) 
= 572 + ¥J5.5<5 + 45 = 552.5(5 



Thus, 



70 



-9 



2(10' v /36n) 



(852.56)= 853.56 = 5.557 *J 
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Prob 4.20 

(a) 

- Id 1 d Z> d D 

p ( , = V • D= ~T-(pD ) + --rr 1 + -j-* 
p op p p 3z 

p r = </(z+ /)cos<|> - (z+ /)cos<|> + 0 
p r = J(z + /)cos<j> nC/m 2 



(b) = i}pc/p|(z+ /) J cos+4 = 5(2)(y + z)[(sin*r / "') 

0 0 0 ^ 

= 6(8+ 4X1-0)= 72pC 

(c) 

Let v = + v|/ 2 + y j + y 5 = jD*dS 

where y„ y 4 , y s respectively correspond witn surfaces S,,S 2 ,S 3 ,S 4 ,S< 
(in the figure below) respectively. 
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For S, p = 2, dS = pdtydzap 

V , = J J 2p(z + /)cos(j. ^ = 2(2)/ (z + } cos<(»4 
= 4(12X0=48 
For 5, , z = OMS = p4</p(- a ; ) 

2 n/2 ■ 

= " JJp'cos<|> p^ </p = - |p Vp JcOS<|></<|> 

For S, 2 = /,</5 = p44> az, y } = +4 
For S,,^= 7i /2, = dpdza$ 

V< = -JJp(z= /)sin$ dpdz[ ^=(ll\pdp){z+l)dz 

0 0 

= - P -{ (12)= -(2X12)= -24 

For 5„ rf=0,</S=rfp<fc(-a 4 JJp(z+/)sin* db<fe^ 

v = 48 - 4 + 4 - 24 + 0 = 24\iC 

Prob. 4.21 
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F = eE 

e 3 e 



Pr = 



, R 3 ~ 4nR 3 
4n y 

fp 0 , 0<r<* 
[ 0, elsewhere 

i e 4nr 3 



5e r 



!2nz 0 R 3 



n n e 2 r 
F= eE = 



4nt 0 R } 



Prob 4.22 

(a) 



(b) 



For r= /.5m, 

= fp5/^=P,/f*=P,/(^ 2 ) 
= 2(10- 6 )4n(l 2 )=8n(10- 6 ) 

For r = 2.5m, 

&* = P,/W)+P rf ('**/) 
= 8n(10-<)+(-4)W- 6 (4n2 2 ) 
= (8n-64n)W 6 
y = Q enc = -175.93 jiC 
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For r=0.5, Q enc = 0 > D= 0 

For r = 2.5, Q,„ = -175.93\iC = -56n(W 6 ) 

For r = 3.5, Q, nc = p sl 4nR; + p t , 4nR/ + p tJ 4tR/ 
= -56n + 5(4t(3 3 )) \iC 
= 124% pC 



A = , c^ HC/m- = 2.55/a r MC/m' 

*7l(J - J) 



Prob 4,23 



For p<7, 0^ = 0 > D=0 

For / < p < 2, 

1 J \l2pOsfdpdz 



= 12(2x)L*j[ = 8%L(p 3 -l) 

2 2* 



p=0 4-0 

Hence, 



8nL(p 3 -l) = DA2npL) 



Q enc = 8%Lp 3 {= 56% L 

56nL = D p (2npL) 
28 



"1 



t 



♦=0 p=/ r=0 



I 



For p > 2, v|/ = £> p (2n p Z,) I 



100 



Thus, D p = 



0, p < /, 


7< p < 2 


S(P 3 -J) 


p > 2 


2p 


28 




. P 





Prob 4.24 
(a) 



V = at r = 2 

CUc = Jp r ^ = JJJ^T^ sine dB </r<# 
= W j \ Jsin0<# 

r=0 +=0 8=0 

= 70(2) (2*) (2) = (80 n) mC 
Thus, y = 2 57 J mC 



At r=6; 



4 2%% 



= 70 j<7r |4 }sin9^ 

r=tf 4*0 6=0 

= 70 00(2n) (2) = 160n 
y = 502.6 mC 



(b) : - 

But y = |7><75= 7J>fiS = D r (4*/ 
At r=7, 

/ 2% % 

Q eK = 10 \dr JsinGdB 

r=0 4=0 6 = 0 

Q enc = 10 (l)(2n)(2)= 40n 
Thus, 



D _ Qsnc 4 Il 
r 4nr ~ •/*(/) 

D= Wa r nClm : 



= 10 
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At r=5, Q enc = 160n ~~ ~| 



\2^-4) R(3^- 
P\3,2-4) ^ R(3,-5-4) 



-W 



r «• r 



Q'^ dU {[*[*[ \' E ' d 

S -5 6 

= } dx + J z'cty | + | 2yzdz 



z 2 6 

= 2+7d(-7)+2(-5)— | = 2- 112-100=- 210 

2 -4 



W = 210 Q = 210(5)= 1050 J 

Prob 4.26 
(a) 

W AB =q\E.dl dUdpa, 



AB 



(b) 



— = J (z+/)cos<|>p<# | = ¥sin<|> | = 2 



°' = 4nr 2 = 4n(5)' = L6 J 

= /.<5 a r nC / m J • 
i 

I 

Prob. 4.25 , 

i- 
I- 

Breakup path P(l,2-4) > R(3-5,6) . 

/>(/,2,-/) /?(i-5,<5) I 
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(C) 



-w. - 2 



— = Jpsin<|><fc | = Jsin30°(z \)= -4 



p=4 



W a) = 4q= 16 nJ 



(d) 

w a» = W ah + ^hc- + W a) = 0- 8 + 16 = S_nJ 

Prob. 4.27 
(a) 

From A to B, dl = rctoa<>, 

90' 

W ab = ~Q I WrcosGrcfi | = - 1250 nJ 

9=30° '.5 -== 



(b) 



(c) 



(d) 



From A to C, dl = dra r , 

10 

w ac = -Q \ Ursine dr | = -3750 nJ 

r=J 8= JO" ====== 

From ^ to A = rsin8 d$ a<, 
W ad = -ejo(rsin0)<# = 0J 

where F is (10,30,60). Hence, 



/(A' 



= -£? \20rsinQdr I + /0 j/0/-cos0r<# | 
75 100 

= - 700[y + — ] nJ = - 8750 nJ 



Prob 4.28 

W=qV AH = q{V tt -V A ) 

= 2{10-' l )[2(l)(-3)-I(l)(2)]= -16 uJ 
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Prob 4.29 
(a) 



(b) 



E = - V V = - (2xa x + 4ya y + 8za : ) 
= -2xa x + 4ya y + 8za : V/m 



-£= — a x + —a y + —a. 
dx dy dz 

= cos(x 2 + y 2 + z 2 )" 2 [2xa x + 2ya y + 2za : ](^) 
= -(xa x + ya y + za : )cos(x 2 + y 2 + z 2 )" 2 V/m 

(c) 

- dV - 1 dV - dV 

= 2p(z + l)sin^a p + p(z + l)cos r ba p + p 2 s'm^a : 
= -2p(z+ tysin^a, - p(z + l)cos^a p - p 2 sin^a z 

. ev - idv- i dv - 

E = ~a : + -—— a&+ — T-r—Oi 
d r 50 rsin9 d + 

I - e' r 

-E = - e x sin0 cos2<|> a r + -e' r cosG cos2<|> a e + — (-2sin2<|))a t 

/ 2e" r 
£ = sinG cos2<|> a r - -e" r cose cos2<|> a e + (sin2^)a* V/m 

Prob 4.30 (a) 



(d) 



4n\r p -r k \ 

4%z V - W ~ 3 - 2iW ' 3) ■ 3( < 10 ^ 



0 " |(- 7,7,2)- |(-/,/,2)- (-2,5,/)| |(- 7,7,2)- (3,-<6)| 
' A ' ' = |(- 7,7,-2)| ~ \(1,-4J) + \(-4,5,-4)\ = Vo 5 "7t? + 7T 

nr> . 

^—(10 3 )V n = 0.3542 

JO 71 ' 

.-. y r = 3uo") v 
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(b) 



4nzjr p -r k \ 

10' 3 -2(70 J ) 3(10' 3 ) 



4KZ '^ = \(/,2,3)-(0,0,4)\ T \(1,2,3)- (-2,5,/)| + \(1,2,3)- (3,-4,6)\ 

4nt 0 (w 3 )v = — _ — 2 - — + — I — « ' ' + * !! 

" |(/,2,-7)| |(J,-5,2) |(- 2,(5,-5)| S 4H J? || 

10~ 9 , 

4n l6^ {10)V o = 0410 \. 

V Q = 3.694 (10 6 ) V 1 
— — I 
'• V , v = V Q~ V r = 0.69(10 6 ) = 694 kV 



Prob 4.31 

(a) 



(b) 



- dV. dV. dV- 
E = - (— a, + —a, + — a 2 ) 
ox dy dz 

= - 2xy(z+ 3)a x - x 2 (z+ 3)a y - x 2 ya t 
At (3,4-6), x=2, y=4, z=-6, 

E = - 2(3)(4)(-3) 'a x - 9(-3) 'a y - 9(4)a : 

= 72a x + 27 a y - 36a : V/m 



Pr = V.D=e 0 V.£=-e 0 (2.y)(z+5) 

V = fiL = fp^= - *<JJJj<* + 5)<fr^<fc 

III 2 

= - 2z Q \dx \ydy\(z+ 3)dz= - 2e 0 (/)(7/2)(^-+ 3z)\ 

0 0 0 * 0 

J - 7 10 ~ 9 
= - £o( 2 + i)= TW 

Q enc = - 30.95 pC 
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Prob 4.32 



E = 



4z 0 r 
Po r? 



4z 0 a 



V = 



12t 0 a 



r> a 



r < a 



Since V = - j £• dU - \Edr , 



+ C, , r < a 



pa 



4z 0 r 



+ C 2 , r> a 



But F(oo)=0 
V(r = a) = 



Q = 0; 

2 



4e n /2e 



■+c, — 



0 



Thus, r = 



— + — , r < a 
J2t e a 3e 0 



Po 



4t 0 r ' 



r> a 



Po 
3C 



Prob 4.33 
(a) 



V x E = 



L L JL 

dx dy dz 
yz xz xy 



= (x- x)a x + (y- y)a y + (z- z)a : = 0 



-4 




106 



* J (I o 

<f £•<// = \ yzdx | + \ xzdy | + f yzdx | + f xzdy 

• — /i ■» » 



(b) 



= 2^| + 2x( = = 0 



Prob. 4.34 (a) 



Q/2 



4k z 0 r 4nt 0 r 



60(1 0~ 6 ) 



4n(W 9 ) 



1 



= 15 kW 



36% 



.-=/ 




Q/2 



(b) 



V = 



i(f) 

— = 15 kV 



4%z n r 



(c) 



J ir c 



2 



4%z 0 r 4%z 0 r 



= 15 kV 



Prob 4.35 (a) 



For r > a, 

Q,n, = \p t -dV= Mp 0 (a 2 -r 2 )r 2 smQcfid$cir 



0, nc = p^JsinO^ |4 J(aV -/•')«*" 



0 0 
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(b) 



,r 3 r 5 2 

Qenc= 4*{> 0 (a~—- T>l 
— 

V = j = e„£ r (-/nr) 

, 8% 
t 0 E r (4nr )= — p 0 

E r = — r or 

15t 0 r 

b 77 2 Q r 

I5t 0 r 

Since V{r- > 0) = 0, C,= 0; 
2p 0 



For r < a, 



15t 0 r 



Qenc= Po(4n)(-—~ — )| = 4nPo( —-. ) 



4 2"> 

Po r a r 
Since V(r=a*)= V(r=a ), 
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2 Po p± ( eL 

15i n a z n 20 



a 



— > 



v- p ^ 

e„ K 20 



— )+ 2p ° + 7p ° a ' 
<5 /Je„ <50e., 



2 15i () a 60 z 0 



(c) 



(d) 



The total charge is found in part (a) as 

Q _ g££o 

For r>a,E decays to zero with no maxima. 
For r< a, 

dE, p a 2 3r 2 aS 



Prob 4.36 



d 2 y 

m ~^T ~ eE > divide by m, and integrate once, one obtains: 

dy eEt 
" -77 = +C 0 

> = -y^- + c 0 f+c, (/) 

" From rest" implies c, = 0= c 0 

V 

At t=t 0 , y=d, E=- or V= Ed. 

d 

Substituting this in (1) yields: 

, 2 m d 
e E 
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I Hence: 

eE \2md \2eE 



u = 



m V eE V m 

that is, u a yfv 

or u = k 4v 
(b) 



= 5.933 (10 5 ) 



-19 



2 (1.603) 10 
9.1066 (10 - 3I ) 



(c) 



.2 



9(10' 6 ) 



1 



v u m v " ' 100 



2e 2(176) (10") 
Prob 4.37 

(a) 

This is similar to Example 4.3. 
eEt 

eEt 2 

y = ~2^r> x=u °< 

x 70(70-') 
t - — = — — 7 — = 70 ns 
u 0 JO 7 

Since x = 70 cm when>> = 7cm, 

r _ 2(70 ') 

= L76{10"){10 > 6 ) = U36 kV/m 

E = - U36a y kV/m 



(b) 



u x = u 0 = J0\ 
2 000 

u y = -y^r.(!.76)10"(10 f, )=2(10 6 ) 
u = (a x + 0.2a y )(10 7 ) m/s 



no 



Prob 4.38 

/7cos0 kcosQ 



4nt 0 r r 



At (0,lnm), 0 = 0, r=/nm, V = 9; 
that is, 9= 7^%' • • *= W) 

^= 9(10-' 8 ) 

r 

At (/,/) nm, r = V2 nm, 0 = 45° , 
t , 9(10-' s )cos45° 9 



Prob 4.39 

The dipole is oriented along - axis. 

p*r - - . 
V = — ^ ; /?• r = £W a y « a r = £Wsin0 sin<|> 

^ _ Qd sin0 sin<fr 

=, ar- /ar. / dv. 

dr r 30 rsm0 dfy 

Qd J 2sin0sin^> - cos0sin<(i - cos0 - 
- ; i 5 Or 5 a 8 - — i — Oa 

Qd - _ 

E = (2sin0sin^a r -cos0sin<(iae-cos^a4) 



4nz 0 



Prob 4.40 



w= q 2 v 21 = a 



a 



2 



4xe 0 \r 2 - r,| 
-2(1)(1Q- 6 ) -18(1Q- 3 ) 

4, ( ^)i( 5 ,- 1 o,-„r 



= - 1.604 



Ill 



Prob 4.41 



W 2 

E = j a r , 

4z 0 r 



Q 2 "r ' , Q 2 



32ne„ J r 



8nz 0 a 



Prob 4.42 

I / / 
W= -t 0 j\E\ 2 dv = -z 0 \\\ (4r 2 sin'0cos'<|> + r 2 cos'0 cos*' + + r'sin' + )r'sine<ft<ty 



2 * 2 

2n K 



= ~-z 0 jr 4 dr w lcos 2 $d$ Jsin 3 0<# A Jcos 2 ^ Jcos 0sin0dG 

I 0 o 0 o 

+ jsin^4 Jsin0<# \ 

o o J 

/ r 5 \ [ 1 f 

J (/- cos 2 0)</(- cos0) 

+ -(2k) jcos 2 0rf(-cos0) + -(27t)(-cos0)| | 

^ o 2 



= I 6 " 7 1 



cos J 9 | cos J 0 I 

= 3.2z 0 [4n(— — cos0)| + «(-— — )| + 2k] 



70 

= 5.2e 0 (5«) = 25.dn — 
W= 0.7111 nJ 



0 J 0 

f-9 
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Prob 4.43 



dp P dp * dz ' 
E = - (2pzsin<|>ap + pzcos^a* + p 2 s'mty a.) 
w =y„j\ Efdv = \\\(4p V sin 2 <j> + p V cos ^ + p 4 sin 2 <|> )p d§ dzdp 

— = 4\p 3 dz \z 2 dz J sin 2 ^ 4 + f p 3 dp \z 2 dz [cos 2 

Z <> 1-2 0 I - 2 o 

■I 2 *I3 

+ \p 5 dp\dz Jsin 2 ((i4 

/ -2 0 

But J cos 2 <(><# = - f [/ + cos2(|)]4 = ^ + -sin-^- = 0.7^/0/ 
o 6 4 3 

*' 2 1 2 it / 

j sin 2 <J> 4 = - J(/ - cos2.fr >ty = - sin 2 ^ = 0.3071 



2> y 6 4 



.6 4 



2W 4 4 \2z 2 \ p 4 \2r\ o" 7 

~^7 = ~4 P \~Tr 307J)+ 4\t\}° 7401) + 6 \M03071) 

= 255A(0.3071) + ^(il X0 J04I) + ^-(0.3071) 
= 417.67 + 239.394 + 838 .59 = 1495.6 

Wm l™* 

2 y 36n } 

= 6.612 nJ 



113 



CHAPTER 5 



P. E. 5.1 



dS = pdfydza 



2" 5 , 2k 

f=jj»dS= j flOzsm 2 4pdzdto pm , = 10(2)— 5 -cos 2^ = 240k 

i 0 



I = 754 A 



P. E. 5.2 



/ = p s w U = 0.5xl0~ 6 xO.lxlO = 0.5\i A 



V = IR= 10 l4 x0.5xl0- 6 = 50 MV 



P. E. 5.3 a = 5.8 x 1 0 7 S/m 

J = oE > 



„ J 8xl0 6 

E= - = — — = 0.138 V/m 



J=p v u 



-- > w = — = 



J 8xl0 6 



1.81x10 



to 



= 4.42x1 0 4 m/s 



P. E. 5.4 The composite bar can be modeled as a parallel combination of resistors as 
shown below. 




Rl 



Rc 



For the lead, R, = — l — , 5, = rf 2 - nr 2 = 9 - - cm 2 



R,. = 0.974 m/2 



For copper, R c = — ^— , S c = nr : = - cm 2 

o.S,. 4 
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R = = 0.8781 mn 

5.8x10" x^xlO 4 

R, R c 0.974x0.8781 
K ~--R~JI C - 0.974 ,0.8781- 46l ^ Q 

P. E. 5,5 p /)y = P •a x = ax 2 +b 



PS 



. = P*a x \ r = aL 2 + b 



Qs = jppsdS = -bA + (aL 2 + b)A = AaL 2 



Pp* = -V- P = -^(ax 2 +b) = -lax 



& = jppv^" = J(-^ax)^aE»r = -^ai 2 

o 

Hence, 

2r = 2, +Q S = + ^ 2 ■ o 
P. E. 5.6 



V to 3 

E = -a x = T a x =500a x kV/m 

d 2xlO' 3 

10 9 

P = Xe t 0 E=(2.25- I)x—x0.5xl0 6 a x = 6.853a xi iC I m 2 



P„, = P*a x = 6.853\iC/m 2 
P. E.5.7 (a) Since P = z 0 x e E, P x =z 0 x e E x 



P, 3x10" 1 

= ~~F = ~17T~ !*36nxl0' = 2.16 
z,E r lOn 5 == 
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„ P 36nxl0 9 1 0 ~ ~~ " <■ 

(b) E = V7~ = TTk ,n V- MVO 9 = 5a , - 1.67 a v + 6.67a. V/m j 

X e z„ 2.16 J On > | 

(C) !> 

t r P 3.16 ( 1 ) I, 

(i-A-/) nC/m 2 = 139.7a x -46.6a y + 1863a. pC/rnf 



£> = c„e,£ = 



X t , 2.16 V 10n J 



P. E. 5.8 From Example 5.8, 
But p t =e„£ = e„^-. Hence 

a 



2 _2z^_zjvl_ 

P t " 5 " ^ = 17" 

i.e. 



as required. 

P.E. 5.9 (a) Since a n =a x , 

D,„ = /2a, , D„ = -Wa x + 4a. , D 2n = D,„ = 12a x 

E 2< = £/, > D 2l = = JL(-iOa y + 4a : ) = --to + /.6a. 

6 / 2.5 

D 2 = D 2n +D 2l = - 12a x - 4a y + 1.6a : nC/m 2 . 

D 2, yj(-4) 2 + (1.6) 2 
(b) tan9, = -^-= vv n K > ,0.359 — > 9, = 79.75° 



(C ) E„ = E 2 , = E 2 sin0 2 = /2sin<f0° = 10.392 

E 
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E,„ = £,„ = —I2cos60° = 2.4 
E rl ■ 2.5 

E, = jE,r .Ej = 10.67 



tan8, = — tan0 2 = — -tan 60° = 4.33 > 0, = 77" 



Note that e,^. | 

i 

P. E. 5.10 I 

i 

D= t 0 E=— {60,20,- 30)xl0- 3 = 0.531a x + 0.l77a y - 0.265a : pC/m 2 : 



w- 9 



p, = D„ =\D\= -J^V°)J36+ 4+ 9{lQ- } )= 0.619 pC/m 2 



/ = jj • dS, dS = r $med$dra B 

2 2% 4 

2 (2n)= -2n = -6.283 A 



/ = - j J rWe^r 1^ = -(sin ^ 



Prob. 5.2 



a 2, m 



fr e jUU 
J*dS = J J p<44> = 500(2na) = lOOOKxltixlO' 3 = Atfit = A 



Prob. 5.3 



a 2* 



/= f J* dS = 10 \ J e - (/ p/a) p4^p = 20n j pe- u - p,a) dp 



p=0+=0 p=0 



But xe^dv -—(ax-/), 
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/ = 20ne-'a : (-- l)e p '\ a = ^^-(1+ 0) = 23.1 la : A 
a e ===== 



I'rob. 5.4 



/ = ^ = -j. v /0-V J ' 
dt 



Id 0) = - 0.3 m A. 
Prob. 5.5 (a) V-V = -p v /e 



1(1 0.5) ■- -0.3 



-166 n A 



VV = — (2xy^z) + — (2jc 2 >c) = <5x>* 



P, = -8xyz(2e a )= -16xyzz 0 



(b) J = Q v u = -l6xy 2 ze. o (10 4 )a y 

/= \j*dS= -16{10 4 ) —-\xdx\zdz= -/<J(id«K/0" 5 ) 



05 OS 



0 0 

















0 / 



/= -4(36nXW s )(0jy = -/./J7 mA 



Prub. 5.6 (a) R = 



I 



8x10 



-2 



8 



oS 3xW 4 xnx25xlO' 6 75n 



= 33.95mn 



(b) I=V/R = 9x^-= 265J A 



(c ) P = IV = 2.38.6 kW 



" _^ 9 . RSI I. 2*55x10+ 



I'rob. 5.7 (a) 



o = //p = 3.5xl0 7 S m (Aluminum) 
•/0 



70' •/ 



(hi ./=//£ = 



= 5.66x10" A/m 2 



x90x!0~ 



J=oE= 3.5x0.1616x10' = 5.66x10" A / nr 
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Prob. 5.8 

R = S=*r = nd : /n,d = OJmm, l=\ r 2nR = NnD, D = 6.5 mm 



5.8x10 xn 



i0.4) 2 



P J 



Prob. 5.9 (a) R = ^ , S, = nr, 3 = n(U)- xlO' 4 = 2.25nxl0 ' 4 
S 0 = afo" -r/) = n{4-2.2S)xlO-' = USnxlQ- 4 



R R 

jit 



(b) K = l,R, = l 0 Ro 



S. SL 



P_l, P« 

U 5.; 



1.77x1 1.8 xlQ- 16 

2.25nxl.75nxlQ-* 
1.77xlQ- H 11.8x10-" 

V 1.75nxl0- 4 + 2.25nxlO-'J 



= 0.27mQ 



l a R, 1669 



1, + l a = 1.1929 /„ =60 A 



/„ = 50J A (copper), I, = 97A. (steel) 



„ 10xl.77xl0' 8 
(c) /? = -7^7 — = 0.322mn 



Prob. 5. 



1.75nxl0- 4 



10 



aS oji(6 2 -^) 10 3 n(25-9)xl0 
Prob. 5.11 



17= 4m/2 



|/ , |=«|/H=«e</ = 2««/ = x e e 0 £ (0 = 2e) 



2werf 2x5xl0 25 xl.602xl0-'\l0-' 11 
X, = — - = 5 = 0.000/52 

e " £ 70 W0' 

J6* 



e r = /+ x.. = 1.000182 
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I* rob. 5.12 



p — l-l - 1*1 



I P\= —\p\= 2xlO l9 xl.8xlO r =3.6x10-* 
v 



P = \P\a x = 3.6xlO IH a x C/m 2 



„,„ Dc p 3/Sx36nxl0 9 xlO" < nn 
Hut P = X e e<,E or Xe = — = = 0.0407 



e r = l+x,= 10407 



dV 

I'rob. 5.13 (a) E = -Vr = a. =600za. 

dz " 



-9 



D= M,£ = -zr-(2.4)600za. = 12.73za. nC/m 

JOJI 



2 



5D. 

P , = V • D = -~- = JJ73nC/jt^ 
oz ====== 



(bl Xe =z r -l = U 

P= Xe t o E=^= ^U2732)a. = 7.427a. nC/m 2 
e r 2.4 * ' 

P r = -V'f= -7.427 nC/m 3 
Prob. 5.14 

Pp* = " v • P=0, Pps = P*a n = 5sinay 
Prob. 5.15 (a) Apphiny Coulomb's law. 



Er = 















G 





b <r <a 
a <r <b 
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P = ^—!-D (=D-e£) 



I Icnee 

(hi 
(c ) 



8, -/Ttr 



t, a < r < b 



Q t -I 



•Vob. 5.16 



~ _ g/g; - g/gj 
^/ - " 7> O f 



s r = 2.25, polystrene 



Prob.5.17 




Q = 4nr 0 2 p s , r 0 = 10 cm 



l-rom (iauss's law. 



Ai (-3cm. -4cm, 1 2un i. r 



.> cm 
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„ -/w/p, {0.1) } x4xl0- 9 

— -x2Jx(0.13y 
Jon 

Since a r = Jj(~ 3a x + + '2a x ), 



£ - - 2-/72a x + 32.95a y + 98. 86a x V/m 



Prob. 5. IS 




l or 0 < r <• a. 



I or a r < b. 



I or r > b. 



Thu> 



D=-^-ja r , r>0 
4nzr 



Q 

T a r , a<r<b 

A Q 

— - — ~a r% otherwise 
4nzr' 
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P = 



*r~l Q 

~a r , a<r<b 

t r -fit r~ 

0, otherwise 



Prob. 5.19 (a) 



Pv = 



[p„, 0<r<a 
0, r> a 



4 ^ 3 . r Po' 

-J' 



For r<a, e£ r (^r 2 ) = Po -^- > E r = 

3 3z 



6e 



For r > a, e a E r (4nr 2 ) = Po ^- > E , = -Bafi 

3 3zy 

As r >oo, F = 0 and c 2 =0 

At r = a, V(a + )= V(a-) 

PoO^ p„0 2 p„a 



V(r=0) = c, = 



(b) K(r=a)= P '^ 



Prob. 5.20 Since ^ = 0, V*j = o must hold. 

at 

(a) v»j = 6x 2 y+o-6x 2 y = o > This is possible . 

(b) v»J = y + (: + i)*o — * This is not possible . 

/ d i 

(c) v«7 = -— (r*) + cos<|)*o > This is not possible. 



(d) V«./ = -^(sin9) = tf ► This is possible. 

r - rr 
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I Prob. 5.21 (a) 







4 


1 


1 


~10 


D > 


= e„ 


1 


4 


/ 


10 


D. 




1 


I 


4 


0 



D x = 50e„, D y = 50z„, D. = 20z„ 
D= 0.442a x + 0.442a v + 0.1768a. nC/m 2 







'4 


1 




" 10 " 


D y 




1 


4 


i 


20 


D. 




1 


1 






D x = 






D y 


— 





D = 0.2653a x + 0.5305a v + 0.7958a. nC/m 2 



Prob. 5.22 (a) 



P 3p p p J 



dt 



= V. J= - 



700 



C/m\ 



(b) /=}./•<# = ff^p4^Mp= 2 = J4 f = 50* = 7577 A 
Prob.5.23 (a) 



^rt / 



2' 

" 0 0 



l=]J*dS = |p r 2 sin9dBrf«|>| r ^ = (2XJ)e /0 '' j sinGdB Jrf* = ^Tie"' 0 '' 

o o 

At t=0.1 ms, / = 40ne-' = 46.23 A 



- — = v*j » p v = -h»Jdt 

cl ' J 



r" cr r 
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p v = - \-je dt = — —e 
S r 2 I0 4 r 2 

At t=0. 1 ms and r = 2m, 



Pv = ToW* ' = 4598 ' MC/m3 



Prob. 5.24 (a) - = ffi = 2.747*70' s 
o 70 ===== 



70'* 

(b ) ~= ~^r-= 5.305x10' s 
o 70 ===== 



£ 80x TT 



Prob. 5.25 (a) 0=0,*"* — > J& = Q, 



_^ 20^ 
7; -lni = lnT = =H=f 



(b)But 7>^, e = iZL = ^*^ 

O 8 70" 9 



: .: : 36% 



(c ) £ = e"'»' 7; = e - J0//s J = 0.7925 i. e . ;o.2jo/ 0 
y„ =— = 



Prob. 5.26 



r e 2JxlQ- 9 

r = _ = = 4.42 us 

a 5xl0- 6 x36n 



Q 10x10* 

p »' = F = "35 = 0.2984 C/m 3 

1 *xl0\x8 

P> = P,„*" = 0.2984e :4j: = 0.1898 C/nr 
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Prob. 5.27 (a) £,, = E„ = -300a x + 50a, , E,„ = 70a. 
D : „= D ln ► e,£, n = e ; £ /n 



£,„ = ^J-Ei„= —(70a.) = ^i.75a. 
e, 4 



E 2 = -J0O, + 50a y + 43.75a. 

D, = e„e r £, = -fx-— (-30,50,43.75) = -7.067a, + 77<S&i I , + 1.547 a. nC/m 2 
3 on y : 



JO' 9 

(b) ^ = s 0 x, 2 E 2 = (-30,50,43.75) = 07P5&7, + /J2da, + 7.767a. nC/m 2 

(c ) £, • a. = E, cosQ„ 
? 0 

cos6„ = ■ = 076*5 > 9 n = 5979" 

yl30 J 750 r 7W 

Prob. 5.28 

70" 9 

(a) ^/ = e juA = 2x— (10,-6,12) = 0.7 763a, - 0.7067a,, + Q.2/22a 7 nC / m 2 

(b) £ /n = -6a x , E 2l = £„ = + /2a. 



7>2„ = D,„ ► e 2 E 2 „ = e,E ln 



or fi*.-f-fi Al -7j«-^a f )— to 



E 2 = 10a x -4a y + 72a. V/m 



A £„ V70' + 72 2 

tanG 2 = = = 3.905 > 0 , = 75.6-/° 

£- 2n 4 ===== 

(c) w, =^D.£ = ^e|£|' 

7 . 7 70 9 , , 
uy, = -e ,|£,|- = -x3x——(10' + 6' + 12-)= 0.2219 nJ/rrv 

/ ^ JO 71 ====== 

u- , - -£ J£J~ = -x4.5x——{l(r - 4* - 12~) = 0.3208 nJ/ nv 
2 36;i ========== 
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Prob. 5.29 (a) D 2n = /2a p = D,„, D 2t = -6a^ - 9a. 

e, e, 

e 3 5c 

D„ = -i- D 2l = -— -(-<5a, + 9a.) = -/-/a. + >/a. 
e, /.5e„ f 

D, = /2a p - /-/a, + 2 /a. nC / m 2 

„ ^ , (12,-1 4,2 I)xl0' 9 

E, = D,/z, = -p = 387. 8a p - 452 \4a k + 678.6a. V / m 

35x __ =_====_ 

0>) ^ = 6 a x,^ = OX — = T7^(^ -6,9) = 4a p - 2a k + 3a. nC/m 2 

E 2 ^" ?E « ====== 



: ° E " ~ 3.5x 



(c) w„ = = --7--^= T-r = 72.52 mJ/m 2 

2 2 e £ , 2 _ _ 10 ============ 



36n 



1 D 2 • D 2 1 (12 2 + 6 2 + 9 2 )xl0-' 8 



W "--2-7j7--2 TP = 9839 mi/m2 

5x 



36% 
Prob. 5.30 (a) 

Id 9 

Pi = Zole,E, = 1.5x—(2,5-4)xl0 3 = 26.53a p + 66.3 la t - 53.05a : nC /m 2 

Pp/ = - v ^, = --f(^p)=-— nC/m 3 
p dp p 

(b) E 2t = E„ = Ja, -4a ; 

D 2n = D,„ > E 2n = E ln = i£<2) = 5 

£t = 5a p + 5a, - -/a. kV / m 



10"' 

D : = = 2Jx — (5J,-t)xW s = 110.5a p + //0.5a, - 5«.^2a. nC/m : 
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Prob.5.31 (a) 



oil 



1 



glass 



glass 



air 



E,„ = 2000, E„=0 = E 2 , = E }l 

D,„ = D 2n = D 3 „ > z,E ln =e,£,„ = e 3 E 3 „ 



E: n = —E,n = T^VOOO) = 705.9 V/m, 6, = 0" 
e , o.j - 



e, 3.0 

E 3n = -f-E, m = —(2000)= 6000 V/m, 0, = 0° 



1.0 



(b) 



oil 


glass 

/C 


e,=75° y 




i 




1 


2 



0, 



glass 



air 



E ln = 2000cos75" = 5/7.63, E„ = 2000sm75" = E 2l = E 3l = 1931.85 
E 2n =^-E, n = -L{51 7.63) = 182.7, E 3n = *L E = L 51 7j63) = l552J89 

E 2 = JeJTJJ = 1940.5, 0 , = tan"' ■§*- = g££ , 



£, = {eJ^JJJ = 0 f = tan"' J*- - 5AT 
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10 



-9 



Prob. 5.32 (a) p 5 = D„ = z 0 E n = ~^lr + 8 : = 0.1503 nC/nr 



36n 



(b) D„ = p, = -20 nC 



0 = D„a„ = (-20 nC)(-a y )= 20a y nC/m 2 



Prob. 5.33 (a) 



A, = P, 



/2x/0~ y 7200 



•/Tia* 4nx25xl0' 4 n 
\D\= 381.97 nC/m 2 

(b) Using Gauss' law, 



nC/m 2 



V 




D 



D r 4nr 2 =Q > D r =-^- 

4nr 2 



n Q 12 ' n, 2 0955 

D= ~~ 1^°' nC/m = ~°r nC/m 



dr 

2 



o a 



144xl0' 8 



8nt„a 0 10~ 9 

8%x~~x5xl0- 2 
36% 



= 12.96 uJ 
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P. E. 6.1 



v-y = 



ota 
dV [p 0 x 2 
~dx * = ~ — 



2ea 

If E = 0 at x =0, then 



CHAPTER 6 



d 2 V = P 0 x 
dx 2 t a 



0 = 0- A 



-► A = 0 



If V= 0 at x =a, then 



0 = -^- + B 
6ea 



-* B = >- 



6e 



Thus 



P. E. 6.2 V, = A,x +B„ V 2 = A 2 x + B 2 

V,{x = d) = V 0 = A,d + B l > B,=V 0 -A,d 

V,(x = 0) = 0 = 0 + B 2 > B 2 =0 

V,(x = a) = V 2 (x = d) * A, + B, = A 2 a 

Dm = D 2n ► ejA,=e 2 A 2 ) 



A,-*- A, 

*2 



Ata + Vo-Atd^-t-aAi 

e 2 



V 0 = A } \ -a + d + ^-a 



or 



A, =• 



d-a + z l alz 2 



A 2 =-LAt 



z 2 t 2 d -E 2 a + Zfa 



Hence 



d- a+z } alz 2 



a + e 2 c/ / s , - e 2 a 1 6 ! 



P. E, 6.3 From Example 6.3, 
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D = z„E 

The charge on the plate <j> = 0 is 



Q= f Pl dS = -^£ \ \Uzdp = -^L\n{bla) 




. 45° 2 

asm— — = 2 > a = = 5226 mm 

•2 sin22.5° 



36nx± 5226 
4 



Q=CV 0 = 444x10-" x50 = 22.2 nC 



4cm 



P. E. 6.4 From Example 6.4, 

* 

V o =50, 9/ =7i/2, Q 2 =45°, r = y[7777? = ^29, e = tan- /P -=* 



► Q = 68.2° 

z 2 



50Wt3n34.1°) - 5 Qa 6 
tan(22.5°) = J-yg^aa y\ n ^tt ^) = Wm 

P. E. 6.5 

_ 5K 



= " /> ^- sinhnita/b[ C ° S(n,tx/b)sinh(n ' ty/b)ax + sin (nJtx/b)cosh(nKy/b)a v l 
(a) At (x,y) = (a, a/2). 
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400 

V = (0.3775 - 0.0313 + 0.00394 - 0.000584+...) = 44.51 V 



E=Oa x + (-115.12+ 19.127 - 3.9431+ 0.8192 - 0.1703 + 0.035 - 0.0094+ . 
= -99.25a v V/m 



(b) At (x,y) = (3a/2,a/4), 
400 

V = (0.1238 + 0.00626 - 0.00383 + 0.000264+...) = 16.50 V 



E = (24.757 - 3.7358 - 0.3834 - 0.0369 + 0.00351- 0.00033+ ...)a x 
+ (-66.25 - 4.518 + 0.3988 + 0.03722 - 0.00352 - 0. ,00033 3+...)a v 
= 20.68a s -70.34a v \lm 

P. E. 6.6 

x 

V( y = a ) = v o sin(77cx / b) = c„ sin(wu / 6) sinh(mra / A) 

By equating coefficients, we notice that c n = 0 for n * 7 , For n=7, 

y 

V a s\x\(7nx lb)=c 7 s>m(7nx I b) sinh(77ia / b) > c 7 = -° 



sm\\(7nalb) 
Hence 



P. E. 6.7 Let . F(r,0,(|») = *(r)F(9 )</>(()►). 
Substituting this in Laplace's equation gives 

4>Fd( 2 dR\ R<S> d ( . n dF\ RF d 2 4> 

— — - r — +— sin 8 — + — - = 0 

r dr\ dr) r^sine«/9V dQJ r 2 sin ' 6 </«J> ' 

Dividing by RF0 I r 2 sin '9 gives 

sin" 0 d / , sin0 </ , . / c/ 2 <p 
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or 



2R'+rR"= \i~R 



2 ir 
R"+-R'-^R=0 
r r~ 



sin0 d 



(sineF)-X' + n'sin 2 9 = 0 



or 



F '+ cot 9 F+ (n ' - A/ cosec'0 )F = 0 

P. E. 6.8 (a) TK is similar to Example 6.8(a) except that here 0 < <j> < 2n instead of 
0< < n 1 2. Hence 



/= 2%tVjt 



\n{bld) 



and R=~ = 



a 



/ 2* to 



(b) This to similar to Example 6.8(b) except that here 0 < $ < 2it . Hence 



/= V-JJp<*4 = 



K,cit(^-a J ) 



V 

and tf=^ = 



/ OJt(^-flO 



P. E. 6.9 From Example 6.9, 



p In 



p In — 
a 



i. 



| J/pdij) + j^ptfty 

♦ ♦ = * 



In- 
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a 



4nz 

P. E. 6.10 (a) C=~i — J- C, and C, are in series. 



70" 



2.5 



70 J 70 J 
V 2 ~ 3 ) 



( 



= 5/5pF, C, = 4nx 



lO 9 



36% 



3.5 



JO 3 JO 3 



= 719 pF 



C,C (5/JX7/P) ... _ 
C, + C, " (5/i)+(7/9)"_EL 



2ne 



(b) C= -y — j, C, and Q are in parallel. 



C, = 2nx 



a 6 

f 

lO 9 



36% 



25 



JO 3 10 3 



= 5/24 pF, C 2 = 2kjc 



io- 



36% 



\ 1 3 > 
C= C,+ C 2 = 0.5 pF 



3.5 



10 s _ 10 3 

W 3 J 



= 7124 pF 



P. E. 6.1 1 As in Example £.8, assuming V(p = a)= 0, V(p = b) = V 0 



lnp/a 



£ = -VF = — 



pln6/a 



-^J Js— ^ 



Inft/a J J p 



lnft/a 



c= 



£ 27teZ 
F = ln7>/a 



P. E. 6.12 (a) C| and C2 are in series. 
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C = -£l£i- = ^00x480_ _ l4U2 pp 
C, + C, .700 + -/50 K 

C 7 . = C/ = 1M nF 



(b) Ci and C2 are in parallel. 



- InA/a labia \nbla ini/7 J<5k ' K 

C r = Cl= U2 nF 

P. E. 6.13 Instead of Eq. (6.3 1 ), we now have 



Qdr "f gar 



-\nbla 



c= i?1 = in777J^r = ^^ 

P. E. 6.14 Let 



F= F, + F 2 +F 3 + F 4 + F s 



where /=;, / = /,2,...,5 are shown on in the figure below. 




F = 



Q 2 Q : (a x sin30" + a t cosJ0°) g'(a, cos3fl"+o t . sinJ0") p- 1 ^ 
7te„r : ■/7te„(/■cosi^?")- , -fm„(2rf + Vne„(rcosiO")' 



•/;te 

^(a x cosiO*'-a, sin JO") 
•/*e„r : 
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4 



P*/0" 5 | a 



5yf3~) (4y[J-5 

+ <3 



8 



8 



= «2J7a, + 2 1.69a v 



|F|= 55.57 uN 



Prob. 6.1 

„ 5K <5F , 

= = " a7 flx ""^7°* = " I2xyza > - 6x y'a; 
AtP(l,2,-5), 



£ = 120a, + 720a, - 12a : V/m 



«*„ 5 2 r d 2 v n „ 

V K = — T + — T + — T = 0+l2xz + 0 

dx 2 dy 2 3z 2 



At P, 



p„ = 60z o = 60x —— = 530 J pC / m 3 
36n 



Prob. 6.2 



dx' e„ 10' 9 /36n 
dV 



= -6x 



= -3x 2 + A ► K = + 

<i)f 



-50 = -I + A + B > A + B = -49 

50 = -64 + 4A + B ► 4A+B=U4 



Thus, A = 54.33 and B = -103.33 
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V = -x s +54.33x-l033 
V(2) = -8 + 108.66 - 103.3 = -2.667 
Prob.6.3 (a) 

v-V = -£, — ^ = _P^ = _ to+ ^ k= <± 

dV 

— = -kx : /2 + kdx + A ► V = -kx 3 16 + kdx 2 /2+Ax + B 

ax 

When x=0, V = 0 ► 0 = B 

When x=d, v = v a , ► ,v 0 =^kd } 16 + kd 3 1 2 + Ad 

i.e. A-V Q I d-kd 2 13 



y = Po* 3 , Pa* 2 , ( Vq Pod 
6dt n 2e n [d 3e 



x 



dx {2ds 0 b 0 d 3zJ 



(b) p s = D n =E 0 E n =z 0 E.a„ 

At x=0, a n =a x , P ,=M_£<£> 

i a 

At x=d, a„=-a x , Ps = -p 0 d/2+ Po d+e 0 V 0 /d- Po d/3 



• d 6 



Prob.6.4 IfV" = f, 

x 

r= J/(x)cfa +C/ 

0 

x X 

+ c f x + c 2 

0 0 
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V( X = L) = y 2 = J | f(\x)d\xdk + c f L + c : 



c, = 



0 0 
A k 



*W JJ/(|l)*A 



Thus, 



/.X jt x 



0 0 



0 0 



Prob. 6.5 

v-V = 



c/*V _ p„ 50(!-y 2 ).10 6 



dx 2 



= -kU-y) 



where k = - = 600nxW 3 



3x 



IQ- y 
36n 



dV 



= -k(y-y 3 /3)+A 



dy 

V = -k^- - ^jj + Ay + B = S0n.I0 3 y 4 - 300n.W } y 2 + Ay + B 
When y=2cm, V=30xl0 3 , 



30xl0 } = 50nxl0 3 x!6xI0' 6 - 300nxl0 3 x4xl0~ 4 + Ay + B 



or 



30,374.5 = 0j02A + B 
When y=-2cm, V=30xl0\ 



(1) 



30,374.5 = -0.02 A + B (2) 
From (1) and (2), A=0, B=30,374.5. Thus, 



V = I5708y 4 - 942 Jy 2 + 30.374 kV 



Prob. 6.6 (a) 



V-V, =^ + ?^± + Z1l = 2 + 2-4 = 0 

rx~ ry~ 

i.e Yes. 
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(b) V 2 



(x : +y' + = : )" : 



= ilr = r- 



v-V, = — — r 2 -r- + 0 = — — \r — 

■ cr\ cr J r cr\ r 



= 0 



.e Yes. 
(c) 



l_d_ 
p5p 



K m>2 



+ — — r + — r 
p" cty* d:~ 



= (pz sin <)>) sin(|> + 0 = — sin<|> + 4- — sin<(> = 4 

p3p p p P 



i.e. No. 



j /0sin<b d , . A /Osin0sin<t> 

(d) W^0 + — \— (sinecosG) j—^ 

r sine r 



/Qsin^cos^e-sin^e) /0sin8sin(|> /Qsin(|) i0 sine sin <|> ^ Q 



sinG 



r 4 sinG 



i.e. No. 



Prob. 6.7 (a) 



V V = — + ?X + = —[-5e Sx cos/J>>sinh /22W.. .= 25F - M9K + 144V = 0 

dx 2 dy 2 dz 2 dx^ ' 



(b) v 2 v - - 3 { zcos<t> ) * cos * i o - zcos<l> zcos<l> ~ 0 

p5pl P J ' P p J p J 



/ 3, _ / d , _._ ain _- 2 . ^ 60 n 30 



(C ) V = J0r~ 2 cose, 
Prob. 6.8 If 

a-V e 2 v d 2 v 

v 

then 



(-sinOiOr^ sin6) = -r-cose — (2sinecose) = 0 

r* r sin6 



5x" V ar 2 



0 = 



'a-V a-V a-VY a : f ev\ a : f c : r an 



V rx" cy' c; J 



1 1 - 



+ a7r"^J + 77l _ "^J 



or 
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0 = ^- r E x +^- r E x +^jE x =V 2 E x 
cx" ay c: 

i.e. V'E, = 0. 



The same holds for E y and E z . 



Prob. 6.9 



dV 

— = (-Ansmnx + Bncosnx)(Ce" y + De" y ) 
dx 

— r = (-An 2 cosnx - n 2 B sin nxXCe" y + De "> ) = -n 2 V 



dV 

= ( A cosnx + B sin nxXnCe" y - nDe^ ) 

dy 



d2y 2v 
— - = n V 

dy 2 
Thus 

d 2 V d 2 V 
V 2 V = — T + —j = - n 2 V + n 2 V = 0 
dx 2 dy 2 

Prob. 6.10 (a) 



8V . d 2 v t 

— = 4xyz, —j = 4yz 
dx dx 2 



W 2 ,2 d 2 V' 

- = 2xz-3yz, ^ = -6yz 



ev ■ 2 3 d 2 v 

— = 2x y-y , — T 
dz dz 2 



V 2 V = 4yz -6yz+0 = -2yz 

V*V *0, V does not satisfy Laplace's equation, 
(b) 
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0 oo ^ 

= 8.854 dC 
Prob. 6.11 

W~ = o ► ^ = ^+fi 

When z=0, V = 0 ^ B=0 

Whenz=d, V = V 0 V 0 =Ad or A = V<>/d 

Hence, 

dz d 

D = e£ = -e 0 e, ^-a. 

a -■ " ' ■ 

Since V 0 = 50 V and d = 2mm, 

V = 25z kV. E = - 25a, kV/m 

D= - ^—(J.5)25xW 3 a. = -552a. nC/m 2 

P* = A = ±552 nC/m 2 , 
The surface charge density is positive on the plate at z=d and negative on the plate at 

Prob. 6.12 From Example 6.8, solving V 2 V = 0 when V = V{p) leads to 
KJnp/a 



In/>/a 



V F F V 

£ = _VK = -— -f— n, D = ZE = - e " Er " n 

p\nbla p pln6/a p 



£ £ I' 



pln6/a 

In this case, V o =100V, b=5mm, a=15mm, z r = J. Hence at p = i0mm, 
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100 



10' 9 

D= -9.102xl0 3 x——2a p = -161a, nC/m 2 

JO 71 ============================= 



w v io- , 

p,<p = 5mm)= — (2)— -322^^ 

p,(p = = - gtt^ - -107 J Kl* 

Prob. 6.13 

V-V = -— [p— 1=0 > K = ,4lnp+fl 

pdpl dp/ 

Let p be in cm. 

V{p = 2) = 60 > 60= A\n2 + B 

V(p = 6) = -20 > -20 = A\n6 + B 

Thus, A = -72.82, B = 1 10.47, and 
V = 110.4 7-72.82 In p 



dV A 72A2 _ 
£ = - — a = a = a D = e„£ 

rfp P P 



At p=4, V =9.52V . E= 18.21 a r V/m 



D = e 0 £ = - x/«-2/a p =0.l61a p nC/m 2 



Prob. 6.14 

v-V = o ► k = -/<//• + e 

At r=0.5. V=-50 ► -50 = -A/0.5 + B 

Or 

-50 = -2A + B (1) 



2 



142 



At r = 1, V=50 ► 50 = -A + B (2) 

From (1 ) and (2), A = 100, B = 150, and 



r 



_ „ f , A 100 
E= -VV= -— a r = -— a, V/m 
r r 



Prob. 6.15 From Example 6.4, 



° \XanQ,l2) 
JtanV2 
VtanG//^ 



V o = l00, Q,=30'\ Q 2 = I20\ r = Vi 7 To 7 77 = J, 9 = tan"' p/z = tan-' 314 = $6S7° 
, ( tan 1 8. 435°) 

r - K<*« -W0a Q 

, Q| ( tmQ 2 /2 ) ^ 5sm36.8T\n6.464 = - 1?Ma * V/m 

rsinGld tttz\ 

\tan6,/2j , 

Prob. 6.16 (a) 

K(p = 6) = 0 > 0 = A\ab + B > B = -Alnb 

np = b) = V„ > V n = A\nalb > A = ^2— 

\nbla 

v- -^- inp ,b = ^!p 

\nb/a \nb/a 
In? 

V(p = 1 5mm) = 70— ^- = 12,4 V 
ln50 = 
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(b) As the electron decelerates, potential energy gained = K.E. loss 

470-I2.J} = ln{(/0~) : -u : } > 10 14 -u 2 =^x57<6 

2 m 

: , nl4 2x1.6x10'" ,, 
" = 10" JT-X57.6 = 10 n (100 - 2025) 

u = 8.93x/0 r ' m/s 
Prob. 6.17 (a) For the parallel-plate capacitor, 

d x 

From Example 6. 1 1 , 

yj J vj J d 2 d 2 d 

(b) For the cylindrical capacitor, 
plnb/a p 



From Example 6.8, 

V; Jii (plnb/a) 2 fab /a) 2 * P \nb/a 

(c )For the spherical capacitor, 

E = - ^ a , 

r 2 (lla-llb) 

From Example 6.10, 

a b 

Prob. 6.18 This is similar to case 1 of Example 6.5. 

X ~ c f x + c : , Y = c 3 y + c, 

But X(()) = 0 ► 0 = c : , Y(0) = () > q = C4 

Hence, 
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V(x y y) = XY = a (t xy, a n = c { c 3 



Also, V(xy = 4) = 20 



> 20 = 4a 0 



Thus, 



V{x,y) = 5xy and E = -VK = -Jya, -5xa v , 

At (x,y) = (l,2), 

K = /0 V, E = -10a x -5a y V/m 

Prob. 6.19 (a) As in Example 6.5, AX*) = /4sin(mu/6) 
For Y, 

T(>') = Cf cosh(wry I b) -r c 2 s\nh(nny I b) 
Y(a) = 0 ► 0 = c f cosh(/ma / b) + c 2 sinh(wca / b) ► c, = ~c 2 tanh(mra I b) 




Hx,y = 0) = V o =- y £ d a n tmh(rma/b)sit)h(rmx/b) 




0, n- even 



Hence, 





4V Q sm(rmx/b) 





4V 0 y sin(m a: / 6) sinh[wc (a- y)/ b] 



ns\nh(rma/b) 



Alternatively, for Y 



Y(y) = c, sinh«7i( y-c 2 )/b 
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Y(a) = 0 > 0 = c f sinh[wc(a -c 2 )t b) 



V - ^ b n sin(mtjc / b)sinh[nn(y - a) I b] 



where 



4V„ 



i /IT' n= odd 
0, n = even 



(b) This is the same as Example 6.5 except that we exchange y and x. Hence 



4V Q sin(mty/a)sinhmtx/tf] 



*=odd 



wsinh(mt6/a) 



(c) This is the same as part (a) except that we must exchange x and y Hence 
4V Q ^ sin(«7i >> / b) sinh[wi (a - x) I b] 



V{x,y) = X 

71 «=odd 



wsinh(w7ta/6) 



Prob. 6.20 (a) X(x) is the same as in Example 6.5. Hence 

V(x,y) = ^ sin(wur / b)[a n sinh(wiy I b) + 6„ cosh(mz>>/fO] 



At y=0, V = V, 



4V, 



nn 



-, w = odd 



0, n = even 



At y=a, V = V 2 

r. 



^ n sinh(mia fb) + b n cosh(mta / b) = 



Ml 



L > A? = odd 



0, n = even 



or 



4V, 



ms\nh(nna I b) 



- — (V 2 - Vj cosh(/ma lb)), n - odd 



f „ = < 



0, n = even 
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Alternatively, we may apply superposition principle. 

v 2 v, 




0 



t L 



\ 



0 0 



t I 




0 



i.e. v = v A +v B 



V A is exactly the same as Example 6.5 with V a = V 2 , while V B is exactly the same as 
Prob. 6.19(a). Hence 

„ 4 A s\n(nnxlb) r 

t «^dd«sinh(«7ta/ft) 1 \ S >] 



(b) 



v (x,y) = (a,e *" + a 2 e +0Ot )(a, sin cy + a, cosoty) 



lim V(x,y) = 0 

X ► 00 

V(x,y = 0) = 0 
V(x,y = a) = 0 

Hence, 



— ► a 2 = 0 



-> a - ml n = 1,2,3,... 



00 

V(x = 0,^) = F fl = Yj a n sm(my la) > a n 



^0 

,w = odd 

0, n= even 



(d) The problem is easily solved using superposition theorem, as illustrated below. 
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Therefore, 



where 

y - IKi V* sin(mtr / b) sinh[/m(a - y) I b] 
n *£dd «sinh(mui/6) 



y - V* sm ( nnx / a) sinh(mty I a) 
11 " n *sinh(mi6/a) 

K - V s^" 71 * / b) sinh(miy / b) 

7i ^ >isinh(wra/£) 



rc = odd 



r _ V sin(y?7cy/fl)sinh[w7i(fe- a ) /a] 



/?sinh(/77t/> /a) 

M ■ odd 
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v 2 v = L d 



Prob. 6.21 

pap 

If we let *'(p,(|>) = tf(p)<D(<|>), 



dv\ 1 d-V „ 



O d I 

-— (pff) + — M>" = 0 

P dp p- 



or 



p d <t>" 

(pR') = -^- = \ 

R op <I> 

Hence 
~nd 



— (p/?') = 0 

5p p 

or 



p p 2 



Prob. 6.22 



V V = -r — r— +— (sm9 — ) = 0 

If ^(r,9) = R(r)F(d), r*(k, 



dr sinG dd 



Dividing through by RF gives 



R dr F sinO cB 



Hence, 

sinGF'+coseF+^Fsine = 0 



or 



F'+QoiQF+kF = 0 
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Also, 



— (r : R')-XR = 0 i 
dr I 

or l' 

I 
r 

A. _ _ i 
/?' + r /? = 0 1 



Prob. 6.23 If the centers at = 0 and <|> = 7t/2 are maintained at a potential difference I 
of V 0 , from Example 6.3, 

= J = oE 

np 

Hence, 

,= \j. dS ^))^ p d== 2 J^L Hbf a) 

J n J J p 7i II 



p 

p^az=0 



and 



/ 2aHn(6/o) 

Prob. 6.24 If r(r = a) = o, V{r = b) = V 0 , from Example 6.9, 



E = —. °- , J = CT £ 

r 2 (l/a-I/b) 

Hence, 



z_z 



/ 27ca(/-cosa) 
Prob. 6.25 For a spherical capacitor, from Eq. (6.38), 



R = 



}__}_ 
a b 



li 



For the hemisphere, /?'= 2R since the sphere consists of two hemispheres in parallel. As 

b ► x , 
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/ _ / 

R' = lim °—h-^—L 



h — >*. 4no 2nao 
G = ///?'= 2naa 
Alternatively, for an isolated sphere, C = 4nza. But 

/ 



RC = 



R=2R = 



-> R = 



2nao 



4nao 



or G = 2nao 



Prob. 6.26 1=1. 5mm, S=3x4 + 1x4 +3x4 =28 cm 2 



1.5x10- 



oS 5.8x10x28x10 



— = 9.236 nI7 



Prob. 6.27 



tS 



Prob. 6.28 



0 Cd 2xl0- g xl0- 6 . 

s= TT = a tn-9 1 1* m = 0-5655 cm z 
e 0 e r 4x10 1 36n ===== 



A 

























X 
I 
T 



T 



From the figure above, 



C/+C, J 



where 



_ z„A/2 z„A z„z r A z„A 



J 
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e 0 (t r + l)A/d 2d d 



2 €, + // 



IQ- 9 10x10 ' ( / 6 



36n 2x10 s \2 7 



Prob. 6.29 



-► £ = 



where E = V„ld. 



' /; . = |-^€|£|-Jv = -e„e,£ : W + ^e„£-Va(/-x) 



Alternatively, w h = l -CV Q \ where 
<xt 2 a 



-> F = 



2d 



F = 



2d 



Prob. 6.30 (a) 



z„S 10' 9 200x10-' _ 



(b) p s = D„=10- 6 nC/m 2 . But 



D„=e£„=^ = p. t 



or 



K= — = 10- 6 x3xl0- 3 x36nxW 9 = 339 J V 



(C) 

_ p£S = IQ'' 2 x200xlQ- 4 x36nxl0 9 = / / J; mN 



2Se„ 2t n 
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Prob. 6.31 



200 V 




► P 



Let z be in cm 



d'V 



> V=Az+B 



When z= -2, V = 0 
When z = 2, V = 200 

(a) V(z=0)= 100 V 



V = 50z+100 



0 = -2A + B or B= 2A 



200 = 2 A + 2A 



(b) E = - V V = - Aa : = -50a. V/cm = -5a : kV/ m 

p,= Z)„ = e£„ = e£ • a; 
At the upper plate (z=2), a„ = - a z 



p, = 5000t o z r = 5000x2.25 x 
= 99.5 nC/m 2 



70 
Jo* 



At the lower plate (z= -2), a n = + a z 
p, = -99J nC/m 2 



A = 50 
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Prob.6.32 (a) " " 

Q e„z r S 10- 9 80x10 ' <in r 

(b) 

c=y > V 0 = Q/C 

£= -yy= -3a x -4a y + 12a : kV/m > |£|= J3*+S+ 12 2 = 75 kV/ 

Pv= A = eJ£| 
Since the entire E is normal to each conducting plate. 

2= Pi S=eJ£|S 

r/ ^/^ ir-ic ^ 13xl0 3 x0.64xl0- 3 

K = C?/C= eJ£|S - = i - L -= — = y^<5 y 

e 0 e r S e r 5.5 — 



m 



Prob.6.33 (a) 

JO' 9 

4 4nx2.25x—- 

C '——l 3 -J^-25£ 

a b 5xl0' 2 WxlO 2 

(b) Q = C V 0 = 25x80 pC 

Q 25x80 , 
>>-l^-4nx25xl0-< = 6366 " C/ m 

Prob. 6.34 (a) 

V ! V=0 > V=--+B 

r 

When r=20cm, V=0 0 = - A/0.2 +B or B = 5A 

When r=30cm, V=50 ^ 50 = - A/0.3 + 5A or A = 30, B = 150 

30 

V=-—+ 150 V 
r 



£= - VF= -4«, = -^?a r V/m 
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D=t 0 t o E=- 



30x3.1 10 



-9 



36n 



0.8223 

o r - ; — a r nC7 rrr 

r' 



(b) p s =D n =D.a n 
On r = 30cm, a n = - a r 



P, 



0.8223 

— nC/m 2 = 9.137 nC/m 2 



0.3 

On r = 20cm, a n = + a r 
0 8223 

P, = -~^p- nC/m 2 = -20.56 nC/m 2 



(c) 



1111 



4jta 4kjc/0 ===== 



Prob. 6.35 




i_J_J_J_ 
C = C ; + C + Q 

, f-tg/ _ -/Tie, 

where C, - ^ — j-, C = j — j, 

c d be 



C, 



4xz , 
1 1 

a~ b 
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4* lie- lid lib- lie II a- lib 
77= + + 



C = 



_ Ll_ . _JLl_ , £ j 

/ L i_i i_ 1 

c d b c a b 



Prob. 6.36 

-/tie 



C = 



a" 6 



Since b — ► 00 , 

10' 9 

C= 4na£ 0 z r = 4%x5xl0' 2 x80x—— = 444 pF 

36% 

Prob. 6.37 

„ 4nz 4if.x5.9xl0' 9 1 36% 

c= T-f- -77-7j =2A55 P F 



a 6 ..--1*^ 



Prob. 6.38 

, 10 ~ 9 
2*? 1 2nx——xl00xI0- 6 

L "ln(6/a)" \n(600l20) = 1633x10 
„ 50xl0-' 5 

Prob. 6.39 V = V 0 e ,,T ' , where T r = RC = 10 x 10" 6 x 100 x 10 6 = 1000 

50= 100e-" r ' > 2=e" T ' 



t= 1000\n2 = 693.1s 
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Prob. 6.40 



RC=C/G=t/o > G= — 

e 



G- 710 



cosh"' \dl 2d) 




Q\b-c) • 



W= n 



Prob. 6.42 (a) Method 1 : E=^-(-a x ), where p, is to be determined. 

6 



r, = p^In-— > Ps = 



c/ v </ln2 



£ = _ — Ur = _ ——a r 



(a t J) In 2 1 
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Method 2 : We solve Laplace's equation 



d dV 

?.(EVr)=— (E— )=0 — 

dx dx 



dV 



dV 



Ad 



dx £ z a (x+d) x+d 
V = c, ln(x+ d)+ c : 
V(x=0)=0 > 0=c,lnd+c, > c 2 = -c,\nd 



V{x=d)=V„ > V 0 = c,\n2d-c,\nd = c l \n2 



c, = 



' In 2 



r/ i K . x+d 

V = c 7 In — — = — In— — 
' ln2 <i 



J7 _ o 

~" dx° x ~~ {x+ d)\n2 



a. 



(b) P=(z r -l)z 0 E=-\^-l 



(c) 



(*+*/) In 2 * J(x+</)ln2 



<3 




x=0 



l\J, , / > »(-tf,)L«= 0 
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id) e.jp^.p^.^ 

Q t„S IP' 9 200x10-' 
= V„ = din 2 = 36n 2.5x10-' In 2 = f££j£ 

Prob. 6.43 Method 1 : Using Gauss's law, 

Q= $D.dS=4nrD r > D=-^-ja r 

4%r 



E=D/t = -^-a r 
4m„k 



Method 2 : Using the inhomogeneous Laplace's equation, 



V*(tVV)= 0 


> 




► 


V(r=a)=0 


^ 


V(r=b)=V a 


> 


p dV 

E - - — a = - 

dr ' 


Aa r = - 


V 

p = D - - ° 





LiilJL 2^V_ 

r 2 dr\ r 2 V dr 



= 0 



dV 

— = A or V= Ar+ B 
dr 

^ 0=Aa+B > B 



r ~ aJ > 



Q= \p x dS=-^jl^r 2 smQSd* = -^4n 
J b- a JJ r b- a 
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Prob. 6.44 Method 1: We use Laplace's equation for inhomogeneous medium. 




, dv dV 
Z " k ^ =A — > ~dp~ =A ° r V = A P +B 

V(p = a)=0 > 0=Aa+B > B=-Aa 

V(p = b)=V a > V a = Ab + B= A(b-a) ► A = 

* b - 1 

dV V 
E=-- a , = -Aa, = -j^a p 

P s =D n = zE„ 
On p = b, a n = -a p 

K i<, k ^ dS=pdtydz 
b- a p 

r rr V 6 k V 

Q= J p K ds = JJ -T^— P^dz=2nL-^z„k 

J JJ b-a p b-a 
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C = 



C= 



Q _ 2m n kL 
V. = b-a 



C 2nt (l k 
~L = b-a 



Method 2 : We use Gauss's law. Assume Q is on the inner conductor and -Q on the 
outer conductor. 



D a 

2nL " 



E= DU = 



<3 



2m M p 



g(*-g) 

2nz a kL 



c= Q = 2nt a kL 
V b-a 



c= C _ 2nt o k 
L b-a 



Prob. 6.45 



/0- 



C= 4%t 0 a= 4%x-—x637xl0 6 = 0.708 mF 
Prob. 6.46 (a) 



/ 



\}(6,3J)\ \(6,3,8)\ 



IQxlO' 9 



4nxl0~ 9 I 36tl[7 Jm 



= 4237 V 



10x10 



-9 



4nxlO v 136% 



(6,3,2) (6,3,8) 

7 3 



109 



312 



= l.la x + 0J5a y - 0.108a : VI m 



(b) 



Fu Q,Q \ a r = - l0xl0xl0 9 [(0^-3)-(0A3)] _ _ 900xW - 9 (P,0,-6) 



-/tie r~ 



10' 

^x—~\(0A-3)-(0.OJ)\ 3 
Jon 



1 — = -25a. N 
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Prob. 6.47 



4nC 


-3nC 


3nC 


4nC 


4 


3 


2 


1 



(a) Qj = -(3nC - 4nC) = ln£ 

(b) The force of attraction between the charges and the plates is 

io-' 8 



\F\= 



4nxl0- 9 136n 
Prob. 6.48 



9 2(12) 16_ 
2 2 ~ 3 2 + 4 2 



= 5.25 nN 



Qi (-3,2,4) 



Q.(-3,2,0) 



Q 2 (1,0,5) 
3 



z=2 



-Q 2 (1,0,-D 



D( X ,y,z)= f- 
4k 



(x,y,z)-(-3J,4) (x,y,z) -(-3,2,0) 
\(x,y,z) - (-3,2,4)\ 3 \(x,y,z) - (-3,2,0)\ 3 



4k 



(x,y,z)- (1,0,5) (x,y,z)-(l,0,l) 



50 
4k 

20_ 
4k 



\(x,y,z) - (1,0,5)\ 3 \(x,y,z) - (1,0,1)\ 3 
(x + 3,y- 2,z-4) (x + 3,y-2,z) 



\(x + 3) 2 +(y-2) 2 +(z- 4) 2 \ 312 \(x + 3) 2 +(y- 2) 2 + z 2 \ m 
(x-l,y,z-5) (x-l,y,z + l) 



\(x - 1) 2 + /+(*- 5) 2 \ 312 \(x - 1) 2 + /+(* + 1) 2 \ 312 
(a) At (x,y,z) = (7,-2,2), 



Pv = D;\;.2 = 



50 
4k 



2-4 



20_ 
4k 



\_(10 2 + 4 2 + 2 2 ) 3 ' 2 (!0 2 +4 2 + 2 2 ) 3 ' 2 
-3 3 



J6-+4'+3-y (6-+4'+3 2 ) 



2\!2 



nC / nr 
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p, = 7.934 pC/m 2 



(b) At (3,4,8) 

50 



D = 



4n 



(6,2,4) 



(6,2,8) 



|_(6-+2- W') ?/ * (6 2 + 2 2 + 8 2 ) 3 ' 2 



20_ 
4n 



(2,4,3) 



(2,4,9) 



nC/m 2 



(2 2 + 4 2 +3 2 ) 3 ' 2 (2 2 + 4 2 + 9 2 ) 312 
D = 1 7.2 la x - I6.29a y - 8.486a Y pC / m 2 

(c) Since (1,1,1) is below the ground plane, D = 0 

Prob.6.49 We have 7 images as follows: -Q at (-1,1,1), -Q at (1,-1,1), -Q at (1,1,-1), 
Q at (-1,-1,-1), Q at (1,-1,-1), Qat (-1,-1,1), and Q at (-1,1,-1). Hence, 



F = 



Q 


2 


2 


2 


4m Q 


— T a x ■ 
2 


- 2 3 a y 


2 3 



l a -±-a -i-a ^ +2a y +2 ^ . ( 2 °y+ 2 °;) (2a z+ 2a^ (Ja^2aS\ 



= 0.9(a J[ + a y + a : )[ --- -4~f=+ 1 



+Q 



Prob. 6.50 



-Q 



+Q 









, Q 

























360" 
I 45" ) 



= 7 
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Prob.6.51 (a) 

2nz„ V p, p 2 



16x10 



2nxl0- 9 I36n 



(2,-2,3) - (3,-2,4) (2,-2,3) - (3,-2,-4) 



\(2,-2 J) - (3,-2,4)r \(2,-2,3) - (3,-2,-4)\' 



= 18x16 



(-AO,/) (-1,07) 
2 50 



= -138.2a - 1 84.3a < V/m 



(b) p, = D„ 

D = £) + + D .ZjS^-^A- — 
2n {p, p 2 ) 2n 



(5,-2,0) - (3,-2,4) (5,-6,0) - (3,-2,-4) 



\(5,-2,0) - (3,-2,4)\' \(5,-6,0) - (3,-2,-4)\' 



= *r(£^_^i nC/m2= _ /0/5flnC/m2 

Jt|_ 20 20 J 



p t = -1.018 nC/m 2 



Prob. 6.52 



y=2 y=4 y=8 t y=-4 y=0 

At P(0,0,0), E^) since E does not exist for y<2. 
At Q(-4,6,2), y=6 and 



y=2 y=4 y=8 



10 



2e " = 2xl0- 9 /36n i ~ 30ay + 2 ° a y + 20a * + ^ = 2262a > kV/m 
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CHAPTER 7 



P.E. 7.1 


A 








Z 








V 




—4 A 



p = 5, cos a j = 0,cos# 2 = 



-a x - a -a x - a v 



/0 



-/*(5) 

P.E. 7.2 



= -30.03a x + 30.6a v mA/m 



00 H= 4^2)( 1+ VTfK = 20458 A/m 



(b) 



4n(2)\ 4U) 
p = VFw 7 = 5,a^ = 0,cosa, = 



P.E. 7.3 

(a) From Example 7.3, 



2(a' + z 2 ) 
At (0,0.1), z = 2cm, 

50 x 1Q- 3 x25x IP' 4 

= 400.2a, A/m 
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(b) At (0,0,1 Ocm), z = 9cm, 
50 x 10' 3 x25x 10' 4 



H = 



2(5* + 9 2 ) 3 ' 2 x JO' 6 ° : 
= 57.3a, mA/m 



P.E. 7.4 



iy=%(c M e,-co«O f ) g = ^/o^JOx/o-w.-cose 

7 ■" 2x0.75 



A7 
2Z 
700 



7.5 



(cosO, - cosQ,)a : 



(a) At (0,0,0), 0 = 90° , cosG , = 



0.75 



yj0.75 2 + 0.05*' 
= 0.9978 



H =—{0.9978- l)a t 



= 66.52 q. A/m 



(b) At (0,0,0.75), 6, = 90', cosQ, = -0.9978 

H=—(° + 0.9978)a t 
= 66.52 g T A/m 



-0.5 



(c) At (0,0,0.5), cosO, = . ' =-0.995 

V0.5' + 0.05*" 



0.25 



cos0 , = , = 0.9806 

. j025 2 + 0.05 2 



H=-jj(0.9806 + 0.995)a t 
= 131.7a, A/m 



P.E. 7.5 



H = -kxa„ 

2 



(a) H(0,0,0)=-50a : x(-a y )=25a^ mA/m 

(b) 77(7,5,-3) = 1 50a. x a v = -25a, mA/m 
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P.E. 7.6 



\H\ = 



NI 
2np 
0, 



p-a(p(p + a = a{p(ll 
otherwise 



(a) At (3,-4,0), p = Vi : + r =5cm < 9cm 
\H\=0 



(b) At (6,9,0),p = V<5 : + 9- =V777 < 11 
. . W } xI00xI0- } 

2,JU7,W °^- /A/m 

P.E. 7.7 

(a) B = V x A = (--to - 0)a x +(0 + 4yz)a y + (/ - jc') fl . 

/,2,5) = 20a, + -/0a, + 5a. Wb/m 2 

(b) V =jB.as= I JV-x')3xdy = Jy'Sy-jJx'dx 

y=lx=0 -l o 

1 5 
= -(64+1)- j=20Wb 

Alternatively, 

/ 4 0 

V = JA.dl = Jx'(-/)5x + Jy 2 (/)ay + Jx^)dx + 0 

0 -I I 

5 65 
= --+ — = 20W> 

P.E. 7.8 




* y 



H-J. 



kcs x R 

■/siR-' 
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cs = dxdy, k = k y a y 

R=(-x-y,h), 

kxR =(ha, +xa z )k y , 



The integrand in the last term is zero because it is an odd function of x 

H __ k _M 2 \ 't_jdjdp k^h^'. V) 



k y h 

~ a < 



-/ 



0= T*> 



Similarly, for point (0,0,-h), H 
Hence, 



-J k x a i 



r 



Prob. 7.1 

(a) See text 

(b) Let H = H y + H z 



* 1 5 5 



a t=av x ( - Ja ^) = j^zj^ 
• = 3^7/) ( ^ a ' +ia ^ = -O^Va, * 0.1404; 
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H = H y + H z 



Q-2753a, + 0.382a r ->- 0.1404a, A/m 



Prob. 7.2 




H " ^" (cosa ^" cosa /K 



P = V X ' +y',cosa/ = ~ ,cosa 2 = 



a +p' 



a p = a, x a p = a r x a p i.ea p is regular a^ . Hence, 
/ a 
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Prob. 7.3 




H = —!— (cosa, -coscr. ta, 
Anp 2 ' ^* 

or, =135°, <z 2 =45°, p = i-V2= — 

2 2 





X 




_ 1 


-1 1 0 


I V2 J 




I V2 J 


~2 


-1-1 0 



H = — ^(cos45°-cosl35°X=-a i 



4;r 



// (0,0,0) = 0.954a z A/m 



Prob.7.4 




a, 
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H = 



Anp 



(cosa 2 -cosa,)^ 



2 1 
cos «j =~j:r cos(180-a,) =-j= = cosl80°cosa, +sinl80° sina. 



= -cos a., cos or, = - 



1 



OP = (x-0,y-0) = xa x +ya v 
AB = -a x +2a y 
But on AB, y = 2(l-x) 

OPAB = 0 = -x + 2y = - x + 4(1 - x) = 4 -5x 
x = 0.8, y = 0.4, p = |OP| = 0.4V5 



_ _ _ f-a K +2a 
a n = a, x a =1 — y - 



-0.8 a" -0.4 a. 



0.4V5 



= a. 



H = 



1 "*_ 3 _ 



4^4VF)L75 + ^J a -^ =04775a "- A/m 



Prob. 7.5 



^,(cosa 2 -cosa>, " 5^, 



10 a) 



= 28.47 5" mA/m 



(b) // = 



An 
1 



10 

W6 



0 



a, , where a 4 = a 2 * 



( a. +a. 



V2 



- a + a 



(c) H = 



2 r io _ 0 



13a, + 13o ? mA/m 



'a +3a.^ 



50^-Vn 
28.47 a mA/m 



(-3a, + a\) = -5. Iff, + 1.7a, 



Vio" 



mA/m 



_1^= 1 -7 — 
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(d) H= 5.1a x + 1.7a y mA/m 2 
Prob. 7.6 




Z A C (0, 0. 5) 



-> y 



A (2, 0,0) B (1,1,0) 



(a) Consider the figure above. 

AB = (l,l,0)-(2,0,0) = (-1,1,0) 

AC = (0,0, 5)- (2, 0,0) = (-2,0,5) 

AB • AC = 2, i.e AB and AC are not perpendicular. 



cos (l 80° - a,) 



ABAC 



|AB||AC| V2V29 
BC = (0,0,5)-(-l,-l,5) = (-1,-1,5) 
BA = (1,-1,0) ' 



-> cos a, = - J — 



cos« 2 = 



BC BA 



-1 + 1 



= 0 



i.e. 



|BC|BA| |BC||BA| 
BC = p = (-1,-1,5), p = V27 

5 x5 _ (-1,1,0) (-1,-1,5) (5,5,2) 

(5,5,2) = 5 (5,5,2) 

V27 ~ 2^-V29 27 



a^ = 



//,= 



10 



4/rV27 



V29 



A/m 



= 27.37 a, + 27.37 a x +10.95 a. mA/m 



(b) H = H.+H.+H, = (0.-59.1,0) + (27.37.27.37.10.95) 

+ (-30.63.30.63.0) 
= -3.26a -1.1 a. +10.95 a. mA/m 
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where a, = -a x xa y = -a z , a, =180°, a, =45° 
H,= ^(cos45°-cosl80°)(-a z ) 

- - 0.6792 a z A/m 

(b) H = H x + H y 

where H x = -JL(l-0)a 4 , a, = -a x x-a y = a z 

= 198.9a z MA/m 
H K = 0 since a, = a 2 = 0 
H = 0.1989 a, A/m 

(c) H = H x + H y 

where H x = ^-^(l-0)(- a x xa 2 ) = 198.9 a y MA/m 

H y = ^(l-0)(a y xaj = 198.9a x MA/m 
H = 0.1 989 a v + O.imaJVm. 



Prob. 7.8 

For the side of the loop along y - axis, H 

ii 

H, = (cosoc 2 -cosa,)a\ i| 

4rcp ,! 

2 ( 

where a, = -a x , p = 2tan30° = a 2 =30°, a, =150° | 



H,= ^^(cos30 o -cosl50 o )(-a x )= -i^a x 



H = 3H, = -1.79a x Mm 
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Prob. 7.9 



Let H = H, + H 2 + H 3 + H 4 

where H n is the contribution by side n. 

(a) H = 2H, + H, + H 4 since H, = H 3 



© 



o 



H^^cosa.-cosa,^^^^)^ 



4n(6){ y[46)' 



H = 



5(31) 5 5 
+ — + = + 



2tt 



v 



VlO y[2) 6nyflQ 2ny/2 



M2){ 42 y 

a, = 1.964 a. A/m 



(b) At (4,2,0), H = 2(h,+H 4 ) 



H - 10 8 * h 10 4 _ 

H. - — a ;) H 4 = — —-^a 



47t(2)V20 
77 2yf5f t lV 



4tc(4) V20 



H = 



n 



1 + -Ja 2 = 1.78 a, A/m 



(c) At (4,8,0), H = H,+2H 2 +H 3 



H = i.(a,) 



J_ _4_ _4_^ 

lV5 + V5 75 



= -0.1 178a" A/m 



(d) At (0,0,2), 

H - 10 { 8 
1 47t(22)tV64 



-0 



/- - x 10 _ 



10 ( 4 



4nV64 



V84 



a. x 



r 2a -8a. N 



5(a.+4a y ) 
17tcV84 
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Hi = 



H, = 



H = 



10 



.(_. 



0 lax 



2a, - 8a. 



a. + 2a. 



4W2(H V84 J20 ) ~ n4T\ 

10 L { 4 \, x _x = -5a x 



a, + 



10 V 



20 



a. 



= -0.3457 a,- 0.3165 a; + 0.1 798 a 2 A/m 



Prob. 7.10 




H = 4Hi, where Hi is due to side 1. 

H , = ^-(cosa 2 - cosa ,)a 4 



a , 




p = a, a 2 = 45°, a , = 135°, a k = a y x-a x = a. 



21 



4nQ\y[2 42) 2 4naj2 3 
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(a) Consider one side of the polygon as shown. The angle 
subtended by the Side At the center of the circle t* 

360° 



cc 
2n 



n n 
The field due to this side is 

I 



H, = (cos a -cos a.) 

4np 1 



71 



where p = r, cos a 2 = cos 90 - - 

v nj 



. 71 

= sin — 
n 



cos a, = -sin 



7t 

n 



H, = 2 sin — 

4nr n 

nl 



H = nH. = - — sin- 



27rr 



n 



(b) For n = 3, H = — sin- 

27ir 3 



rcot30°=2 -» r = 
H = 



V3 

3x5 fi_ 
2 



48 



2* % 



= 1.78 A/m. 



8tt 

P«r r, A U 41 . 71 4X5 1 

horn = 4, H = - — sin— = — t\-—t= 
2nr 4 2ti(2) yp2 



= 1.128 A/m. 



(c) As n -> oo, 



„ . . nl . 7i nl 7i I 

H = lim — sin- = = — 

n -°°27tr n 27rr n 2r 



From Example 7.3, when h = 0, 

H- 1 
2r 



which agrees. 
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Prob. 7.12 



© 




© 



Let H = H, + H 2 + Hj + H 4 

H, = — a z = — — -a z = 62.55 

4a 4x4xl0" 2 

" 2 = " 4 = 474^l0 ir ( COSa2 " COS900 ^' " 2 



= tan" 



100 



= 2.29° 



= 19.99 a. 



H 



I 



3 " MO 
10 



2cosPa z , p = tan" 



100 



= 87.7° 



4n 



2 cos 87.7° a, = 0.06361 a z 



H = (62.5 + 2x19.88 + 0.0636 l)a 2 

= 120.32 a z A/m. 

Prob. 7.13 

From Example 7.3, H due to circular loop is 

ip 2 



(a) H (0,0,0) = 



5x2 2 



a. + 



5x2 2 



2 ( 2 2 +of * 2(2 2 +4f 1 
= 1.36 a, A/m 



(b) H(0,0,2) = 2 5x22 a, 
2(2 2 +2 2 ^ 

= 0.884 a, A/m 
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Prob. 7.14 



B = u o H = H^i 
L 



N = 



Bl 5xlQ- 3 x3xlQ- 2 
ul ~ 4ttx10" 7 x 400x1 (T 3 

N * 30 turns. 



= 29.84 



Prob. 7.15 



(a) 



H 















nl / * 
—(cos 0 2 -cosGJ 







cos0 2 = - COS 0, = 
lnl 



H = 



= 0.5xl50x2xlQ- 2 

2 ( a 2 + l)/f ~ 2xlO- 3 xV4 2 +10 2 



= 69.63 A/m 



(b) 



a, = 90°, tan9 2 = - = — = 0.2 -> 9, = 11.31° 



H 



= —cos 9, = 



b 20 
150x0.5 



cos 11.31° = 36.77 A/m. 
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Prob. 7.16 



Let H = H, + H p 



H,= 



1 _ 

-a„ 




P (4, 3. 2) 



2np * 



p = (4,3,2)-(l,-2,2) = (1,5,0), p = |p| = V2b 
a v + 5a„ 



ap= ^2b" 



H, = 



a v = a i xa P = a z x 
'-5a + a ^ 



V 



a x +5a y 



a — 5a 

y x 



J V2b 



20n 



2n 



V 



2b 



- 1.923 a y + 0.3846 a y 



H p = ^kxa n = i(l00xl0 J )a 2 x (aj = -0.05a y 



H = 



H, + H p = - 1 .923 a x - 0.3346 a y A/m 
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J 



Prob. 7.17 



(a) See text. 



(b) 




For p<a, cfrTdl = I enc = 0 -> H= 0 
For 0<p<b, H r 27ip - l7t ( p2 ~ ! 



2np 



n(b 2 -j 
U 2 -a 2 J 



For p<b, H + 2tc P = I -> 1^= — 

2rcp 

Thus, ; ' 



o, 
I 



p < a 



/ 2 



27tp 

I 



2np 



P -a 
b 2 -a 2 J ' 

p > b 



a <p < 1 



Prob. 7.18 

(a) Applying Ampere's law, 
H, 2itp = I 

i.e H 



*a 2 * 2^j 2 



2^a 



2 "<* 



5H. 



/ l 9 _ I _ 

■r-2/oa. = — -a. 



p 2na~ 
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(b) FromProb.7.15, 



2/ra 2 
I 

2np* 



p < a 
p > a 



At (0,lcm,0). 



3xlxlQ- 
2;rx4xl0 



-4 



H = 11.94a, A/m 



At (0,4cm,0), 



2^x4x10" 



H = 11.94 a, A/m 



300 
8* 



300 
8* 



Prob. 7.19 



(a) J = V-H = 
J = -2a, A/m 



AAA 

dx dy dz 
y r x 0 




(b) «jH.dl = u 

= P d§ = Lt-. ( - 2 ^ = ( - 2 ^ = - 30A 

+ f'(-*WL = (-lX3) + (-3X5) + (4X-3) 
= -30A 
Thus, ^H.dl = I enc = -30A 



3 
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Prob. 7.20 



(a) J = VxH = 



d_ d_ d_ 

dx dy dz 

yz(x : +/) -y\xz -4x->- 
= (8x 2 y + xy 2 )a x + [y(x 2 + y : )- 4xy : K 
+ [-/z-z(x 2 +>' 2 )X 
At (5,2,-3), x = 5, y = 2, z = -3 
J =420 a, -22 a, +99 a. AJm 2 



(b) I = Jy-dS = jj(Sx 2 y + V)dydz| 
= f <* z f (8y-/)j Z = 2 



3 



8 



= 4| 16- jj = 53.33 A 
(c) B = //H, VB = 0 -> v-H = 0 



VH= £ H « : F : " + £ H .=^- 2 ^= o 



Hence 



VB = 0 



Prob. 7.21 



(a) B 
B 



r At (-3,4,5), p = 5 



2rd 

4^-xl0" 7 x2_ 

a, = 80 a, nWb/m 2 



2^(5) 

(6) * = jB.dS = ^ JJ^ 



2/r 

4^xlQ' 7 x2 
2* 

1.756//Wb. 



P 

6 |4 



Inp| 2 z| o = 16xlO- 7 In3 
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Prob. 7.22 



f — _ fll |W>° 1 0 6 

V = jB.ds = n Q ^ =0 | =0 — sin 20 p dfdz 



V = 4/rxl0- 7 xl0 6 (0.2)(-^^j 



50" 



= 0.04* (l- cos 100") 
= 0.1475 Wb 



Prob. 7.23 



Let H = H, + H 2 



where H, and H 2 are due to the wires centered at x = 0 and x = 10cm respectively, 
(a) For H,,p = 50 cm, a + = a, x a p = a z x a x = a y 



u 5 50 _ 

H, = 2*(5xl0- 2 ) a ' = T a ' 



For H 2 ,p = 5cm, a^ =-a z x -a x = a y , H 2 = H, 
H = 2H, = a v 

71 

= 31.43 a< A/m 



(b) For H p a^ = a 2 x 



'2a +a ^ 

x y 



V5 



2a —a 

y x 



H| 27i5>/5xl0- 2 
ForH 2 ,a p =-a 2 xa y = a, 



-a„ +2a. 



V5 J 



= -3.183a. +6.3665. 



n = h, + h : 

= 12.79a v +6.366 a, A/m 
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Prob. 7.24 



B = M 5 , 



V = I ds = r f Mdpdz 



2n d 



Prob. 7.25 



h 

On the slant side of the ring, z = — (p - a) 

6 

where H, and H 2 are due to the wires centered at x = 0 and x = 1 Ocm respectively. 

yr = fB.ds = f^dpdz 
i 2np 



2np 



r b r h dzdp = pjh r b ( l _a), 
*= a *=° p 2nb *•*{ p) P 



= 2 ^j) 1 J as required. 



If a = 30cm, b = 10cm, h = 5cm, I = 10A, 

2^-xlO" 7 x 10x0.05^ 4' 

V = r-n rrn 0.1-0.3 In - 

245 xlO" 2 ) I 3, 

= 1.37 x 10" 8 Wb 



Prob. 7.26 



v-A = - 


- ya sin ax * 0 






d_ d_ 


d 


vxH = 


dx dy 


dz 




y cos ax 0 


y + e x 



= a, +e~*a v - cos a x a z * 0 
A is neither electrosta tic nor magnetosta tic field 
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(b) v-B = 



^ 1 d / _ \ Id 



, (,0« -f-( 2 °)= 0 



(c) 



v x B = 0 

IT can be E - field in a charge - free region, 
v • C = -^4r 3 sin 0 * 0 



1 



— (r'sin 2 *)* 0 



v x C = 

r sin 0 dr 
C is neither or E nor H field. 



Prob. 7.27 



(a) VD=0 

d_ d_ d_ 

Vx H = dx dy dz 

u 2 z 2(x + l)yz -(x + l)z 2 
= 2(x + \)ya x + . . . * 0 
D is a magnetostatic field. 

(b) VE = 0 

Vx E = —r cos 0 a + ... * 0 

E can be a magnetostatic field. 

(c) VF = 0 



VxF = - 
r 



(r" 1 sinfl)- 



2sin# 



dr r~ 
F can be a magnetostatic field. 



a 0 * 0 



Prob. 7.28 

(a) B = VxA = 



d_ 
dx 



d_ 
dy 



d_ 
dz 



2x 2 y + yz xy 2 -xz 2 -6xy + 2z 2 y 2 
B = (-6xz + 4z 2 y + 2xz 2 )a\ + (y + 4yz)a\ + (y 2 -z : -2x 2 -z)a, Wb/m 2 
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(b) y, = Jg-dS, dS = dydzdx 

¥ = to to (~ 6x2 + 4zy " lxy)dy dz 

= \[(-6z)dydz + 4/ | z 2 y dydz + 2 J J >^<fc 
= -8| zdz|</>< + 4^ z 2 dz | y</y 



-8^ 





2 




2^ 










3 


0 


2 


0) 



3 



y/ = - 10.67 Wb 

E can be a magnetost atic field. 

dA dA 

(c) VA=dA x + ~^- + — — = 4xy + 2xy-6jcy = 0 



xz 



VB = -6z + 3z 3 +l + 6z-3z 3 -1 = 0 



Prob. 7.29 



d \7 T 1 ^A. _ 3A. _ 
B = V x A = a *-a. 

p p 3p * 



15 



e" p cos <|> a p + 1 5 e" p sin <}> a^ 



§(3.;.-10) = 5e--La p+ .5^-La, 

M 0 4ti V2 U p V 
H = (l4a p +42aJ-10 4 A/m 

v|/ = jB-ds = JJ— e" p cos <|)pd<j>dz 



= 15z|;°(-sin*)|?c- J =-150e- 5 



V = -1.011 Wb 
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Prob. 7.31 



Ana 2 



4;ar 4;ra 



(i 



B = VxA = -sop S, = „ 0 H | 



,e. H - i4a, - idgpl l. 
By Ampere's law, <jH.dl = I enc 

a 

H = M a, 
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Prob. 7.32 



A - * 



A 
B 



f-[ln(d-p)- Inp]* : 

V-A = Z**Li = -tA 
dp 9 In 

fM = 



2xp(d-p)' 



d-p 



Prob. 7.33 



J = VxH = Vx 



VxA 



rj T c. +20 _ 

VxA = — ^a„. = -^-a v 



dp * 



— VxVx 
Mo 
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Prob. 7.34 



H = " W m -> V m = -/H dl 



From Example 7.3, H = 



la 2 



t 2 +a 2 } 



/ 7. 

'2 



2 2k 2 +a 2 P 



As z->oo, V m = 0, i.e. 



0 = ~- + c -> c = - 
2 2 



Hence, 



v m = l - 

m 2 



1- 



V^Ta 1 ". 



Prob. 735 

For the outer conductor, 

*t 2 -Z> 2 ) ~ 7r(l6-9jb 2 7/w 2 
£er A= A z a z . Using Poisson's equation, 



V 2 A Z 




< 


i a 


( ^0 




- Vol 




K d P ) 




7a 2 /r 










Po l P 




dp) 






Ina 1 



Integrating once, 



or 



" dp \4m 2 1 

dA : = Maty + <M 

dp \4/va 2 p 
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Integrating again. 



A 2 = 



+ c. In p + c 



But A, = 0 when p =3a. 
9 



i.e. A. = 



c, = -c. In 3a - 



V 



2U 



2%7t 

\ 



-a 



a' 



+ c, In — 
' 3a 



But VxA = B = /i // 



T - aA 



VxA = 



z a\ = - 



U 4^7 2 



P) 



dp * 

At p = 3a, jR.di = I -+ w.(3a)H^ = 1 
1 



or H, = 

6#a 



Thus V x a|^ = n o H (p = 3a)implies that 
U4^a 3a J 6m 



or c, = 



Thus, 



2;r 14/r 14^- 



A. = 



M 0 l 



2%n 



a 2 ) 7*- 3a 



Prob. 7.36 



H = 



I _ 

a„ 



2/z)t? f 

£w/ H = -VV m (T=0) 
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I _ 



o a * = 



1 dV m _ 



-> V m = -— +C 



At(l0,60°,7l <* = 60°=-, V=0-» 0 = -— - 
1 h V 3 m 2* 3 

or C = - 
6 

2/r 6 

At (4, 30°, -2} ^ = 30°=^, 

6 

V - - — - + - = — = — 
m ~ 2/r 6 + 6 ~ 12 ~ 12 

V = 1 A 

m 



Prob. 7.37 

For an infinite current sheet, 

H = -Kx a„ = -505 x a„ = 25a, 
2 2 

But H = -VF M (j = 0) 

25a, = -a„ -> K, = -25x + c 

At the origin, x = 0, V m = 0, c = 0, i.e. 
V m =-25x 

(a) At (-2,0,5), r m =50A. 

(b) At (10,3,1), P. =-250A. 
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Prob. 7.38 



(a) VxVV = Vx 



' dV _ 1 dV _ 3V _ " 

a„ + a. + — a. 

p pd<f> * dz : 



dp 

( i e 2 v _ i a 2 v N 

^ p d<f>dz p dzd<f> 



f d 2 v d 2 v 



dzdp dpdz 



1 

+ — 
P 



( a2 



d 2 v _ d 2 v \ 

dpd<j) d</>dp ) 



a\ = 0 



(b) V-(VxA)=V. 



r 



1 dA. 



dA p ^ 



a 



yp d<f> dz 
r dA m M p \ i ( e , s dA 
P 



dz 



dp 



la, + — 



dp^ * } d</> 



1 d 2 A m 1 d 
p dpd<f> p dp 

r \_dA_ p ) 
k p at 



dA 



+ — 



1 d 2 A 2 d 
+ — 



K dz ) p dtfdz p d<f)dp dz 



\_d_ 
pdp 



d_ 
dz 

d 2 A 



L 1 dA 4 d 2 A, i dA, 

— - + + = 



dpdz p dz dzdp p dz 



Prob. 7.39 



.=|r-r| = [(x-x') 2 + (y-y) 2 + (z-z')f 

|x-x'y + (y-y) 2 + ( z - zI )f 



d _ d _ d _ "I 
{ox dy dz j 



= 42(x-x'K|x-x') 2 + (y-y) 2 + (z-z') 2 ^ 
_ -[(x-x'K + (y-y^ + (z-z'K]/ r 

/r 3 " "F 



V- 



R 



/ i \ 



v 2j 



(-2)(x-x'K,|x-x') ! + ( y -V) ! + (z-z') ; f K = 4 



a _ a _ a _ 
a7 a ' + a7 a ' + a7 a ' 
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CHAPTER 8 

P.E. 8.1 

(a) F = m— = QE = 6a 2 N 

dt — 

(b) — = 6a : = —(u x ,u y ,u,) => 

— jl = o -» u = A 
dt 

du v 

a/ 

^ = 6->w. =6/ + C 
dt _ 

Since w(/ = 0) = 0, A=B=C=0 
u x = 0 = u y , u z = 6t 

w, — = 0 -> x = ,4 



« t — = 6/-*z = 3f 2 +C, 
At t = 0, (x,y,z) = (0,0,0) A, = 0 = B, = C, 

Hence , (x,y,z) = (0,0,3t 2 ), 

u = 6ta z at any time. At P(0,0,12), z = 12 =3t 2 -> t =2s 



(c) u = 6ta z = \2a z ml s . 

dU , m/ 
a = — = 6a. W 2 



(d) K.E = im|(/| 2 = i(lXl44) = 72J 



P.E. 8.2 

(a) ma = ewvfi = (eB 0 uy, -eB 0 ux, 0) 



d'x _ eBo dy dy 
dt 1 m dt dt 



(1) 
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(2) 



d y eBodx _ dx 
dt 2 m dt dt 

d 2 z dz „ 

From (1) and (2), 

d\x d 2 y 2 dx 
rf/ 3 </r dt 

(D 2 + w 2 D)x = 0 -> Dx = (0, ±jw)x 
x = C2 + c 3 coswt +c 4 sinwt 
dy 1 d 2 x 

— j- = ~c, w cos twt - c 4 wsin w/ 

dt w dt 2 4 

At t = 0, w=(a,0,/?)- Hence, 

c, = /?,c 3 =0,c 4 = — 
w 

. 4f - dz _ 

— = acosH>/,— = -asin w/, — = /? 

rff df 



(b) Solving these yields 



a . a 
x = — sm w/,>> = — cos wt,z = fit 
w w 

(c) x 2 + y 2 =4' z= Pt 



showing that the particles move along a helix of radius «/ placed along the z-axis. 



P.E. 8.3 i 

(a) From Example 8.3, QuB = QE regardless of the sign of the charge 

I 

E = uB = 8 x 10 6 x 0.5 x 10' 3 = 4kV/m 

(b) Yes, since QuB = QE holds for any Q and m. 
P.E. 8.4 

By Newton's 3 rd law, F u = F 2l , the force on the infinitely long wire is: 

h=-F = — ( )a 

2 * P„ P„+a 
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4^x10-7x50x30 0- 



2k 



P.E. 8.5 



m = ISa = 1 0 x 1 0" 4 x50 



= 7.143 x 10' 3 (2, 6, -3) 



(1.429 a. + 4.286 a,. -2.143 5. )x 10 2 A-m 2 



P.E. 8.6 



(a) 



T=mxB= 



10xl0" 4 x50 



7x10 



2 6-3 
6 4 5 



= 0.03 5. - 0.02 5, ^0,02 5. N-m 



(b) 7l = /Sflsin0-> 71 =755 

I I I I max 

71 = 50x10 2 \6a x + 45, + 5aJ = 0.4387 



or T 



10 
mx B 



= 1-0.30553, +0.0763, +0.30553, 



P.E. 8.7 

(a) 4.6, -1-16 
Mo — 

r, B 10x10 V _ A# 

(b) // = — = - ,* a, y*/m = 1730e V A/m 



= 0.4387 Nm 



// 4;rxl0' 7 x4.6 * 
(c) M = % m H = 6228e' y A/m 

P.E. 8.8 



a„ - 



35, + 45, 



(6 + 32X63,+ 8a,) 



1000 



= 0.2285, +0.3043, = B 2n 



B u = ( B x • B Ul ) = -0. 1 285 t + 0.0965, + 0.25 ; 
B 1( = ^1 B |( = 1 0/}„ = - 1 .285, + 0.963, + 25. 
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&z = K, + K = - 1 .0525, + 1 .2645 v + 2a : Wb/m 2 
P.E. 8.9 



(b) 



n2l 



or ftH x »a n2i = ^ 2 H 2 *a l 

(60 + 2-36) (6// 2t +10-12) 



35 = 6// 



2jt 



// 2jr =5.833 



K = {H x -H 2 )xa nn =a n2X x(H x -H 2 ) 
= 5 n21 x[(K,l,12)-(35^_ 5)4) ] 



6 2-3 

2 % * • 



£ = 4.865, -8.64a, +3.955, A/m 



1 



(c) 



Since B = {Jf, B x and //, are parallel, i.e. they make the same angle with the 
normal to the interface. 



cos0, = H <* a »» = 



26 



7V100 + 1 + 144 



= 0.2373 



0. = 76.27" 



7 A /(5.833) 2 +25 + 16 



= 0.2144 



0 2 = 77.62" 



P.E. 8.10 

(a) V = M„M r " 2 S = 4* x 1 0' 7 x 1 000 x 1 6 x 1 0 6 x 4 x 1 0~ 
= M42 H/m 



(b) W M '=/ 2 L'I 2 = )/(8.042)(0.5 2 ) = L005 J/m 
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P.E. 8. 11 From Example 8. 1 1 , 
8/ 



Lin 



8* 



. / In b - 

= _1_ U \ d<j> \-Jt±-dp 

h 



= tl. 2 AL — ! 

n J p (1 + 



P 0 + p) 



dp 



n 



t b ,1 + 6 

In — In 

a 1 +<z 

in L e xt 





El 


"in* 


, l+£" 
-In 




n 


a 


1 + a. 



P.E. 8.12 



v _ Mo - 4*xl<r 7 _ 



(a) 



in 



= 0.05 uH/rn 



8;r 8* 
L' ext = L' - L' in = 1 .2 - 0.05 = 1.15 uH/m 



(b) 



L' = — 
2* 



1 , </-a 

— + In 

4 a 



, 2*/' AOC 2«-xl.2xl0" 6 
In 0.25 = ; 0.25 



a Po 
= 6-0.25 = 5.75 



d-a 5.75 



4/ctl0" 



= e in =314.19 
a 

2 588 x 10~ 3 

d-a = 314.19a = 314.19x = 406.6mm 

2 

J = 407.9mm = 40.79cm 



P.E. 8.13 

This is similar to Example 8.13. In this case, however, h=0 so that 

4 = 

^=^1.2^ = ^1 
W - 4ft : 2ft 
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_ $2 Pa m 4>TXlO 7 X7TX4 

Wp — — 

/, A 2x3 

= 2.632 uH 



P.E. 8.14 

r _ Mo.M„2np 0 _ 4;rxl0~ 7 xl0xl0~ 7 

' in _ ——( — 

8/r 8;r 4 
- 31.42 nil 

P.E. 8.15 

(a) From Example 7.6, 



B - to*! = ts 



NI 



L 2np 0 

or / = 2Po ^ - 2*10xlO~ 2 x0.5xlQ 3 
//a 2 W 4^xlO- 7 xlO _4 xI0 3 



= 795.77A 

Alternatively, using circuit approach 
R / 2ap 0 = 2«p„ 

3 = Af/ = ^ = , as obtained before. 
TV /ja N 

4;rxl0 7 xl0~ 4 

3 = <«R = 0.5xl0" 3 xl.591xl0 9 =7.955xl0 5 
3 

/ = — = 795.4 as obtained before. 

(b) Ifu=500u„, 

795 77 
/ = -^-11 = 1.592 A 
500 — 



P.E. 8.16 



_ B 2 a S (l.5) 2 x 10x10"* 22500 

^ = ^ = W~i 7^- = -^— = 8 ?5-25N 

2//„ 2 x 4,t x 1 0 8,t 
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Prob. 8.1 



F = q(l + uxB) 
^F=0, E = -uxB = Bxu 
10 20 30 
3 12-4 
E= -4.4 a x +1.35+1 1.4a kVU 



xltfxlO" 



Prob.8.2 



F = ma = q u x B 



a = — ux £ 
m 



^k,u y ,u z )=0 
dir 



u, u. 



0 0 



= 2(0,u„-u y ) 



u x = 



dt 1 dt > 
dV 



dt 



1 = 2, ^ = -4u. 



dt 



u y +4u y = 0 



u y = C, cos2t + C 2 sin2t 
1 du v 



" z = 



2~£[~ = ~ C \ sin2t + C 2 cos2t 



At t = 0, u x =0 c n =0 



Hence, 



U x = 



u y =0 -> c , =0 
u z =10 c, =10 



u = (0,10sin2t,10cos2t) 
dx 

= 0 x=c 4 



dt 



dy 

u = — = 



dt 



10sin2t -> y = -5cos2t + c< 



u z = 10cos2t 



z = Ssir^t + c, 



(1) 



(2) 
(3) 
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At t = 0, 

x = 0 -> c 4 =0 
y = 0 -> c 5 =5 
z = 0 -> c 6 =0 

Hence, 

(x, y, z) = (0, 5 - 5 cos 2t, 5 sin 2t) 

At t = 0, 

(x, y, z) = (0, 5 - 5 cos 4, 5 sin 4) 
= (0,8.268,-3.724) 
u = (0,10 sin 4, 10 cos 4) = (0,-7.568,-6.536) 



K.E = -wu 
2 

= 50J 



Prob. 8.3 

(a) F = ma = Q(E + uxB) 
d 

—{u x ,u y ^ z 
du 



2 1 



= -(lOOsin 2 4 + lOOcos 2 4) 

2 v ' 



i.e. 



(u x ,u yy u t ) = 2 
' = 0->u=A 



-45,+ 



Uy 

5 0 0 



dt 



du v 

— ^ = -8 + 10w, 
dt 

*«— 10., • 
dt y 

d 2 u v du 

— / = 0 + 10— ^ = -100« t 

dr dt y 



= -Sa y +lOu I a y -10m 

(1) 
(2) 
(3) 



+ 100m, = 0 -> u y = 5,cosl0/ + 5 2 sinl0/ 

From (2), 

lOw. + =8-105, sin 10/ + 105 2 cosl0/ 
u 7 =0.8-B,sinl0t +B 2 coslOt 

At t=0, u = 0 -+ .4, = 0,5, = 0,fl 3 = -0.8 
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| Hence, 

m = (0, 0.8sinl0/, 0.8-0.8cosl0/) 
dx 

«, = -j- = -0.8sin 10/ ->y = 0.08cosI0/ + c, 
dt 

dz 

u.= — = 0.8-0.8cosl0/ -> z = 0.8/ + c, -0.08sinl0/ 

" <// 

At t=0, (x, y, z) = (2, 3, -4) => c,=2, c 2 =2.92, c 3 =-4 

Hence (x, y, z) = (2, 2 + 0.08cosl0t, 0.8t - 0.08sinl0t - 4) 
At t=I, 

(x, y, z) = (2. 1.933. -3.156) 
(b) From(4),att=l, «= (0,0.435,1.471) m/s 



K.E. = |/m|m| 2 = i(lX0.435 2 + 1 .471 2 ) = 1.177J 
2 <Z 



Prob. 8.4 

ma = Qii x B 

10- 3 a = -2xl0' 3 



u x u y u z 
0 6 0 



d_ 
dt 



—(u x ,u y ,u x ) = (l2u„0 t -\2u x ) 



i.e. — — = —12m 
dt 

du v 

^ = -12m, 
From (1) and (2), 



m' x = -12m z = — 144m x 



or 



ii x + 144« t = 0 u s = c, cosl2/ + c 2 sinl2/ 
From (1), u,= - Cisinl2t + c 2 cosl2t 
At t=0. 
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u x =2, u y =0, u z =0 A,=0=c 2 , ci=5 



Hence, 



u = (5cosl2/,0,-5sinl2/) 



u(t = 105) = (5cosl20,0-5sinl20)= 4.0715, -2.903a. m/s 
u x = = 5cosl2/ jc = 5^ 2 sinl2/ + £, 



4v 



u y =-^ = 0^y = B 2 
u : = = -5sin \2t z = Y n cos\2t + B } 



At t=0, (x, y, z) = (0, 1, 2) -> B,=0, B 2 =l, B 3 = — 

12 



5 5 /p\ 

(Jf,^,r)=| — sin/2/,/ —cos. 2/ + — 
/2 12 12) 



At t=10s, 

(W) = (^sin/20,/,-^cos/20 + = (0.2419.1.1.92^ 



(4) 



By eliminating t from (4), 

x 2 +(z = x y n ) = (% 2 )\ y = 1 which is a helix with axis on line y=l, 



Prob. 8.5 

(a) ma = e(u x B) 
m d 
e dt 



u x u y u z 
0 0 5. 



= u y B o a x -B 0 u x a y 



du, 

— l = 0->m i =c = 0 
dt 

du, B^e 
m 



^ = «„— = u v w, where w = — ^ 
dt y m m 

du. 



dt 



-u r w 



Hence, 



W, = H'M = — H' u. 



or 



m, + iri/, = 0 -> u t = Acos wt + flsin wt 



w, = — = -.4sin wt + B cos wt 
w 
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f 



At t=0, u x = Uo, u y = 0 -> A = Uo, B=0 
Hence, 

dx u„ . 

u, = u c cos wt = > x = — -sin wt + c, 

dt w 

dy —u 

w, = -u a sin wt = — y- 2-cos wt + c 2 

dt w 

At t=0, x = 0 = y c,=0, c 2 =^-. Hence, 

w 

u a . u„ 

x = sin w/, = — (1 - cos wt) 

w w 

~ (cos 2 w/ + sin 2 u-/) = f-2-) = x 2 + (y - ^-) 2 
w \w J w 

showing that the electron would move in a circle centered at (0, — ). But since the field 

w 

does not exist throughout the circular region, the electron passes through a semi-circle 

and leaves the field horizontally. 

(b) d = twice the radius of the semi-circle 



Prob.8.6 



F = 



a x x B 



a y *B 



JldlxR 

l£dxa x xg + l| dya y xg + I^dxa, xg + I 

+ l| =2 dya y xB 
) 0 

= -3za y -9ydL l 



1 0 0 

6x -9x 3z 

0 1 0 

6x -9x 3z 



= 3za v ~6xa, 



F = 



I [ dx(-3ia y -9^ z )z=o + if dy(jia x "6x5,^=3 

+ l| dx(-3fa y -9yfi z \.j> + if dyfefa, -6xa,)z. 
l(-18-18 + 36 + 6> z = 6Ia z 



= 6x5a, = 30a. N 
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Prob. 8.7 



Prob. 8.8 



2np 



a y = a z x 



' -3a y - 4a y ^ 

v 



3a y + 4a y 



5 4^rxl0- 7 xl5f 4_ 3_ ^ 6xl0' 7 
B i = : 1 -a. --a., | = 



r-1 15 x 5~M 5 



(*a,-3a y ) 



_ 6x10 



F 2 = dF = IdlxB = 2x!0- 2 xl2xi0- , a, x 
= -86.4 a x pN 



-7 



(a) 



(b) 
(c) 



= o z x(-5,)4xl0- 7 (-2xl0 4 ) 

/*2I 

■ »r •".-„- >-:.S- : 3::'-'- ' 

= a y mN/m (repulsive) 

^,2 = -F 21 =-a v mN/m (repulsive) 



4. 3. 



3, 4. 



5 ' 5 *" 5"* 5"> 
- _ 4;rxl(r 7 (-3xl0V 3. 4. ^ 

= 0.12a x + 0.96a v mN/m (attractive) 



(d) 



^ = ^1 + ^32 



4,tx10" 7 x6xl0 4 )/. 



(a. x« ( )= -4a x mN/m(attractive) 
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F. = -3.285, +0.965, mN/m 

(attractive due to L2 and repulsive due to L|) 

Prob. 8.9 

W = - $F • dl , F = Jl<//* xB = 3(25 ; ) x cos % 5, 
= 6cos^ a^mN 

In 

W = - |6 cos d / 3 Po dd = -6 x 3 sin % | u q mJ 
0 

= -18sin — = -15.59mJ 

3 — 

Prob. 8.10 

(a) /, . J ^i*a, = i2|]0l(2X5).„%a, 

= 2 ln2 5 2 uN = 1.3863 5, ujvJ 

(b) F 2 = \l 2 dl 2 *B { 

= ^fydpa p +dzaya. 

But p = z+2, dz=dp 

2ln%(5 z -5 p )/W = 1.3865 p -1.3865,/W 
But z = -p + 6, dz = -dp 

*-^<«» 4 J-4**-«w.] 

2 In % (5. + 5, )/W = -0.8 1 095 p - 0.8 1 095../W 

F = + F 2 + F 3 

= 1.38635. +1.3865, -1.38635. -0.8109a, -0.81095. 
= 0.575 13, -0.81095. ftV 
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Prob. 8.11 

From Prob. 8.7, 



2k P p 

7 = /.4C+f B C 

7 7 4/rxKT 7 x 75x150 , ,„ , A _, 

Sm =/hc = = 1.125x10 3 

2/rx2 

7 = 2xl.l25cos30"a,mN/m 




= 1.9495 mN/m 



Prob. 8.12 



F= jLd!xB= pdvxB 



f = T = IB ° 5 < 



-n(a 2 -b 2 )l 



Prob. 8.13 



30 cm 




1, 100A 



40 cm 



4, 100 A 
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Let B = B x + B 2 + 5 3 + B 4 

where B n = ^BsLq. 
" 2np * 

For(l), a 4 = a,xa p )a. x(-a y ) = a x , 



5 4;rxl0 -7 x2000xl00 - 

o, a x =2a x 

2^x20xl0" 3 



For (2), p = 6a x -2a y , 

(6a x -2a y ) (-2a, -6a J 



a, =-a,x- 



V40 ~ V40 



4^xl0" 7 x2000xl00 



B 2 = = (-2a, -6a,) 

2«-x400xl0" 3 ' y 



= -0.2a x -0.6a y 



For (3), p = 6a x +6a y , 



* y > 
(6a, + 6a ) (-65, + 6a ) 



a 4 = a z x = — j= 

= 4* xl0 _7 x 2000x100, „ 

o } = r (-6a. + 6a„) 

2«-x720xl0' 3 * y 

= -0.3333a, + 0.3333a, 
For (4), a, = -a : xa y =a x , 

5 4^xl0' 7 x 2000x100. 
2,x60xl0- 3 

= 2. 1 333a, - 0.26675., Wb/m 2 



Prob. 8.14 

T = mB = NISB = 1000 x 2 x 10" 3 x 300 x 10 -6 x 0.4 
- 240uNm 

Prob. 8.15 

B = — (2cos6B r + sin660) 
At (10, 0, 0). r = 10; 9 = *^,a r = a,,*, = -a. 
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-0.5xl(T 3 a. =JL(0-a t )-+k = 0.5 



Thus, 



B = ~{2cos&a r + sm0a a ) 
r 

(a) At (0, 3, 0), r=3, 0 = ^,5 r = a y ,a g = -a, 
£ = (0 - 5. ) = -18.525. mWb/m 2 

(b) At(3,4,0),r=5, 0 = %,a,=-a l 
^ = ^|< Q -^) = lig £ mWb/m 2 

(c) At (1, -1, 1), r=>/3 , tan* = P/ = Vz/ , i.e. 



sine-* 2 



-1 

^ ,COS0 = - j^ 

* = TK^~pj S r + ^A"e ) = ~ 1 1 lg r + 78.6a g mWb/m 2 



3V3 

Prob.8.16 (a) M = x m H = x — 

4999 1 5 

N 

(b) M = 

Av 

If we assume that all m k align with the applied B field, 
M - Nm k m _ Nm y _ 1.194xlQ 6 

Av " N / 8.5 xlO 28 

/Av 



Prob. 8.17 



m k = 1.047x10 " A m 2 

(a) ^=// r ~l=J^ 

(b) B = ^n x H = 4^-xlO" 7 x 6.5(10, 25, -40) 

= 81.68 a x + 204.2 a y - 326.7 a z /AVb/m : 



(c) M = ^ m // = 55 a s + 137.5 a y - 220 a z A/m 



(d) W m = -juHH = ^(6.5)4^ xl0" 7 x 6.5(l 00 + 625 + 1600) 
= 9.5 mJ/nr 



f 



I 
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Prob. 8.18 



(a) 
(b) 
(c) 



- _ 5 4ya z xlO' 3 

// 4;rxl0~ 7 x4.5 
M = i^ m H = 2.476y a 2 kA/m 



= 707.3ya z Aim 





a 


a 


a 


(d) f b = VxM = 




dy 


az 




o 


0 


M,(y) 


= 2.476 a x kA/m 2 







dM, 
dy 



Prob. 8.19 



For easel, 



B, 



H, 



1200 
1 



1 



For case 2, 



600 4*xl0- 7 
V* =fi t -1 = 1325.3 
M, = y/ m H { = 1,590,366 

B 2 1.4 
^ ~ H 2 400 

_^ = 1.4 x 1 
r 400 X 4^xlO" 7 

¥m =n t -1 = 2784.2 
M = ^ m // = 1,113,630 
AM = M, -M 2 = 476,680 
= 476.7 kA/m 



= 1326.3 



= 2785.2 
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Prob. 8.20 



fH-dl = I enc 



/za 



2/ra' 



z/ra 



Prob. 8.21 y b=V xM = t 

a 



_a 
ax 

-y 



d 


d 


dy 


dz 


X 


0 



Prob. 8.22 

(a) From H„ - H 2t = k and M = x m H, we obtain: 



Xm\ Xml 



= k 



Also from B,„ - B 2n = k and B = ^iH = (^/Xm)M, we get: 

Xm\ Xml 



(b) FromBicosG, - B, n = B 2 „ = B 2 cos0 2 



Mi 



Dividing (2) by (1) gives 



M 2 



tan 0, 



tan#, tan#, 



Mi B 2 cos& : 



i.e. 



tan#, _ //, 



2 Mi 
( 



Mi 



1 + 



kfi 2 



5 2 sin0 2 



tan# 2 // 2 



1 + 



kn 2 



sin# 



2 / 
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Prob. 8.23 



(a) B In = B 2n = 1.5a, 
H lt = H 2t -+ *!l = 

B„ =^B 3t =^L(lOa p -203,1=25^-503, 
Mi 2ju 2 



Hence, 

B„ = 25s, +15 3, -505, mWb/nr 
(b) W ml 



-B H B ' (25 2 +15 2 +50 2 )xlQ- 6 



2x2x4/rxl0~ 7 



W, = 666.5 J/m 3 

w = _Bj_ = (lO 2 +15 2 + 20 2 )xlQ- 6 
2 2// 2 2x5x4;rxl0" 7 



57.7 J/m 3 



Prob. 8.24 



(a) W ml =^B, H, =i / / 0 ^ rl H I .H 1 , „ r =l 

W ml = ^x4^xl0- ? xl(l6 + 9 + l) 
= 16.34 id /m 3 
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f(x,y) = 2x + y-8 = 0 



Vf = 2a x +a 



Vf 2a„+a y 



N V5 



n K =^-y^j(2a x +a y ) 



= -2a 



H 1( =H,-H ln = -2a <+ 4a y -a z =H 



2t 



B 2n =B ln n 2 H 2n = 



In 




= -0.2 a x -0.1a y 



H, = H 2l +H 2n = -2.2a x +3.9a y -a 2 

M 2 = M/ m2 H 2 = 9H 2 = -19.8a x +35.1a y -9a z A/m 

B 2 = n 2 H 2 = 10h 0 H 2 

= 47c(-2.2,2.9,-l)nWb/m 2 

B 2 = -27.65 a x +49 a y -12.56 a 5 ^iWb/m 3 
// 2 = H 2l + H 2n = -2.2a, + 3.9a y - a. 

H 2 = H 2l + H 2n = -2.2a, + 5.9^, - a. 

M 2 = X m ;^ =9H 2 =- l9J8a x + 35.1a y - 9a : A / m 

fl 2 = \i 2 H 2 = 10\i o H 2 = 4itx(- 2.2,2.9,- 1) nWb/m 2 
= - 27.75a, + 49a y - 12.56a : jiWb / m 2 

H,»a n = H, cos0 / 



COS0 , = 



H,*a n (-8+3)/yf9 
H, J16+9+ 1 



= -0.4389 
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A H,*a n (-4.4+ 3.9)1 
cos9 , = •„ " = j—= = -0.1044 



J4.588 



Prob. 8.25 



Mrl 



Let H 2 =(H x ,H y ,H : ) 



(H x -H 2 ,*a„ n =k 

where f(x, z)= 5z - 4x = 0 and 



V/ _ 4a x -5a z 

° nl2= |v/f V5T 



(H x -H 2 )xa„ n = 



>/4l 



25-H x -30-//, 45-//, 
4 0-5 



= -^[i 5 0 + 5//,,180-4// I ,120 + 4//J=* =35a, 
Equating components, 



a,: 150 + 5// =0->// =-30 



5 y : 300 - AH t - 5H X = 35 4//. + 5// x = 270 



a,: 120 + 4//, =0->// v =-30 



Also, fi lfI = B 2 „ -> //,//,„ = /j 2 H 2n 



5^(2,-30,45)^2^ = IO//„(//„// l .// s )- (4 '°' 5) 



V4T 



V4l 
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100-225 = 68H X -10H Z 



or 125 = 10H Z -8H X 

= 1 0H Z - 8(54-0.8H z ) ^ H z = 33.96 

and H x = 54 - 0.8 H z = 26.83 

Thus, 



H : = 26.83a, -305, +33.965. A/m 



Prob. 8.26 

H u = -35„= H u = 1 05, + 155, 

H 2 ,=H U =105, + 155; 

H ln = ^-H x „ = ^r(-35 z ) = -0.0155, 

H 2 =105, + 155,, -0.01 55, 

B 2 = fi 2 H 2 = 200 x 4* xlO' 7 (10,1 5,-0.01 5) 
B 2 = 2.515, +3.775, -0.00375.. mWb/m 2 

Bin 

tana = 



B 



2/ 



0.0037 



or a = tan- = 0.047° 
V2.51 2 +3.77 2 

Prob. 8.27 

(a) H = y 2 k x 5„ = y 2 (30 - 40)5, x (-5 r ) = - 55, A/m 
B = n a H = 4* x 10~ 7 (-55, ) = -6.285 y Wb/m 2 

(b) // = ^(-30-40)5, =-355, A/m 

= n„n r H = 4* x 10" (-355 v ) = - 1 10a^ Wb/m 2 
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(c) H=V (-30 + 40)5 =55 



B = m„H= 6.283a,.// Wb/m 2 



Prob.8.28 H r = H> m +1 = 20 

w.-Ib.-h, =^HH 



= -n(25x 4 y 2 z 2 + 100x 2 yV + 225x 2 y 2 z 4 ) 
W m = |W m dv j 

= I M [25|x 4 dxjf y'dyj^ z 2 dz + lOof x 2 dx£ y<dy£ z 2 dz ( 

I 

= + 225|x 2 dx| y 2 dy£zdzj I. 



25^ 



z 

7 



-i 



+ 4— H 

Tl, 



z 

7 



-i 



= + 9- 



-i 



= 2 W 1 8 9 ' i. 32 9 j 9 8 33' 
2 (5 3 3 + 3* 3 3 + 3'3'T, 



25 /. on 3600 
= — x 4zr x 10 x 20 x 

2 45 



W m = 25.13 mJ 



Prob. 8.29 

(a) B = 70 + (2 1 0) 2 = 44. 1 7Wb/m 2 



Mr = 



B 44.17x10' 



//„// 4^-xl0" 7 x210 



= 167.4 



216 



r 



(b) W m = jHdB= jH(/ 3+ 2H)dH 



H 2 

= + - Hj = 7350 + 6 1 74000 
= 6181.35 kJ/m 3 



Prob. 8.30 

(a) i-i-^MW^fiLt-] 

(b) L = yf. = Mm N*[p m -lp\-jfi] 

when p 0 »a, binomial series expansion gives: 



2 2 



Or from Example 8.10, 

Prob. 8.31 

For d » a, 

r= y = ^ In f[ = i£^oI ln £ = 25xl0 - 

/r a ;r a 

or In- = 6.25 ->- = e 625 =518.01 
a a 

a = — - — = 5.78mm 
518.01 

D = 2a = 1 1.58mm 
Prob. 8.32 



L '-~r = = 2£^2 



Prob. 8.33 
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I MS fi of i r S 



2.5x2^x0.5 



4^xl0" 7 x200xl2xl0" 4 96 
N = 51 03 turns 



Prob. 8.34 

For N = 1 , 



r=0 



2* 



A 2 * A, 



4^-xlO 



In 



(l)ln2 = 0.1386// H 



Prob. 8.35 



We may approximate the longer solenoid as infinite so that B t = jU ° jV|/| . The flux linking 

A 



the second solenoid is: 



I 



Prob. 8.36 

NI = Hl = 



Bl 



N = 



Bl 



1.5x0.6* 



k 0 t] r l 4n x 10 -7 x 600x12 
-312.5 



Prob. 8.37 

F = NI - 400 x 0.5 = 200 A.t 




F. = 



R 



796xl0 3 x200 



" R, + R i + /?, // R 2 (796 + 383) x 1 0 



H a =-^ = ^1 T = 1908 o A/m 
/.. lxlO" 2 — 



j- = 190J A.t 
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Prob. 8.38 



Total F = NI = 2000 x 10 = 20,000 A.t 



R = 



I. 



- (24 + 20-0.6)xlQ- 2 
' tt„tt,S ~ 4xx\ Q- 1 x 1500 x2xl0 -4 



= 0.1 15 x 10 7 A.t/m 



/„ 



0.6x10" 



2.387 x 10 7 A.t/m 



R = 

" n„n r S 4^xl0- 7 (l)x2xl0" 4 
R = R a + Rc = 2.502 x 10 7 A.t/m 

3 20,000 „ IA ^„n, 2 

¥ = — = V„ = = 2 r = 8 x 10 Wb/m 

/? f 2.502 x!0 7 — — — — 



3 = 



3. = 



2.387x20,000 

fl a + R c 2.502 =2 — 

_&_ 3 .o.nsx2o t ooo 

R a + R, 2.502 = 



Prob. 8.39 



Rc 



Ra 



F = NI = 500 x 0.2 = 100 A.t 



A- 4- 



42x70 



-2 



¥2x70 6 



c H$ 4nxl0- 7 xl0 3 x4xl0- 4 16% 



R, 



10 



-3 



10 s 



\i„S 4%xl0' x4xl0- 4 16% 



R. + R - 



I.42xlO H 
16% 



F 16TtxW0 16* 

vj = J7r~ = 7^xW = T4-2 ^ 



?'.9 



n V 16nxl0- 6 



Prob. 8.40 



4x10 



-6 



2/u„ 2fu 0 S 2x4/rxl0~ 7 x 0.3x10 
Prob. 8.41 

(a) F = NI = 200x 10- 3 x750= 150A.t. 



- = 53.05 kN 



10 



-3 



25xl0-V o 



= 3.183xl0 7 



2^-xO.l 



M„M r S // O x300x25xl0- 6 
3 150 



= 20x 10 7 



R a + R, 10 7 (3.183 + 20) 



= 20xl0 7 



F = 



_B 2 S_ y/ 1 



41.861X10" 14 



2H Q 2n 0 S 2x4^-xl0 _7 x25xl0- 6 
= 6.66 mN 



(c) If //, ->oo,^ =0,<^ = — = 



150 



R a 3.183xl0 7 



F 2 = I 2 dl 2 .B x = I 2 dl 2 ^ = 2x10-^x5x10^150 
S 3.183xl0 7 x25xlO- 6 



F 7 = 1.885 nN 
Prob. 8.42 




II 

R.'2 



3 23 "s 
V\ = 2 V2W = TTT- = — -> V 2 = 



- 0 



/ 2 \ 



^ 2 
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_M 2 S3* _ 4/rxlO" 7 x 2!0x 10~* x9x 10 6 



3/„ 



3xl0 6 



= 24 7T x 10 3 = mg -+ m = 



24^-xlQ 3 
9.8 



= 7694 kg 



Prob. 8.43 




Since //-►<» for the cure, R< = 0. 

I 2 J Mo S 



t//(2x + a) 



~ B 2 S 4 1 N 2 I 2 4 Mo S 2 
2 Mo 2 Mo S 2 Mo S (a + 2x) 2 
_ 2N 2 J 2 Mo S 
(a + 2x) 2 

F = -Fa x since the force is attractive, i.e. 
f_ -2N 2 I 2 t x 0 Sa t 
(a + 2x) 2 
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CHAPTER 9 

P.E. 9.1 

(a) K m/ = J(" * B)- SI = w5/ = 8(0.5X0. l) = 04 V 

(b) / = ^ = M = 2 0mA 

/? 20 = 

(c) f^ = //x5 = 0.2(o.l^x-0.5^7)=-^ mN 

(d) P = FU = I 2 R=SmW 

or P = !k = (0# =8mW 
/? 20 

P.E. 9.2 

(a) V emf = j(uxB)dl 

where B = B a a y = fl o (sin^a 0 + cos^aJ , 5„ = 0.05 

(uxfl)d/ = -ycwfl, sin = -0.2*sin(wtf + 

° 03 /- — \ 

v em f = J(« * dl = -6>rcos(l00;rr) mV 



At t = 1ms, 

V tmf = -6;r cos0.br = -17.93 mV 

V 

i = — = -60^cos(l00^iJmA j , 
At t = 3ms, / = -60^ cos 0.3* = -0.1108 A 

(b) Method 1 : 

cos^a, - sin^a, )• dpdza~ t = -j jBtsin<fidpdz = -B 0 p 0 zj sin <f> 

0 0 

where B Q = 0.02 , p 0 = 0.04, z a = 0.03 

<j> = wt + 

V = -B ( ,p 0 -jcosM>t 

*''«,/■ = = B oP„=„ cos u'/ - sin w/ 

c7 
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= (0.02X0.04X0.03Xcos wt - wtsxn wt] 
= 24[cos wt - wt sm wt]^iV 
Method 2: 



dt 



B = B„ta x = B„t(cos<fia p - sin^),^ = wt + % 



dB 
dt 



— = B 0 (cos<fia p -sin4a p ) 



Note that only explicit dependence of B on time is accounted for, i.e. we make <|> I, 

■I 

= constant because it is transformer (stationary) emf. Thus, | 
Km/ =-B 0 J |(cos^ - sin <ja p )dpdza+ + J- p 0 wBjt cosjdz , 

° ° i. j 

= B o p o z o (sin0 + wt cosf),t = wt + n /~ \ 
= B 0 p 0 z 0 (coswt + wr sin wt) as obtained earlier. 

At t= 1ms, 

Kmf = 24[cos 1 8" - 1 00*- x 1 0 3 sin 1 8° ] M V 
= 20.5uV 

At t = 3ms, 

/ = 240[cos54 ,, -.03«-sin54°]i«^ 
= -41.92mA 



P.E. 9.3 



V =_yv *r V --N ^ 
' <fr ^ " " 2 dt 



Y± = Hi. =—v - 300x120 

Af, 2 Af, ' 500 



P.E. 9.4 

3D 

(a) J u = — = - 20 U7-,, sin(vw - 50x)5 .4 / aw 

C/ - 



2 



5// 

(b) V x // = J ti -> = -20u^sin(\v/ ~50x)a 

cx v 
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= 0.4wg o cos(w/-50x)a. A/m 



(c) V x £ = - Mg °±L _> _ ^ a = 0.4^^ sin(H/ - 50.v)a. 
1000 = 0.4//^ =0.4— 



P.E. 9.5 



(a) 





V2Z45" 




V5Z- 26.56" 



-j{y s zm.\y) 



= 0.24 + j0.33 

(b) 6Z30" + y5 - 3 + ef = 5. 196 + y3 + J5 - 3 + 0.7071(1 + y) 
= 2.903 + {8.707 

P.E. 9.6 

^ = 2sin(10/ + J c-^ =2cos(l0/ + x-^-^ w = 10 

Q = K(Q s e jm )= R t (e Ji '^\a x -a r ))sin*y 
= sin^cos(vy/ + x)(a r - a. ) 



E. 9.7 



dff l a i a 

2cos# /? 
— cos(hy - (3r)a r - ^sin6>sin(u* - pr)a 0 

r. 2cos# . n 

H = — sm(u-/ -fk\a r + ■£- sin0cos(w - BrVi, 
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„ w 6xl0 7 A „ .. 

P = — = r = 0.2 rad/m 

c 3xl0 8 = 

10" 7 10~ 8 

H = — r cos0sin(6xlO 7 -0.2r)a r + sin#cos(6x 10 7 -02r)a g 

3r~ 3r 



P.E. 9.8 

3 3c 9x10 s 



CO - 



E = - fv x Hdt = -— cos(wv - 3y)a t 
£ J we 



= 2.846x10* rad/s 



-6 



9 x10 s 10" 9 (5) 



cos(w/ - 3y)a x 



M 36 

E = -476.8 cos(2.846xl0 8 f-3.y)a, V/m 



Prob. 9.1 

dt dt J ar 
= 3770 sin377t x 7t(0.2) 2 x 10 3 
= 0.4738 sin377t V 

Prob. 9.2 V mf = }(ttxB) dl, dl = dpa p , u = = pwz, 
uxB = /nva, x B o a. = B 0 pwa p 

V ™f = to B °^o = B 0 w^ 

^/ = ^B 0 wl 2 



= -B „wl 2 



o 2 0 



Prob. 9.3 



> vmf 



8 -^ = -W^-\B.dS = -NBS^- 
dt dt J dt 



= -NBSW - -50 x 0.06 x 0.3 x 0.4 = -54V 
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Prob. 9.4 



¥ = 



V 



I = 



jB-dS = BS 

_dy_ = _dB s = + 4 0xl0 4 sin / 10 4). I0 -3 x20xl0 -4 

dt dt v ' 

0.8 sin 10 4 / 



= 0.2 sin 10 4 / A 



Prob. 9.5 



I flows clockwise for increasing B field. 

(a) v = j(u xB) dl, dl = dya, 

uxB = 2a, x 0.1a, = -0.2a y 

y = x since the angle of the v-shaped conductor is 45°. Hence 
y = x = ut. At t = 0,x = 0 = y 

v = - Jo.2du = -0.2y, y = ut = 2t 
v = -0.4/ V 

(b) v = J(«xB) di, dl = dya, 
uxB = 2a Jt x0.5*a r = -xa y 

But y = x and x = ut. When t=0, x = 0 = y 

v = - jxdy = - jydy = 
But x = y = ut = 2t 
v = -It 1 V 



Prob. 9.6 



2ny 



J 2tt J J v In o 



r=0 y=p 



_ dy/ _ dy/ dp nja d 



Mo la 

2k ' 



p + a p 



Inpip + a) 
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t y t li 

I 



Prob, 9.7 This is similar to Prob. 9.6. Assume loop is of width z. 

y/ = ^-^ — In — 

In p 

""' dt dz dt In p 
= _4^^ xl5x31n 60 = 9888/yF 

2k 20 
Thus the induced emf = 9.888uV. point A at higher potential. 

Prob. 9.8 

where B = B 0 coswta x ,it - u 0 cos wta y ,dl = dza z 

i 

Km/ ~ J jB 0 ws\n wtdydz - jB 0 u 0 cos 2 wtdz 

r=0 y=-a 0 j 

= B 0 wl(y+a)sinwt - B 0 Uolcos 2 wt I 

I 

Alternatively, | 

/ y 

y — ^B • ds = | ^Bocoswta x • dydza x = B 0 (y+a)lcoswt 

;=0 y--a 

Km/ = = B 0 (y + a)lwsin\vt - B 0 ^lcoswt 
dt dt 

n * dy u n . 

But — = u = u Q cos wt -> y = —sin wt 
dt w 

V em f = B 0 wl(y+a)sinwt - B 0 Uolcos 2 wt 

= B 0 Uolsin 2 wt + B 0 walsinwt - B 0 Uolcos 2 wt 

= -B 0 Uolcos2wt + B 0 walsinwt 

= 6x 10" 3 x5[10x 10sinl0t-2cos20t] 

v emf = 3sinl0t-0.06cos20t V 
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Prr 



Prob. 9.9 



u 





B 








B 



v <n,f = j(uxB)ai = uBlCos0 



ri2^ ml v 43xl0 -5) (16)Cos65e 

I, 3600 J v A 




- V, + 
• B 



v 2 + 



dt J 

= I(R, + R 2 ) 
dt 



dB 



Also, <fE*dl=V l -V 2 =--—S 
J dt 

SR t dB 



Hence, V x = IR t = 



V 2 =-//?,= 



SR, dB 
/?, + fl 2 dt 



V = 1 0 x 1 0 - x 1 0 x Q .2 x 1 50* sin 1 50M = 0.0628 sin 1 50nt 
i 15 _ — = = 

j/ = - 10xlQ x3 x Q,2xl50*sinl50^ = -0.0314sinl50^ 
15 



(1) 
(2) 
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Prob. 9.11 



dy = 0.63 - 0.45 = 0. 1 8, dt = 0.02 



<mf dt \ 0.02 J 



= 9QV 



1 = 



R U5. 



= 6A 



Using Lenz's law, the direction of the induced current is counterclockwise, 

Prob. 9.12 

V = j(u x B) • dl , where u = pcoa^, B = B 0 a t 

wB„ 



vJ\p<oB 0 ^A{p\-p\) 



fix 



V = 



60 x 5 , 

— — •10- J (100-4). 10- 4 =432 mV 



Prob. 9.13 



J * = J°> D , -»k*L =coeE > =<oe ir 

a 

10' 9 2^x20xlQ 6 x50 
~36«- X 0.2 x 1 0" 3 

= 277.8 A/m 2 



A* =^«5 = ^x2.8xl0- 4 =7778 mA 
j. 6 



Prob. 9.14 



J r oE 



J d (azE <oe 



(a) i- 

(BE 



2x/0 



-J 



2nxl0 9 x81x-°' 



= 0.444xl0' s 



36k 



(b) 



0)6 



JkxIO'xSIx 



10 



-9 



= 5.555 



36k 
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we 9 . /O"' ===== 

36n 



Prob.9.15 L = lL = ^ = i 0 

J d coe£ coe 



/0e 207te /(?" ? 

id* 



f = 36 GHz 



Prob. 9.16 



? oS 
J a = jcoeE -*\J a \ = coeE = 



-9 



o)d t 



10' x 4.6x10"/ . x0.2xl(r J 
J « = ™ i/ in in-4 = 2^4 nA/m 2 

Prob. 9.17 

(a) V»E s = p */ £ ,V*H s =0 



VxE t =j<QfiH t ,VxH s =(a- jo>e)E 



(b) 





ao, aa • ao. 


(i) 




<2x cy dz 


(2) 


Vx£ 


_ JB^dE z dE y _ dB x 


(3) 


dt dy dz dt 




dE x dE : _ 55, 


(4) 




& 3t & 




ggv a£ r _ dB : 


(5) 




dx dy dt 


Vx// 


ct dy dz 1 dt 


(6) 
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ejLJJL^j^ (7) 
dz dx " et 

d J±JJL-_j. + ^ (8) 

dx dy ■ dt 



Prob. 9.18 

If J = 0 = /? v ,then V.5 = 0 (1) 

V.D = a (2) 

- f*n 

VxH = J + — (4) 
dt W 

Since V • V x ^ = 0 for any vector field /l , 
V.Vx£ = -- V«5 0 

ar 

v.vx# =-— v»z5 = o 

ar 

showing that (1) and (2) are incorporated in (3) and (4). Thus Maxwell's equations can be 
reduced to (3) and (4), i.e. 

dt dt 

Prob. 9.19 

dt e e 



Hence, 



dp. a 
3f e 



Prob. 9.20 

dB 

Vx£ = 

dt 

VxVx£ = - — V.xS = -n — V.xrtf = -u — 
cr cf <?f 

But 

V.vVt£ = V(V.£)-V-£ 
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dt 



In a source-free region, v«£ = p v /e=0. Thus, 



y E - \xg — 
ct 



Prob. 9-21 



V J = (0 + 0 + 3: 2 )sinl0 4 t = -^l 

5/ 



p„= fv.y<//= J Jz*' sin 70'' to/if = -j^sinlO't+Q 



lfp v |.. o = 0, then C o =0 and 

p v =-Q3z 2 sinl0 4 t mC/m 3 



Prob. 9.22 (a) 



, 3D 

But jr.- 





d 


dx 


dy 


0 


0 



d_ 

dz 



dy 



a x = 20sm(10 9 t- 4y)a x A/tn 



D = jV^f = - ^cos{W 9 t - 4y)a x = -20cos(I0 9 1 - 4y)a x nC / m 



70 



a/7 Z> 
(b) Vx£=-n — =Vx- 
ot s 



i £. 

y! tx 



c_ c_ 

cy cz 



D t (yj) 0 0 



I (-20) 

-{-J 0 Tj(-f)sin(10 9 t-4y)a : 
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jjf) s'm(10 9 t - 4)a : = -5ax!0 9 sin(W 9 t - 4y)a : 



80 



= SvlxIO 9 



80 



e. = 



5x4zxlO~ J xlO' s x 



Prob. 9.23 



„ r-r 

s — = Vx# = 



_a_ d_ d_ 

dx dy dz 
0 0 H. 



dH. . 

"<3„ 



ax 



70 



= 0.6/?sin/iccoswta 



„ = a# 

vxE- -u = 

a/ 



0^6/? 
we 

'a a a 

— — — at 



E=VhxHdt = ^^sin />*-sin wta v 



dx by dz 
0 E y 0 



ax 



0.6/7 2 



cos/frsin wta. 



H = — - (Vx Edt = ^'f^ cos/frcoswra 

// J ur lie 



Thus P = wfi^ = w / c JZ7,= 



= 0.8333 rad/m 



10 8 (2.25) 
3x10* 



VC£ Vfff V / £ 



0.6(377) 



0.6x337 
2.25 



= 100.5 



£ = 1 00.5 sin /ft: sin wra,, V/m 
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Prob. 9.24 



<7 P 58 5H 

VxE = -— = -Ho- 
ot dt 



V.r£ = 



d_ d_ 
dx dy 



d_ 

dz 



0 EJx) E.(x) 



dE. dE v 



ox y dx 



—a. = 40x8cos(l0 9 t - 8x)a y + 50x8sm(l0 9 t - 8x)a. 



VxEdt = -^—[ 40x8 ^U0 9 t-8x)a y - 50x8cos(10 9 t - 8x)a : ] 
(j20sin(/0 s V -8x)a y - 400cos(10 9 1 -8x)a : j 



4n 



H = -02546s\n(10 9 t-8x)a +0J184co$(W 9 t-8x)a. A/ 



m 



P = (dV^=7Vm7, (n r = /) — 



/— pc 8x3x10 s 

&-7—ii?— u 



e r =576 



Prob. 9.25 (a) v*a=o 



VxA = 



d_ d_ d_ 

dx dy dz 

0 0 E.(x,t) 



dx ' 



Yes, A is a possible EM field, 
(b) v.b = o 

VxB = lJL[Wcos(G)t - 2p)]a. * 0 
Yes, B is a possible EM field. 



(c) v. C = ^(Vcot*)-^*0 

P cp v ' p- 



/ c r 
VxC = -^-(cososincor) - Jp : — (cot<(>) * 0 

P CQ CO 

No, C is not an EM field. 
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(d) V»D = - T ^ — sin(<of -5r)— (sin'9)*0 
r sinG aQ 



, dD 9 I d , / 
1 = -a. + ( 



VxD = - —2. a r + - — (rD 8 = - sin 9(-5) sin(ou - Jr)a* * 0 
dq> r cr r 



No, D is not an EM field. 



Prob. 9,26 From Maxwell's equations, 

VxH = J + — (2) 

Dotting both sides of (2) with £ gives: 

£.(Vxtf) = £.J + £.^ (3) 

But for any arbitral vectors A and B , 

V »(Ax B) = B *(V x A) - A»(V x B) 
Applying this on the left-hand side of (3) by letting A * B and B m E , we get 

H»{VxE) + V*(HxE) = E*j+y 2 ^{D*E) (4) 
From(l), 

dB\ 1/3 - - 



dt ) 

Substituting this in (4) gives: 

-y 2 ^(B.H)-V.(ExH) = J.E + y 2 ^(D*E) 
Rearranging terms and then taking the volume integral of both sides: 

*(Ex H)dv = y\(E • 5 + H • B)dv- p • Edv 

S y 

or ~ = -</(£ x H) • dS - \e • Jdv as required. 

Prob. 9.27 Vx//= J+J d 

J = c E = 0 in free space. 

1 2 U rM\ 7 rf4 2 LI 1 ri ; :LT 
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P 



— (2p 2 cos<fr)- pcos()i 
dp 



— ■ ■■ ■■ " , u .i \i:nrr , ::r , ^— . : , t; ^sga^^sgBSs^a-s—t 

.a . I 

cos4xl0 ta. = -^(-/cosifr - p cos$)cos-/x/0" 
P 



</, = 3cos$cos4xl0 6 ta. 



J , = — = e — — 
" dt 0 dt 



E=—\j d dt 



£ = 



3 cos(|> 
e~ 4x10 s 



sin 4xl0 6 ta. = 



70 



— cosij> sin4xJ0 ta. 



36k 



E = 84.82 cos* sm4xl0 6 ta z kV/m 



Prob. 9.28 Using Maxwell's equations, 



dE 

Vx#=o£+e— (o = 0) 
dt v 7 

But 



E = - fVx/Wr 



„ 72sin0 „ f . 

E = (} J sm(2Kxl0 8 t - pV)dfa t 



72sin6 



-p sin(a r - pV)<i 4 , <b = 2;tx70 a 



Prob. 9.29 



pdp pdp 



= (2-p)te' p "a : 



dB 



™=V«E^B = -h*Edt = ((P-V"- P "* a 
dt J J V J„ z 



Integrating by parts yields 

B = [-(p - 2)te-'-' + j(p - 2)e-"-'dt)a : 



V du 
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= (2-pXl + ()e- p -'a : Wb/m 2 



- r „ „ B I dB. . 
J = VxH = Vx — = -a. 

Mo M 0 dp 

= -—(1 + 0(-l -21 + p)e'"-'a. 
Mo 

4* ' 



Prob. 9.30 For time factor e J , replace every j by -j and obtain: 
B s =Vxj5 f 

VxA s =- jwpeV t 

Prob. 9.31 

(a) 

z=4Z 30° - /0Z 50° = + y - 5.427 - jl .66 
= -2296 - 5.60 = 6391 24237° 

(b) 

/+ j2 22361 63.43° 2236163.43° 

6-j8- 7Z 15° ~ 6-j8- 7761 - j 1.812 " 9..W/Z 26J J7° 

= 0.2272Z - 202./° 

(5153.13°)' 251 10626° 

(C) Z= I2-j7-6- jlO = /S.02SZ - 70.56"° 

= 138^1176.8° 
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1.8971 - 100° 



(S.76^90°)(9.434l- 122°) 
Prob. 9.32 (a) sinO = cos(0 - 90°) 



0.03491 - 68° 



E = -/cos(o) t - 3x - W°)a - Jcos(© t + 3x- 70°)a : 



= Re f^-"-"' V'a, - Se^'^e^'a^ Ref^e""] 



£, = 4e-« } '"°\ - 5e J(ix - ?0 ' ) a z 



(b) H= Re 



sinG 



= RefH^'] 



/, = -j6e- (U/2) *a y + 10e- (U ' S)x a : 



Prob. 9.33 (a) (4-j3)=5e 



A, = 5e-'«" }6jr h y \ 



A = Ref^'] = 5cos(o)/ - px- 36.37°)a y 



(b) 



5= Re[ J S I e 7<fl ']= Re 



20 
P 



20 

= — cos(o)/ - 2r)a 
P 

(c) 1- j2= 2.23e j63J3 ' 



10 



C = —(2.236)e Jti4i e'-* sinSa, 
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C = Re[c^']= Rj^e^'-^^sinQa, 
22.36 

— — cos(o)/- 4> + dJ.-/J'')sin0a t 



Prob. 9.34 

^ = 4cos((£>t-90°)a t + Jcosoto, = Re^""-^^, + ie^'a,] = Re[^^ y<0 ' 



/J, = 4e-' 90 'a [ + 3a y = - j4a t + 3a y 
B s = /0ze'*V A *a x 

5 = Reftfy' ] = 10zcos(<» t- z + 90")a x = - /0zsin(<D / - 

Prob. 9.35 We begin with Maxwell's equations: 

V • £>= p„/e = 0, V*B=0 

dB 3D 
Vx£=-— , Vx#=/+ — 
a/ dr 

We write these in phasor form and in terms of E, and H, only. 

V . E s = 0 (1) 

V . H s = 0 (2) 
VxE^-j^H, (3) 

< 

Vx// f = (o + ya>6)£, (4) 
Taking the curl of (3), 

VxVxE t = -ja\iVxH t 

V(V . £,)- V '£, = - >(i(o + >)£)£, 

V : £ -(o)-Vs-ya)ua)£ t = 0 > V 2 E t + y : E s = 0 

Similarly, by taking the curl of (4), 
VxVxH s = (a * ;(i)£ )V.t£ ( 
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V(V ♦ H S )-V 2 H S = -yoji (a + Jm)H, 
V 2 H S + (<d >e - yea ua )//, = 0 > V : tf f + y 
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CHAPTER 10 



P. E. 10.1 (a) 




= 31.42 ns. 



X = uT= 3x10 s x31.42xl0' 9 = 9.425 m 
k = $ = 2n IX = 0.6 77 rad/m 
(b) t, = T/8 = 1927ns 
(c) 

H(t = t, ) = 0.1 cos{2xl0* - 2x 1 3)a y = 0.1cos(2x 13-nl 4)a, 
as sketched below. 




Hy 



A 



P. E. 10.2 Let x a = yll+ia/az) 2 , then 




yl x „ ~ 1 = 



ac 1/3x3x10" 1 



+ x Q = 9/8 



or 



G>y[8 10 s 48 48 



x,; = 77= /+(o/(oe)* 



0.5154 



0)E 



tan 26 n = 0.5/5-/ 



> 13.63 
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, — yfn 

(a) p = aV77 = — = 1.374 rad/m 

(b) — = 0.5154 

0)6 

120* jim 

(c) lnl ^ = ^7r-=' 77 ^ 

n = 177721 13.63° Q 

( ) u= j = Tr~4 = 7 278x10 111/3 

(e) a„ = a 4 jca A . > ajt xa w = a. > a H = a t 

„ 0.5 ... . 

777j e Sm(/0 /_ Pz " /i W °H = 2.817e * 3 sm(W 8 t- pz- /j.Q-J> , mA/ra 
P. E. 10.3(a) Along -z direction 

(b) X = y-= 2tc/2 = 3.142m 
^ & 10 8 

c 

r- „ , Jjc/0 s jc2 w 



(c) 9 n = 0,\r\\= ^=^7^^7717=^=207! 

o 
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50 

H = — sin(© / + pz)a, = 795.8 sin(10*t + 2z)a x mA/m 



P. E. 10.4 (a) 

w 2 



a 

0)8 



10\x4x 



10 



-v 



= 0.09 



36n 



a s en 



p 


H 


(- 


'"-'] 


r E 
I 2 


mi 


v0)6/ 


+ / 



(2X009) = 0.W25 



/0 9 n 



<J2[2+0J(0j09) 2 ] = 20.9(55 



£ = W cos(/0 9 x / - 20.96 y + n 1 4)a : 
Att = 2ns, y = Ira, 

E = 30e 0942s cos(2n - 20.95 + it / 4)a. = 2757a. V/m 



(b) Pj>=/<r = ^rad 
or 



K 1 



= 8.325 ram 



' 18 p 18x20.905 
(c ) 30(0.6) = 30 e" oy 



(d) 



<50n 



20.. = tan "'0.09 



0.. = 2.5*7" 
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a„ = a k xa, : = a y xa. = a x 



H= -r^-r:e-" 942S > cos(10 9 nt- 20.96y+ n 14- 2.571°)a x 
At y = 2m, t = 5ns, 

H= (0.1 595X0.1 5 18) cos(- 4.5 1 65rad)a x = -4.7 la x mA/m 
P. E. 10.5 



0 0 oo 1 + J 

JJ0)wb 
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P. E. 10.6 (a) 

R x a a i— — IJxlO 3 I ; = — — — - 

= — = -Jnjvo = JnxW 7 x4nxlO- 7 x3Jxl0 7 = 24.16 



(b) 

R„ 1.3x1 0' 3 



P. E. 10.7 



Jnx2xl0 9 x4%xl0' 1 x3.5xl0 7 = 1080.54 



(a) Let f(x,z) = x + z -1 = 0 
V/ a x \a. 

P,= j>.dS = 5>.Sa 0 = 1 



V2 



= ^(120x)(0.2) 3 (0.1) : = 53.31 mW 
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(d) dS = dydza x , P, = J^.dS = ^r\H,;S 



P, = -(120n)(0.2) 2 n(0.05) : = 59.22jnW 



P. E. 10.8 r\, = i\ 0 = 120n 



ft n " 



£■„ = - 1 -je j9,: a x v/m 



where p, = © /c= 100n/3. 
E 

= ye-^'o, V/m 



where p 2 = u>Jz~ r lc= 2p, = 200* /5. 
P. E. 10.9 



2(0 



a, = 0, p/ = ->,s, = — = 5 >© = 5c/ 2= 7.5x10 s 

c c 



0.1 



7 7.5x10* x4x 



= /.2k 



J6ti 



a -7)l2 



= 6.02/ 
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60% . — 
* ill+!.44% : = 95A45 ^' = 120 «^= 7 M 



tan20 n , = 1.2% > 0 n , = 37.57" 



il, = 95. 445 Z 37.57" 
(a) 

n r\ 2 -x\, 95. 445 Z 37.57" -754 

r= ^- 95. 445 Z 3 7.57" + 754 = 081861 1 ?1 ° 8 " 

T = l+f = 0.2295 Z 33.56° 



l+\r\ 1+0.8 J 86 



(b) E, = 50sin(<B t - 5x)a y = lm(£„0 , where E B = 50e"'a y 
E ro = = 0M86e" 7lJ "(5Q)>* 40.93e i ' 7108 ' . 
E„ = 40.9Je' 5 ' + " 7/a8 \ 

£, = lm(E rs e ja ')= 40.93 sm(a>t+5x + 17U°)a v V/m 



... 'V J".: "J . *..""* : ; ..../' 

40.93 

= -^-sin(©/+ 5x+ 17U°)a : = - 0.O54J sin(<» /+ 5s + 77/./°)a. A/m 

(c) 

E M = xE lo = 0.229e j33 56 '(50) = 1 1.475e j33S6 ° 
E a = U.475e-^ x+j33S6 'e- a ' x a v 

E, = lm(E, x e"")= 1 1.475e~ 6 02u sm{®t - 7 .826x+ 33.56°)a v V/m 

a„ = = a t .va, = a. 
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/ / 495 

H, = -zi-rr-e' 602 " sin(<o/ - 7.826x+ 33.56" - 37.57°)a : 
9 5.4 4 j 



= 0.l202e 6m,x sin(© t - 7.826x - 4.01° )a : A/m 
(d) _= == = 

*~ = f^< + = 2^ [5 ^* ' = w/m2 



£ ' (11475V 
P. E. 10.10 (a) 



k = -2a + 4a. > k = V? + ? = V20 



0) 



= *c= 3x10*420 = 1.342x1 0 9 rad/s, 



X = 2nk= 28.1m 



a.xE (-2a v + 4a.) 



= - 29.66cos(1342xl0 9 t+ 2y- 4z)a x mA/m 



, c) - !£/ 125 {-2a y +4a s ) 
K ) ave " 2r, 0 k ~ 2(120%) 420 

P. E. 10.11 (a) 



74.1 5a y + 148.9o : W/m 2 
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= 26.56 = Q r 




sine, = - sin 26. 56" — 



-> 0, = 72.92' 



(b) 1/ = «l„.ib = n 



/ 2, E is parallel to the plane of incidence. Since u , = u , 



we may use the result of Prob. 10.42, i.e. 

tan(0,-0,) tan(- 13.64") 
*** tan(0, + 0,) = tan(5P.^°) = ~JJM 

2cos26.56° sin 72.92" 
Tu = sin59.^"cos(-75.<5r) = 2^ 

(c) = -p/SinG^-p/Cose^. Once k r is known, E r is chosen such that 
k r .E r = 0 or V.£ r = 0. Let 

£ r = i^arC-cose^ + sine^JcosCwZ + p/SinG^+p/COse^) 

Only the positive sign will satisfy the boundary conditions. It is evident that 

E, = E ol (cosQ ,a y + sinQ ,a : ) cos(a t + 2y- 4z) 



E r = - (2.946a y .- 1.4 73a : ) cos(<o/ + 2y+ 4z) 

E,= E, + E r = (10a y + 5q,)cos(o)/ + 2y- 4z) + (- 2.946a , + 1.473a : )cos(®t + 2>-+ -7 



Since 0 f = 0 



cos0 r = r„E m cos0, = ior„ = -2.945 



£ or sin0 r = r„E„ sin0, = 57; = -7.475 



P,sin0 f = 2,p,cos0 r = 4 



V/m 
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(d) k, = - P , sin9 ,a v + P 2 cos9 ,a. . Since k r * E r = 0, let 

E, = E ol (cosQ,a v + sin9,a.)cos(o)/ + P ,_ysin0, - P_,zcos9,) 

P : = o) ,e ] - P / >/e77 = 2 "^20 

■ „ 7 • „ ' 

sine, = -8109, = ^, cos0 ' = 7^ 
P j cos6, = 2yf2(jJ{- = 8.718 



20 

£,„cos9, = t„£„, cos9, = 0.6474^125 \j— = 7.055 



E <M sin9, = t ,/E m sinG, = 0.6474^^25^ = 7.5/55 



Hence 

E 2 = E, = (7.055a y + 1.6185a z )cos(<a t + 2y- 8.7 18z) V/m 



(d) fanO,, -• ^ = 2 >B B „ = 63.43° 



Prob. 10.1 (a) Wave propagates along +a v . I 

I 

(b) 

2n 2n 

T= V = ^x~i¥ =I Jtl 

2n 2% 
X = — = — = 1.047m 

o) 2nxl0 6 tn m tn6 , 

u= — = — - — = 1.047 xlO 6 mis 
p 6 ___ 



(c ) At t=0, E = 25sin(-<5x) = -25sin6jc 



At t=T/8. /:. - 25sin(^--- <5.v) = 25 sin(-- 6.v) 
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At t=T/4, E. = 25sm(-^--6x) = 25sin(-<5A: + 90") = 25cos6x 

1 4 

At t=T/2, E. = 25 sin(yy-(5x)= 25 sin(-6\xr + it)= 25 s\n6x 
These are sketched below. 



t=0 











25 








-25 




I 






t=T/8 



t=T/4 



25 



-25 


[trr - 


► 










I! 

!, 
I 

1 








25 




► x 


1 

I 


-25 






i 
I 



t=T/2 
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Prob. 10.2 If 



y : = yco \x (a + yco e ) = -co + yco fia andy = a + yp , then 



|y-|= V(a : ~p ; )Wa : p : = V(a^p J ) J =a^p : 
i.e. 



a ' + p : = o) \x yj (a : + o) : z : ) 
Re(y : ) = a : - p : = -a) >e 

p'-cr = orV (2) 
Subtracting and adding (1) and (2) lead respectively to 



a = a) 




(b) From eq. (10.25), £ f (z)= £,/?~ Y ~>c 



(1) 



VxE = -j®\iH s 



But H s (z)= H 0 e-i : a v , hence H 0 = ^=- JL E 0 



n = 



(c) From(b), 



n = 



7«M 



yj ja n (a + y'o e ) \ a + 70 e f ' a 

V 7 o £ 
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'(/♦l-^f 



- 5 tan20 n = 



0)8 



a / 



a 

WE 



Prob. 10.3 (a) 



a 

0)6 



50x10'- x3.6x 



1Q- V 
36k 



= 8 



a = o) 



hie 



(7+1 — I -/ 



2nx50xW 2.1x3.6 



3x10 s 



[465- I] = 5.41 



P = 0) 



U+\ — I +/ 

-0)6 



= 6.129 



y = a + y'p = 5.47 + yd.729 /m 



.... 2* 2n 
(b) X = — = TTIT = 1.025m 



p 5.729 



© 2nx50xl0 6 
(c) « = T = — TT^T- = 5.1 25x1 0 7 m/s 



p 5.729 



(d) hl= 



120% 



2£ 
\3.6 



i[65 



= 101.4 



0)6/ 



tan 20 = — =8 >Q =41.44" 

n 0)6 n 



n = ioi.4ii4i.44" n 
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a 

Prob. 10.4 (a) Let u = — = loss tangent 

CD £ 



,„ m /■>*•?[ n — j A 2-xxSxllfS t I r — 1 



which leads to 



u = — = 1823 

(06 



10' 9 

(b) o = we?/ = 2nx5xl0 6 xl823x—- = 1.013 S/m 

JOT! = 

(c ) e c = e'-ye"= e - j- = 2x^—-j W2 * = 1.768xW" - j3.224xl0-« F/m 

(o 56 it 2nx5xl0 



JX a <Jjl+u 2 -l 11822 
a) 



a = 9.995 Np/m 



(e) |t]|= ,-11- = , ' ' , =7i.P(5 
iJl+1823 2 



tan2G n = h = 7523 > 9 „ = 44.9S° 



n = 44.98° Q 



Prob. 10.5 (a) — = tan 29 = tan 60° = 1.732 

0)6 n ===== 

120% 



253 



1-9 



o 10' 

(c) e, = z(l-j-) = 1.234x—(l- jl.732) = (1.091 - J1.89)xl0-" F/m 

(0 8 J07T ===================== 

(d) 



CO 



a = 



V 











- / 


2 







2nxl0 6 1 n'\ , i 

-j[V/+ 3 - l\ = Q.fl/<5-/ Np/ 



5x/0* V2 8 



m 



Prob. 10.6 (a) |£|= /v?""-' 
E l ,e- aO) = (l-0.18)E o > e- a = 0.82 

^-^2- 01984 



0. = 2r > tan28„ = — =/./// 



— = te77 = 2 - 2 < 7 ' 



u+\ — I +/ 



(") 

y = a + yp - 0.795-/ + /m 



. ; •* ,.-.,.V;-V 



(b) X = y = 2ji 10.4458= 14.09 m 



(c) 6 = //a = 5.0</ m 

(d) Since 



a = o) 



2 



/ + 



- / 



ac 



0.1984x3x10" 
V - 1 " o V0.-/9^ ~ 2ix 10' si 0.494 



= 1.348 > 6. = 5.63 J 
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o 

Since — = /./// 

0)6 



a = at 0 e r x 1.111= 2%xl0 ? x^—x3.633xl.lll = 2.24xlQ- } S/m 

36% 

Prob. 10.7 

o 4 80,000 



an 2%xl0 5 x81xl0' 9 / 36% 



» 1 



[couo \2%xlO s , 
a = p = J-t- = — - — x4%x!0 x4 = 0.-/n 



(a) u = © /p = — - — = 5x/0 5 m/s 

C/.-/7t 



2* 

(b) X = 2% /p = — — = 5 m 
0.4n 



(c) 8 = //a = -^-=0.79dm 



(d) iH^e, f e,«45* 



H 



r[ = 14.05 A 45° Q 
Prob. 10.8 (a) 

2% 

r= I/f=2%/a> = — 777 = 20 ns 



(b) Let x = 



/ + 



(08/ 



o_ _ ( x- 1 ) 



i : 



J 
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But a = - J^VxT/ 
c V 2 



i ac 0.1x3x1 0* 

yfx- 1 = — 7— = —7=- = 0.06752 > .v = 1.0046 

U r 8, %xl0*y/2 



CD 



P = 



\x- V 



a = 



10046] 
V 0.0046 1 



1:2 



0.1 = 2.088 



J\Tu 377 



1.0046 



— = 0.096 = tan20 n > 0 n = 2.74° 



x\= 188.112.74" Q 

E o = x\H a = 12x188.1= 2256.84 



a E xa H = a k > o E xa x = a y > a E = a. 



E = 2.256e" ' y sin(nxlQ 8 t - 2.088y+ 2.74°)a : kV/m 

(e) The phase difference is 2.74°. 
Prob. 10.9 (a) y = a + yp = 0.05+ j2 /m 

(b) \ = 2*/p = n = 5JV2 m 



2x/0 

(c ) // = o) /p = — — = /£ m/s 
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r 



(d)5 = //a = _z_ =l2m 



Prob. 10.10 (a) p = © /c = — — »- = 0.02094 rad/m, 



X = 2n/p = 300 m 



(b) Wben z= 0, £>. = lOcosat 



2% X 



z=X/4, E y = /0cos(co/- — — )= /0sino)/ 
z=X/2, E y = /0cos(gW- n)= -/0cosow 



Thus E is sketched below. 



z = 0 



z = XI4 





z=X/2 




(c) 

// = j~cos(2nxl0 6 1 - 2nz/ 300)a x = 26.53 cos(2nx 10 6 t - 0.02094)a x A/m 
Prob. 10.11 (a) Along ^x dire ction. 

(b) (J = <5, o) = 2.v/0 s . 
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i — <*> i 

p = ©Vne = — VMr 



y/t~ = Pc/(o = 



6x3x10" 



2x10 



— =9 > e r = S7 



£ = e„e r = ~rz-x81= 7 .162x10' 10 F/m 
Jort • 



(C ) 11 = ^/JlTi" = ^Jt 0 ^r^r = 



/20n 



9 



£„ = //„n = 25xl0' 3 x377/9 = 1.047 



a h xa H = a* ► a / .Jfa y = -a x ► a A = a. 



E = 1.047 sm{2 xl 0 s t + 6x)a : V/m 



Prob. 10.12 p = 4 > X = 2n /p = AJ77 m 



i — © , 

Also, p = o) / «= (o-y/ne = — 



© = 



Pc 4*5x70* 



= 6x/0 s rad/s 



J d = VxH = 



d_ d_ d_ 

dx dy dz 
H x (z) 0 0 



dz y 



J d = -40cos((dt- 4z)xl0' 3 a = -</0cos(<o/- 4z)a rtiA/m 2 



Prob. 10.13 (a) 



10 



-6 



2nxl0 x5x 



= 5.6x/0' « / 



36% 



Thus, the material is lossless at this frequency. 
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, „ i— 2nxl0 7 , 

(b) p = © Vne = : t/>< -J 5x750 = 12.83 rad/m 
v 3x10 = 



2n 2n 



(c) Phase difference = p/= 25.66 rad 

(d) ti = Vm~^= 120%^ = 120n^r = 461 7 

Prob. 10.14 If A is a uniform vector and 0(r) is a scalar, 
Vx(0A) = V 0xA + 0(VxA) = V 0xA 
since VXA = 0. 

d d d 



= jkxE a e A > = yjbr£ 

dB dB 
Also, - — =ja>\iH. Hence Vjc£=- — becomes kxE = <i)\iH 

From this, = 
Prob. 10.15 

V * £ = + + Tz a ^ Ey^^ = j(k x a x + + 1 • E 0 

= jk* E a e' ( ' = jk»E=0 > k>E = 0 

Similarly, 

V.//= jk*H=0 > k»H=0 

It has been shown in Prob. 10.14 that 

CB 

V xE = - — ► Jfcx£ = o u // 

c/ 
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Similarly, 



6D 

Vjc//=— ► /br//=-ew£ 

ct 



From fct£ = v>\iH, a k xa E = a H and 
From kxH = -eo£, a k xa H = 
Prob. 10.16 (a) 



„ © y— r- P c 5x3x10* 15 



e, = 5.(5995 



(b) X = 2n/p = 2n/5 = A25<5<? m 

«= , —n—= 1.257xl0 8 m/s 

Vm, !£. 

2ji 



2rt 



(c)n = nJ— = ~fj- = 757.97/2 



(d) tf /: xa„ = a t > o A .xa. = a, > a t - = a> , 

(e) £ = 50x70 "' (757.97) sin(© t - §x)a E = 4.73 7 sm(2nxW* t - 5x)a y V/m 

dD 

(f) J d — ~ = Vx77 = 0.15cos(2nxl0*t - 5x)a v A/m 

ot 



Prob. 10.17 p = © yfce = —yfcyfc, \i r = l 



/— pc 8x3x10* . 



Let E = Ei + E 



260 



E, = 50cos(J0 9 t - 8x)a v , E 2 = 40sm{10 9 t - 8x)a. 

50x2.4 1 



H,= H nl cos(10 v t-8x)a HI , H ol = 



120% % 



a Hl xa in = a kl > a xa HI = a x > a m = a : 



H, = -cos(/0 y /- 8x)a., 
% 



H 2 = H o2 sin(10 9 t-8x)a H2 , H o2 



40x2.4 (18_ 
120% ~ % 



a E2 xa H2 = a k2 ► o : xa H1 = a r > a„, = -a 



H2 ~ "x 



0.8 g 
H, = - — sm(10 9 t-8x)a v , 
% 



H = H,+H 2 = -0.2546 sin(W 9 1 - 8x)a ¥ + 0 .3183 cos(10 9 t - 8x)a z Aim 



i — © i 2%xl0 7 

Prob. 10.18 p = © Jue = — J\i r t = - — o (70) = 2.0943 rad/m 

c 3x10 



H=--\vxEdt 



VxE = 



0 £,(*) £.(*) 



a y + —a. = - 70p sin(© / - px)(a, - a z ) 



dx y dx 



10Q 

H = - cos(© / - $x)(a v - a. ) = - 

©u 



10x2% 1 3 



2%xl0 1 x50x4%x!0 



— cos(©f-Px)(a -a.) 



7/ = 5.305cos(2%xl0 7 t- 2.0943x)(-a v + a.) mA/m 



a o 
Prob. 10.19 For a good conductor, — >> /, say- — > 700 

o) e o) z 
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(a) 



(b) 



(c) 



a 

(08 



-2 



10 



2nx8xl0"xl5x 



JO- 9 
36% 



= 1.5 > lossy 



No , not conducting. 



o 

(06 



0.025 



2nx8xl0 6 xl6x 



No . not conducting. 



25 



10 
36% 



= 3.515 > lossy 



we 10 
2%x8xl0 6 x81x 



= 694.4 > conducting 



Yes , conducting. 
Prob. 10.20 



36% 



a = © 



ue 



/+ — I -/ 
we 



2 ^ KM /I 2nx6xl0 6 ft " 



a = 8791x10 * 

5 = //a = 7/3.75 m 



P = a> 



hie 



(0£ 



/n 2%x6xl0 6 
" = ® /P = = /.5x70 s m/s 



0.2525 



Prob. 10.21 



0.4E o =E o e- > -U^ 



Or a = ln~ = 0.4581 

2 OA 



). = 2ti /p = 2% 1 1.6 



5 = 7/a = 2.755 m 



u= f K = 10 x~= 3.927x10' m/s 
/.o ===== 
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Prob. 10.22 (a) 



J_ J_ 600 

* = oS = ana 2 = 5.8xl0 7 xnx(1.2) 2 xlO 6 = 22870 



(b) Roc = J g • At 100 MHz, 8 = 66x10 * mm for copper (see Table 10.2). 



= 5.8xW x2nx(U)x6.6xlO- 3 xlO- 6 = 207 MO 



, v R ac a , e 66.1x10 * 

<•> f»" -+ i - al2 -^r 

r? 66.1x2x10* 66. 1x2 
V7= " =~JJ~ > f = 12.1:7 kHz 

I Prob. 10.23 

<b = /0 tf a = 2>t/ > f= 0.5x1 0 6 

1 1 
8 = / - = / , , , = 0-/20i mm 

V*/&H ylnx0.5xl0 6 x3.5xl0 7 x4nxl0- 7 — 



ac a8w 
since 8 is very small, w= 2np oufer 

/ 40 

" " o2 "Po*r8 ~ 3.5xl0 7 x0.1203x2nxl2xl0- 6 ' 01260 

Prob. 10.24 o = p = //8 

X = 2ji/P = 2ji8 = (5.2538 > b = 0.1591k 

showing that 5 is shorter than X. 
Prob. 10.25 



3 5 
V*/H° ^xl2xl0'x4xxl0~ x6.1xl() — — = 
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Prob. 10.26 (a) 

E = Re[£ v e"" ] = (5a x + 12a v )e" " cos(w / - 3.4z) 



2n T 7c 

At z = 4m. t = T/8. ©/=—-=- 

T 8 4 



E = (5a x + 1 2a y )e-" H cos(n 14- 13.6) 
\E\= 13e-" H \cos(* 14- 13.6)\= 5.662 

(b) loss = a A- = 0.2(3)= 0.6 Np. Since lNp = 8.686 dB. 
loss = 0.6 x 8.686 = 5.212 dB 



(c) Let x= JZ + I^ 



-= r = 0213.4= — 

p Vjc+7/ 17 

x-1 

-= 11289 > x= 1.00694 

x + / 

a = o) Jfie /2y/x- 1 = —Jt r 1 2y/x- 1 

c 

ac 0.2x3x1 0 3 



2 ®y[x^H~ 10*40.00694 



= 2.4 > e r = 1152 



= 32.5 



~ V 11.52x1.00694 

tan20 „ = — = Vjc* - / = 0.118 > e „ = 3.365" 

n = 32.51 3.365'' 
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E a (5a + 12a ..) 

H, = a k x-±= ^-x(5a x + 12a \e r - = , , % - e -' 3M e* 

n n hi 

H = (- 369.2a x + I53.8a y )e' n " cos(o> / - 3.4z - 3.365" ) mA 

) 

xW 3 e~" 4: cos(®t - 3.4z)cos(<s>t - 3.4z- 3.365") 



P = ExH = 



5 12 0 
■369.2 153.8 0 



P = 5.2e " ,4: cos((o / - 3.4z) cos(co t-3.4z- 3.365" )a : 
At z = 4, t = T/4, 

P = 5.2e' 6 cos(it 14- 13.6)cos(n 14- 13.6 - 0.0587)a : = 0.9702a : W/m 2 
Prob. 10.27 (a) This is a lossl ~s medium, 



P = © n = ^ 



(DH 0 2nxW 8 x4*xlO- 7 

T1 = T" = 

(b) E 0 =x\H 0 = 131.6x30x10' = J.9-/S 
fl/.xtf,, = a A > a,,xa y = a x > a,, = -a. 

P = Ex// = t) /// cos 2 (2nxl0 8 t - 6x)a x = 0.1 184 cos 2 (2nxl0 8 1 - 6x)a x W/ m 2 

(c ) = f l/C' = 0.0592a, W/m 2 

^ = ^ * = ^ • $ = 0.0592x3x2 = 0.3535 W 

Prob. 10.28 Let E s = £ r + ./£, and H s = H r + jH, 

E - Re(£,c' /,: " ) = £ r cosco f - E t sino) / 
Similarly, 
// = //, cost) l - //, sino/ 
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P = ExH = E r xH r cos : a) / + £, xH t sin"' co / - j ( E r xH, + E,xH r ) sin 2w / 
% ve = -\&dt = - f cos' udt(E r xH r )+ - j sin 'o <#(£,*//,)- — j sin 2co <//(£,*//, + £,*//, 

' 0 1 0 1 0 ~ * 0 



= l -{E r xH,+ E,xH,)= - 2 Kc[{E r ^jE l )x{H r -jH l )] 



*~ - ~ 2 WW) 



as required. 
Prob. 10.29 (a) 



p / 2x3x10" 



w=co/p > (o = Kft = ~~rpf = ^ = 2.828x10" rad/s 

n = 7*r /777/? 

£ a. ¥0 0.225 
H= a k x— = —x — sin(o) / - 2z)a D = sin(© / - 2z)a. A/m 

n n p p 



g 

(b) ^ = ExH = — sin'(o) / - 2z)a. W / m 2 
P 



4.5 

(c) ^ =y a ^ dS = Pd<i»dpa z 

3mm t 2ji 

p ave = j ^ = 4.6 f — Jd* - 4.51n(3/2)(2*) - 11.46 W 

2mm P 0 

Prob. 10.30 (a, ^.fji. ^.j-i. ^ . j£ 



£ £ ■ 



£ £ - 



I 
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R = 



Ll. /Mo 



IP,, + E« 



N - 



Since «, = c^/n ,6, = c^ 0 z,, n : = c^M^eT, 



(b) If >U = /U ► RP,„ = TP iaw > R = T 

i.e. («/ - n 2 ) 2 = 4n,n 2 > n, 2 - 6n,n 2 + n 2 2 = 0 



— = J±V£ = 5.525 or 0.1716 
«, ========================— 



Prob. 10.31 (a) x\,= x\ a , x\ 



12 



f _ _ ^o^-^o _ _ J/3 x _ 2t h 



n 0 



= 2/3 



tin 1+1/3 

s ~ i-\r\ 1-1/3 - 



(b) E or = fE m = --x(30)=-10 



E r = - /0cos(© / + z)a x V/m 



Let // r = H lir cos(o) / + z)a„ 



O/ Xa,! = a k > -a k xa„ = -a. > a„ = a 
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== — 

= 72(h COS ^ t + Z ^ Uy = 2633cos ( (S)t + z ) a y mA/m 
Prob. 10.32 (a) n / = n „ 

E, - E lo sin(© / - 5x)a i: 
E ,<,= H l0 x\ 0 = 120%x4 = 480% 

a, : xa H = a k > a i: xa y = a x > a E = -a. 

E, = -480% sin(©f - 5x)a. 



u„ 120% 
^2 = ,\T L --rr=60% 



E. 



_ r\:-r\, 60%- 120% 
1 2 + 1 / o^Jt + 120% 

E ro = = (-1/3X480%) = -/6~0jt 

£ r = 160% sin(© / + 5x)a z 

E i= E, + E r = - 1.508 sin(o) / - 5x)a. + 0.503 sin(o) t + 5 x)a. kV/m 

(b) E, 0 =xE lo = (2/ 3X480% ) = 320% 

_ Ej (320%) 2 
*-^-^««- 3*«,kW/m» 

/+|r| /+//3 

(c) J= 7H^ = 7T777 = i 



Prob. 10.33 1 / = 1o = ^0k , n 2 = J— 



2 



t „, n : + n / 

But E r „= n<i H r „ (2) 
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Combining (1 ) and (2), 



— > n„ = 



But 



J.<5 



//„ /.2x/0 



rj = 3000 



ti„ = 5000 



377 = 3000 



Thus, t| 2 = Since n 2 = I— , 



r\,- 377 ) 



r\ 2 + 377 J 



H , = 6 0 e r T! = ——xl2.5x{485.37) 2 = 2.604xlQ- 5 Him 
36n ===== 



Prob. 10.34 ri/ = J7 i = T) 0 /2, = n 



£„ = ££„ = (//5)(5) = 5/4, £„ = xE m = 20/3 



0) / iw i— 

l—^=3- x l¥ r4 =- 2,s 



JO" 



(a) E r = - cos(/0* / - 2y 1 3)a : 



E,= E, + E r = 5sin(/0 8 / + ^y)a : + |cos(/0 8 / - ^y)a : V/m 



£ 2 



2r\, 



25 



I 



(b) ^ ve , = ^<- a v)+ = ^ZT( / -7)(-^)= -0-0^, W/m 2 



2((507i ) v 9 J 



£^ 400 
(C)J ^ = li)^^^ 9(2)(120n) 



(-ci,)= -0. 0589a ^ W/nr 
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Prob. 10.35 (a) p = / = © / u = ^ vt^7 



c 3x10* 
» = ~r== -i=~ = 0.5x10" rad/s 



Vm~e7 41x12 



(b) 



/m7 /t 



/*= — — ~=-l/3, x = l+r=2/3 
1^ + 1/ 



1+1/3 

s ~ i-\r\ = i-ii3~ - 



(c ) Let // r = // ()r cos(© / + z)a w , where 
E r = - j(5)cos(©/ + r)a, = -/0cos(©/+ //„ = 10 10 



r\ 0 120% 



a H xa H = a k > -a y xa H = -a. ► a H = -a x 

H ' = ~ 72lh COS ( 0 - 5xl0Ht + z)a ' A 1 m = - 2 6-53cos{0.5xlO H t + z)a x mA / m 
Prob. 10.36 (a) 



a E xa H = a k > a F xa. = a x —-+ a E = -a y 



i.e. polarization is along the v-axis . 

, o I— 2n f 1 2nx30xl0 6 , 

(b) p = © Vne = ~ VM, = 3xJQ8 y/4^9 = 377 rad/m 



(c) J J = VxH = 



0 0 //,(*,/) 



dx ° y 



10$ cos(o/ + pjf) a> . = -i7.6cos(o/ + p.v)a v mA / m 
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(<0»h = n„* I i/ = n 0 y^ = |n„ 



r= n: ^' = 1/5, x = i+r = 6/5 

E t = Wr\ l sin(o) f + §x)a E mV/m, a /; = -a v 

E r = r/Oii/Sin(o)/-Px)(-a > ,)mV/m 

fl A .xa ff = a k > -a y xa H = a x > a w = -a. 

H r = riO sin(© / - px)(- a. ) mA / m = -2 sin(© / - p*)a. mA / m 
E, = t /0ti , sin(© / + P^X-a^) mV ' ~i 

a H xa H = a t > -a y xa H = -a x > a H = a. 

H t = 10{61 5\x\,lx[ 2 )%\x^Sit J t^x)a 2 mA/m =8sin(©/+ Px)a. raA/m 

(e) ^e, = + f£(+'.>- ^fc 

/I]/ ^1/ 2t), 

A (I- f 2 )a x = - -i\ o J00(l- —)a x = -0.012064a x W/ m 



2 



2 n , ' * 5 v 25 

^ = = til,//, 



£ 2 \ 2 w 2 H 2 

= ^7 ( '^ )= 2^'° (-^)=^ 0 (-fl.) (iW/m 2 = -0.012064a x W/m 2 



Prob. 10.37 (a) Inair, p, = 7,X, = 2ji /p, = 2ti = 6.233 m |j 
o) = P,c= 3jc/0* rad/s | 

I! 
I 

In the dielectric medium, <o is the same . I 

i 

o) = 3x10" rad/s 
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2tt 2n 

A. , = — — = —f= - 3.6276 m 



£ /0 
(b) = — - = 0.0265 

r\„ 120% 



a H = a k xa i: = a.xa y = a x 

H t = - 26.5 cos(co / - z)a x mA / m 

( c ) n/ = n„, n/ = n„/V^ 
„ n^-i/ {ii 43)- 1 

i) 2 + r\, (lly/3)+l ===== — 

(d) E (0 = xE m = 7.32, E m = rE lo = -2.68 

E,= E t + E r = lOcosifnt- z)a y - 2.68 cos(<a t + z)a y V/m 

£\ = E, = 7.32cos(at- z)a y V/m 

Prob. 10.38 (a) <d = 0c = 5xJjc/0 s = 9x/0 8 rad/s 
(b) \ = 2n/$ = 2x13 = 2.094 



( ° } ^ = 9xlO H x80xlO- 9 l36n = 2 * = — 



tan2G n = — = 6.288 > 0 = 40.47" 
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3771480 

h,l= , . , = ./ 16.71 



il + 



\ 2 ~ ifTTT? 



. coe , y 



n, = 16.71140.47" a 

/j, ^ 1671140.47° - 377 

r\ : +t\, 16.711 40.47" + 377 

E„ r = rE,„ = 9.351176.7" 



E r = PJ5 sin(©/- 3z+ 176.7)a x V/m 



2 c\\ 2 



q > 
vcoe,, 



- / 



3x10 



„ 9x70 9 r ; ~7 

P 2 = ^7^y"y[v /+ = rad/m 



2r\, 2x16 J U 40.47" 

T = — r~ = TZTTTTnWo inn = 0.0857 Z 38.89" 
n ^ + n / 16.71140.47" + 377 



= xE„ = 0.857 138.59° 



E, = 0.857 e 4}94: sm(9xl0 8 t + 51.48z+ 38,89°) V/m 
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Prob. 10.39 — 

° = 0 a * x 




Prob. 10.41 



! 

20(e ll ' x -e~' k - x ) (e A> - e' Ay ) 



274 



which consists of four plane waves. 



/ / ( cE ?F \ 

VxE s = -j^„H s > H, = -±-VxE, = -r^a x - 

©H,, ton,, I £y dx V 



//. = - 



^ l .sin(/:^)sin(^ l .v)a t + k x cos(k x x)cos(kj')a s j 



Prob. 10.42 If n „ = \i , = \i ,, r\,= 

1 « 7 

COSG, - -t=cos0. 



»1j = " 



V^7 



/ WUiO - / i 



cosG, + 



/ 



V^T ' y^T 



COS0. 



I yft^s'mQ, = ^/{"sinG, 



sinG, 

7^7 sin0 < 



cos0. COS0 

r sinG, ' sin0 , cos0 , - sin0 , cos 8 . 

* = cos0, + ^cos0 = sin0 ^os0, + sinG, cos0 ( 

' SH10, 



Dividing both numerator and denominator by cos0 , cos0 , gives 

tan©' - tan0. 



tan0 ( -tan0, 1+ tanG, tan 6, tan(0,-6J 
vv ~ tanG, + tanG, " tanG, + tanG, " tan(G, + G,) 



/+ tanG, tanG. 



Similarly, 



t v - 



cosG, 



2cosG. 



1 n 1 n sinG, 

cosG , + -7= cosG , cosG , + . ' cosG , 

sinG, 



2cosG, sinG, 



sinG, cos0,(sin : G, + cos" 0,)+ sinG, cosG,(sirr G, + cos : 0,) 
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2cos0, sin0. 



(sin0,cos0, + sin 0,cos 0,)(cos0, cos0, + sin 0,sin 0,) 
2cos0,sin0, 



T i = 



sin(0, + 0,)cos(0,-0,) 






/ / 

-jr=COS0,- , --COS0, 


sin0 

COS0, - . ' COS0, 

sm0, 


sin(0,-0,) 


1 A / 

I COS0 ( + , COS0 , 


sin0 / 

COS0 / + ' COS0, 

sin0, 


" sin(9,+9,) 


2 

1 COS0, 


2cos0, 


2cos0, sin0, 



-4=cos0 ( + 7 i=cos0 ( cos0, + ^cos0, ^MO.) 
Prob. 10.43 (a) *, = 4a y + 3a : 

k , * a n = *, cose, > cos6, = 4/5 > 6, = 36.87° 

(b) — = 



J - = 2 Re < £ * x// * >= ~^ a k = 2xJ20n ^ = 79j8 ay + 106.Ia : mW/m < 

(c) 0, = Q t = 36.87". Let 

£ r = (f^ar, + E r .a : )sin((i>t - k r • r) 
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From the figure, k r = k^a. - k 0 ,a y . But k r = k, = 5 

k r . = k r sin8 r = 5(3 1 5) = 3, k n = cos0 , = 5(4 1 5) = 4, 
Hence, A:,. = --/a v + 5a. 

«, . n cJ\i ,z . 315 
sinO, = ^sin9, = y sin9, = —^=0.3 

0, = / 7.-/6\cos0 , = 0.9539, r\ , = r\ „ = /20n , n 3 = n 0 / 2 = <50ti 

(0.9559)+ U^) 

£„ = /*„£„ = -0.255(70)= -2.55 



E ro n.cose^- n.cose, 7 -U<W) 

r = — — = — — - = 255 

E lo n , ^osG , + r) , cose , i 



But + = E m (sm r a y + cos0,a,) = -2.55(ja, + y 2 ) 

E r = -(1.51 8a y + 2.024a. ) sin(© / + 4y- 3z) V/m 

Similarly, let 
E, = (£,/*, + £, r tf_)sin(0/- • /-) 

K = P 2 = © Vi^T = « 

But A:, = p , = <a Vm^T 

|=2 > k, = 2k,= 10 

k„ = k, cosG , = 9.539, k,_ = k, sin0 , = 5, 
k, = 9.559a ( + 5a. 
Note that k,. = * r . = k l: = 3 
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tu = 



£,„_ 2n,cos9, _ Tj o (0.8) 

£,„-n,cos0 ( + n/ cosG, = ^ (09539)+r]o(08) 



= 0.6265 



£,„=t,£,„ = 0.265 
But 

(E ly a y + £,.a.) = EJsinG,^. - cosG,a.) = 0.256(0.3a y - 0.9539a.) 
Hence, 

E, = (1.87/ 'a - 5.968a. ) sin(co / - 9.539y - 3z) V/m 



Prob. 10.44 (a) 

tan6, = ^ ^8 * e,^ 9 f = 79,77° 

sine, = sine p- = -((5) =7 > e, = 90° 

CO , W 9 r— 

W Vi = jJ^=J^x3= !0=kyfl+8=3k > *= JJ*? 

(c) X = 2a/p, X,= 271/(3, = 2n/ 10 = 0.6283 m 
p 2 = o) /c= 70/5, X, = 2* /p, = 2nx3/10= 1.885m 



(d) £ 4 = I, = 40n iax *y a:) x0.2cos{i»t- k . /•)*, 

= (-275.5a, + 75.4a : )cos(10 9 t -he- kj8z) V/m 



n 2cose,sine, 2cos79,/7 o sin90' > 

C) T// " sin(e ( + e,)cos(e,-e ( )" sin 79.47° cos 79. 47° =6 



cot 19.47" 

r = = -7 

cot 79.-77" 



Let E, = -£„ > (cose,« i -sinG,a.)cos(7O i '/-p,.vsin0,-p rcosG,) 
where 
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£, = - E m (cosQ l a I - sin0,<7.)cos(/0 9 f - $,xs'mQ, - p,zcos8,) 

sin0, = 1, cos0, = 0, p_,sin9, = 10/3 
£„,sin0, = r,£ w = 6(24n)(3)(l) = 1357.2 
Hence, 

E, = 1357cos(10*f- 3.333x)a : V/m 
Since /* = -/, 0 r =6, 

£, = (2/5 .3a x + 75.4a : )cos(10 9 t- kx+ kj8z) V/m 



Prob. 10.45 

P, = VF+y=5=(o/c > (a =p,c= 75x/Q 8 rad/s 

Let £ r = ( £„, , £ oy , ^ ) sin(© / + 3x + 4y) . In order for 

V.E r = 0, 3E ox + 4E oy = 0 (7) 
Also, at y=0, E itan = E 2t ^=0 

E ltm = 0, 8a x + 5a : + £ oA + £ oA . = 0 
Equating components, E ox = -8, E o: = -5 
From(l), 4E oy =-3E ox = 24 E oy = 6 
Hence, 

E r = (-£a r + <5a v - 5a : )sin(15xl0*t+ 3jc + <y) V/m 



Prob, 10,46 Since both media are nonmagnetic, 
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tanG „,, = ^ = = 1,612 — -> 0 = 

But 



cos0, = ^-cosG Hil = — y^==cose H/l = Jit cos58.19° ► 0, = 31.8" 



280 



CHAPTER 11 

P.E. 11.1 Since Z 0 is real and a * 0, this is a distortionless line. 



or — = — (2) 
R G V 



a = >[RG (3) 



G a>L 

»-Wl-T (4) 



(1) x (3) fl 0 = aZ 0 = O^x 80=32£/m, 



a 0.0-/ 

(3) + (1)^G=— =— = 5x7£l£/m 

BZ 7.5x50 
1=^= - - .., = i*.2 nH/m 
«» 2nx5x70 === 

£G 72 „ 0.0-/ 7 
C= — = — .70"% — x — — — = 5.97 pF/m 
R n 80 0.04 x 80 1 



P.E. 11.2 



,R+mL 10.03 + j2n x 0.7 x 70 J 

(a) Z a = 



G+j&C \ Of j2n x 0.02 x 70* 
= 70.73 - j 1.688 = 70.75/. - 1.367° Q 

(b) y = ^(7?+ j(dL\G+ >C)= ^/(0.05+ j0.2*\j0.4x W 4 *) 
= 2.121 x 70 w + y«.5«S x 70 J / m 



w 2n x 70 J 



P.E. 11.3 



(a) Z, = Z,-> Z m =Z., = 30-j60a 
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S J v 

(b) V = V = — V = — = 75Z0" V 



'in l o 



Z K +Z m 2Z a 2^30 + j 60") 
= 0.05 Z - 63.43" A 
(c ) Since Z 0 = Z r , r = o -► v; = o, v; = v„ 

The load voltage is = F t (r = /) = V 0 *e~ 1 ' 
v/ 7.5/0° 

<?"' = /.5 a = y In(/J) = ^ln(A5) = 00101 

e»' = ^ p . L**L nrad = QJ02094 

I 180° A 
Y =0j0J0J+ j02094 /m j 

P.E. 11.4 j 

ji 

(a) Using the Smith chart, locate S at s - 1 .6. Draw a circle of radius OS. Locate P 
where e r = 300° . AtP, 



1 1 OQ 92cm 



T = 0228Z300" 



Also at P, Z L = 1.15- j0.48, 



Z L =Z o Z L =70(U5-j0.48) = 80.5-j33.6/2 



= 0.61 -> 0.6 x 720° =432° =360° +73° 




From P, move 432° to R. At R,r,„ = 0.68- j()25 



I 
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f 



Z m 'Z 0 \ 



Z L +jZ 0 \m(W) 
Z 0 +jZ L \w$l) 



J20-j60=:J 60+ f +J60 " 
[60+j(60+j60)x 



Or 2-j = ^ — l-x + j(2x-2)=0 

1-x+jx 



Or x = / = tan(p/) 



Jt 2nl 

— + mt = 

4 X 

i.e /=^(/+ 4n),n= 0,1,2,3. 

O 



Z 0 60 



Locate the load point P on the Smith chart. 



n =OP_ = 4Acm =0445 

1 1 OQ 9.2cm r 



T = 0.445? Z62" 
Locate the point S on the Smith chart. At S. r = s = 2.6 



Z m = Z oZ m = 70(0.68 - jO.25) = 47.6- jl 7.5Q I 

— — — I 

(b) The maximum voltage (the only one) occurs at e r = 180° ; its distance from the 

, , . 180 - 60 I i 
load is 72Q I = - = 0.16671 \ 

P.E. 11.5 

j Z ! -Z n 60+ J60 - 60 j 

a r = ~ ~ = , n \„ ,„ = t 1 -= 0.44721 63.41' 
Z, + Z„ 60 + j60 +60 2+ j ====—= 

l+\r\ 1+0.4472 

Let x = tan(p/) = tan — 
A. 
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_Z m _ I20 + j60 , . 
'» ~~ T ~ Tk - z ~ J > 



60 



which is located at R on the chart. The angle between CP 



and OR is 64°-(-25°) = 90° which is equivalent to 
Hence i = - + n- = -(i + j n ),n = o,i,2 



90X X 



8 2 8' 

( Z '")max = SZ " = 2618 ^= 157D8CI 

( z J m ,„ = Z 0 /s= 60/2.618 = 22.92 Q 
(does not exist if n = 0) 

62" 

1 = X= 0.085 IX 

720" 

P.E. 11.6 



P.E. 1 1.7 See the Smith chart 



100-/80 
Z L = -J— = U3-jU067 

, 132" - 65 
L = — X = 0.0931 



72 

132° + 64° 



720° 



= 0.2721 



91 



d A =~X = 0.l26X 
d H =0.5X-d A =0.374X 



j().95 

K = t -^= ±jl2,67 mS 



8 

















- = 37j- 25 = 12.5cm or X = 25cm 

I = 37.5 -35.5 = 2cm = — 
25 

1 = 0/)8X->57j6° 
Z L =0j65-j035 

Z, =Z Q z, =50(0.65- J0.35) 
= 33.5-jl7.5Q 
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P.E. 11.8 



(a) r 0 = -,r, = Zi 



' 0 ~Z ~ - - I 



V, =. 



hm 



2, 



v 

— — > 0 



K 12 



z K + z R Z g 100 



= 120mA 



Thus the bounce diagrams for current and waves are as shown below. 



(Voltage) 



r L = -l 



r, = l 




ov 



(Current) 



I = 124.4 



V(0,tk 




» t His) 
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10,0 



I(o,0 



160mA 



80 

!—><—> 



106.67 



124.45 



t H 



- 4 1 
• i 
«---><— i 

80 



80 
9 

--><— 
1 1 

6 



133.33 



80mA 



80 
-><--. 



11.5 



80 



-> t(us) 



-> t(us) 



lim 



Z/ + Z * s 



lim 



The bounce diagrams for current and voltage waves are as shown below 
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vo.o* 



10.67 



11.55 



12V 



8V 



4V 

-><--- 



r . 
I 



i 

->k- 

—\ 



i 

9 

-><- 
— i — 



■> t (us) 



/ 0.0, 



OA 



V(0,t) 



9.333 



11.11 



12V 



4V 



r 
i 



4V 
--><-- 

1 

__><_ 
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P.E. 11.10 

(a) For w/h = 0.8, 



■18 2J[ 



12]* 
^ + ^7T =275 
0.8 \ — 



(b) Z, = 



60 



4275 



In 



8_ OJP 
y0.8 + 4 ) 



= 36. 18 In 1 0.2= 84.03D 



3x 10 s 

(C) = in I = 18 09 mm 

10"' 4275 — — - 



P.E. 11.11 



20xI0 9 x4nx/0~ 7 



5.8 x W 7 

= 3.69xW 2 

R< 8686 x 369 x 10' 2 



ct c = 8.685 



wZ 0 25 x 10~ s x 50 
= 2J64dB/m 



Prob. 11.1 

/ 



6 



V n/r H CT VnxJx/0 7 x4kxI0~ 7 x6xl0 7 
h = 9.19xW 6 



2 2 

R= — — = , = 0D104Qlm 

w8a , 0 J x 9.79 x/0%7x /0 7 — ===== 



M 4nxlQ- 7 xl.2xW- 2 

L = — = 50.26 nH/ m 

w 0J ===== 



e ,w 10 9 0.3 
C = - L —= "T— x — — — y = 22/ pF/m 
d 36% 1.2x10 2 F 



Since a = 0 for air. 



d 
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Prob. 11.2 



C = 



ml 



ntl 



cosh-'(d/2a) ln(d/a) 
since (d/2a) 2 = 11.11 » l. 



C = 



8 = 



io- 9 

nx~—xl6xl0' } 
Jon 



hJToJ) = 02342 p f 



V^ 7 = <nxltf x4nxl()-> x5.8xltf " 2Mxi0 " m ^ a 



16xl0- 3 



to8o nxOJxlO 3 x2.09xlQ- 5 x5.8xl0' ~ / " 5jr/Q "^ ^ 



Prob. 11.3 

(a) Applying Kirchhoffs voltage law to the loop yields 

r(z + Az,/) + r(z,/)- *Az/, - £Az^- 

But/ /= /M-|^^).|^ M 



Hence, 

Dividing by Az and taking limits as At -> Ogive 



l( \ C dV G 
2 dt 2 



- LAz 



5/ C d 2 V G dV 



h. K*+^z,r)-K(z,/ ) 

1 0 7" " : 

Az 



dV 81 
or = RL+ L~ 

cz dt 



Similarly, applying Kirchhoffs law to the node leads to 
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, v / v R f x C dV G , v G dV(z+Az,t) 

/(* + Az,t) = 7(2,0" ~AzV(z,t)- y^z — - -jAzy(z+ Az,t)- -Az K — } 



„ m l(z + Az,t)-l(z,t) 

>0 A 

Az 



dl dV 
or - — = GV+C— 
dt dt 



+0 



(b) Applying Kirchhoff s voltage law, 

V(z,t}= *y/(z,/)+ L^y t (z % t)+V(z*AU2 % t) 



or 



V(z+Al/2,t)-V(z,t) dl 

2772 =/?/+L a7 



AsA/-»0, - — = */ + £ — 



Applying Kirchhoff s current law, 



/(z,/)= 4/,f)'+ CAlV(z+ CJ/ 
or 

> t ./,,)- /(z,,) = c aK^ 

Asa/-»o, - ^ GWz.mC — 



Prob. 11.4 



V c V vv 8w wVe 



z„ = n„- = 7S 



4 =ti„ — = 7J 

W 



29! 



i.e. the width must be increased by 
Prob. 11.5 

(a) R + jwL = 40 + j2n x 10 ? x 0.2 x W 6 = 41.93Z17.44" 

R + jwc = 400 x I0' 6 + j2n x 10 7 x 0.5 xlO' 9 = 31.42 x /fl' 2 Z<59.«S9" 



7 | /? + ywZ. f 



41.93 m .44° 

= 13.34Z-3624 



31.42 x W' : Z89. 89" 
Z a = 10.76 -j7.886Q 

Y = J(R+ j<*L)(G+ j<j)L)= §4 1.93 111. 44°\3 1.42 x W' 2 189.89°) 
= 3.6. -53.68° = 2./5 + y7.P25 = a + yp 
o) 2it x 70 7 

" = F"^r =2 -"* x/<? m/s 

(b) a = 2.75 Np/m= 2.15x 8/586 dB/m= 75.575 dB/m 

a/=50-> 1=——= 1.606 m 
10.0/j === 

Prob. 11.6 

, R G R 20x63* W' 2 

^-L=C^ G —L C - 03*10° 

G= 4.2x W 3 S/m 
a = yfRG = yj20x4Jxl0~ 3 = 02898 

P = (o VZC = 2ji x 720 x 70 6 yj0.3 x 70"* x 55 x 70"" =5.27/? 
Y = 0.2595+ yj.273 /m 

(b) Let V 0 be its original magnitude 
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z - — ln5= 5.554 m 

a ===== 



(C) 6/ = 45" = «/->/ = — = 

V ' M '* 4$ 4x3278 

I = 0.2396 m 

Prob. 11.7 

(a) For a lossless line, R = 0 = G. 



y = y© yflC > P = o) -TEC = a <J\i 0 c 0 = — 



u = 



P Vic 

(b) For lossless line, R = 0 =G 



1= -cosh"'— ,C= -j- 

2a cosh-'f 
2a 




7 = J— = J—. — cosh" — = — ?= cosh 



c 



7t Jte 2a n<Jz~ r 2a 



120 . d 
-7= cosh" — 
Ve r 2a 



Prob. 11.8 

u . d , , 0 J2 

Z. = -cosh"' — = 4 x 70" 7 cosh"' — — 
it 2a 0.72 



L= 0.655 iiH/m 

„ .-i d Cosh' 2.667 
Cosh . 
2a 



C= 59.-/ pF/m 
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„ L 0.655x10-* 
or 

120 

Z„ = -^jcosh"' 2.667 = 105Q 



Prob. 11.9 

Since R = 0 =G, 

"dt " dt 



dV dL 

T7=L— (1) 



dl dV 



If V= V 0 sm(- '-pf),from(l) 



Using (2) 



dl i v 

-— =^cos(w/-pz), 

/= yPcos(wtf-pz) 

•^-p 2 cosfw/ - pz) = wcV 0 cosfutf - pz) 



P' ,— 
i.e. — -= wc-> P^ Lc 

wL ;< 

IT wz v , v 

But Z a = J—, hence Z a = — and I a = -f-sin(w/ - pz) 



Prob. 11.10 

(a) a = 0.0025 Np / m, p = 2 rad / m, 



© 70 s 



m = — = 



P 2 



= 5x 70 7 m/s 



K (50 7 

(b) r = — = = - 

v K.* 720 2 



Z.-Z 7 500- Z 
But r= - = " -» Z„= 700/2 

Z, + Z„ 2 300 + Z, ===== 
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/(/')= !y-e 00035 ' coil0 8 + 2f)- ye- 00025 ' coilO*t- zl) 
= 0.12e 0,m:s '' coilO 8 + 27 )- 0.6e- oms ' cos(70V - zl )A 



Prob. 11.11 



V Z 1 22 I 

l n \ T '■ I. I. I. I. 

(a) T L = — = 



vr i/ 2 (v L + Zo i,y zj 2 + zj 2 
z,i, 



Z t -Z 0 2Z L 



/+/; = /+ 



z, + z„ z A + z a 



(b) 0)7;.=^^ = -^- 

nZ o +Z o Z„ + l 

(ii) 7i= 2i -^Uo=— i-r- 2 
'+ % 

(iv) 7) = ^ = / 
Prob. 11.12 

R+j<aL= 6.5 + j2n x 2<x 70 6 x 3.4 x 70'* = 6.5 + y42.75 
R+j<aC = S.4x 70 ^ + y'2it x 2x 70* x 27.5 x 70"" = /0.27) x 70 



l R + j<*L \ 6.5 + 7^2.75 

2^ — 



Z„ = 7 1.7 1Z 39.75° = 55.12+ j45.85Q 



y = <J(R+ j®L){G+ jwC) = ^43.19 Z8Ur)^8.4 x W ' 3 Z1.84") 

= 0.45+j0.39/m 

t t 



a 
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t = - , but i/ = — , 
u p' 



B/ 0.39x5.6 

t=-=~ ——j= 0.1738vs 

(o 2k x 2x70 



Prob.11.13 



, „ ©7- 2n*4.5x 10 9 *2.4x W' 
Zfi = (o 7, -> B = — = 

= 795.55 rad/m 



85_ 

B " L = 2.-/x 70"' ~' 



«= — = -f= TT— T7T= *5</2x ^ 7 m/s 



Prob. 11.14 



„ Z,-Z a 75+j25 - 50 A 
7.2775 

* = 7q7T^27 = — 



Prob. 11.15 

From eq. (11.33) 

Z n 



o 



= Z 0 coth(y/) 



Zl ~* tanhy/ 

For lossless line, y = yB,tan(y7)= tanh(yB/)= y'tan(p/) 

Z sc = jZ 0 tm{Vl),Z oc = -jZ 0 cot(ll) 
Prob. 11.16 

sinhfy/l 

But •// = (0.7 f j2.5\().H) = 0.56 + j2 
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sinh(jf+ jy) = sinh(x)cos(>')+ y'cosh(x)sin(j>) 

(e 0 56 -g- 056 ) . .(«•■»+«*■")'. „ 

= i z cos2 + j± 'sin 2 

2 2 

= -0.245 + y0.0548 

cosh(x + jy) = cosh(x)cos(y) + ysinh(.v)sin(>') 

= -0.483 l + y0.5362 

z _ (65 + y3§X- 0.2454 + yl.0548) 
-0.4831 + y0.5362 

= 113 + y2.726Q 
Prob. 11.17 

(a) r= Z^ = 120-50 =0 _ 4112 



170 



i+r 

r = — Li = 2.397 

i-r 



(b) z *- z -z. +J z l » B (fii) 



X 6 



120 + y50tan(60 fl 
50 + yi20tan(60 o 



= 34.63Z- 40.65" Q 
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Prob. 11.18 




Hence the sending end will be V t 
while the receiving end at V min 
V^=sV mia =1.2x80 = 96£ 



Prob. 11.19 

j = r _ Z L -Z g _ 50e Ji0 ° -50 
' Z,; Z L +Z. 50^ 3O "+50 

* y0.2679 

From eq.( 11.30), 

V; = Uv, + Z 0 .^-)e* = -^-(Z, +Z 0 )e* 
2 Z L 2Z, L ° 

V- = -^-(Z, -ZJe-" 
' 2Z, 1 ° 

Substituting these in eq.(l 1.25), 

I % =-p—[(Z l + Z 0 )e*e-* -(Z,. -Z.yV] 

= V \ p" k 1 ""'" 7 ' -r<? vu ~"] 
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_ , A , A 

But I - z = — or z-l = — 
8 8 



10Z25" ( 1 



1.035Z15" 
= 0.2Z40"/J 



)(V^ -,0.2679^) 



or 

//= il = I^l = o.2^ 

H AS 4 ' Z, 50e jW ' 
( 

I 

= 0.2e J40 °A 



r z = -) = I,e J/ > =0.2e- J, 'e JAi ' 



Prob. 11.20 



(a) fil = i x 100 = 25ra</ = 1432.4° = 352.4" 



Z„=60 



y40 + 76O tan 352.4" 
60 -40 tan 352.4° 



= 729.375Q 



^(z = o)=y 0 = „ '\ v g = 



Z m y y29.375(10Z0° 
Z^+Z^ 8 y29.375 + 50-y'40 

29.375Z90" 



= 0.575Z102" 



51.116Z-12" 

(b) Z,„ = Z L = ;40Q. 

^=^(Z=/), r.-py 

= ^ 0 e" y/ * = (o.575e ylo2 ° ^~ J352i ° ) 
= 0.575Z- 250.4" 
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(c) pi =-x4 = lrad = 57.3 C 
4 



Z... = 60 



j40 + j60 tan 57.3° 



= -/3487.11Q. 



60 -40 tan 57.3" 
V = V,e'" =(0.575Z- 250.4" V 57r 
= 0.575^-193.1". 

(d) 3m from the source is the same as 97m from the load., i.e. 



/ = 100-3 = 97m, pi = - x 97 = 24.25rad = 309.42" 

4 



Z, =60 



y'40 + y60 tan 309.42' 



60 -40 tan 309.42° 
V = V t e m = K575Z - 250.4° )e j 309 A2 ° 
= 0.575Z59.02". 



= -/18.2Q 



Prob. 11.21 



it 



(1.25A) = ^- + 360°, 

A 2 

tan/57 -> oo 



Z in = 46.875Q. 

r o =F(z = 0) = 



P. = 48.39F. 



for a loss less line, 

1^1 = 1^(2 = 0)1 = 48.39 
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Prob. 11.22 

Using the Smith chart, Z, = ^ = 0.6 - yO.35 



At C, Z,„ =Z, =60-y35 

Z/= ^Zpl = 0.8-70.4667 

/ = — ->-x720' =540° 
4 4 



At B, Z,„ = 75(0.95 + 70.54) = 71.25 + y40.5 
71.25-;40.5 =1 425 , 
' 50 J 

/ = — ->450' =360° +90' 
8 



At A, Z„ = 50(1 .4 + y0.8 1) = 70 + y40.5fl 
Prob. 11.23 

r,=^(z = 0) = c+*V (i) 

V 2 =V s (Z=l) = V;e-"+V 0 -c' i (2) 
V* V 

I,=/,(Z = 0) = ^— ^- (3) 



o 



I 2 =-I s (Z = l) = - l f-e-><+^e> i (4) 

(1) + (3)^C = ^(*W 0 /,) 

(l)-(3)-+^=i(^-Z 0 /,) 
Substituting V* and in (2) gives 
V 2 = X -(V x +ZJ x )e-* + X -(y x -ZJ x )e* 

= l -(e< +,-')!/ + Iz.(e-" -«")/, 
r 2 = cosher, +Z 0 sinh^/7, (5) 
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Substituting V* and VJ in (4), 



1 



2Z. 



1 2 sinhy{V l - cosh yll { 

From (5) and (6) 

cosh yi Z Q sxnhyi 

- — sinh^/ -cosh^/ 

L 

But 



(6) 



cosh^ Z 0 sinh^/ 
-~-sinh/* -cosh^/ 



cosh^ Z Q sinh^/" 
— sinh^ -cosh^ 



Thus 



cosh?/ Z^sinh^ 

— sinhtf coshi/ 

Z„ 



Prob. 11.24 

Method 1 : 



_ 80-y60 . 
,n= 50 =1 - 6 ~^' 2 



/ 3x10* 



4.2 



2.1 



/, = —m = 2.1m -> 720° x — = 5 revolutions + 90* 
2 0.8 



At G, Z m =0.44-y0.4 
Z /B =Z to Z 0 = 50(0.44 -;0.4) 
= 22 - ;20Q 



r = 



OP = 4.3cm 
OQ ~ 9.3cm 

r = 0.4624Z50.5* 



= 0.4624, <9 r 
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r — 



r- 



-in 



-in 



<d 2;rx3xl0* „ 
tan/5? = tan— = tan (2. 1) 

0.8x3xl0 8 



= tanf 2lx- 



= 1 



Z =Z 



Z L +jZ 0 tan/31 


= 50 


_Z 0 +jZ L tanfl 





80- y60+ y50xl 



50+ y80-y60xl 
= 29.6Z-43.152° =21.6- ?0.2Q 



r = 



z l~ Z o 80-y60-50 3-y6 



80-y60+50 13-y6 
|r| = |r' =0.4685, but 



= 0.4685Z- 38.66° 



n 



e v = 0. + 2 x - = -38.66" + 90° = 5 1 .34° 
r 4 

r = 0.4685Z51.34° 



Prob. 11.25 

Z^9<W>50 =1 

Z 0 60 y 

, u 3x10 s , , A 2, 

A = — = = 15m, / = 10m = -A 

f 20xl0 6 3 



If A.-* 720° , then -A -> 480° = 1 revolution + 1 20° 
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p Is J 


At the Load P, Z, = 0. 1 7 + y0.23 




Z, = Z 0 Z, =60(0.17 + y0.23) = 10.2 + yl3.8Q 


i„i OP 6.5 cm . „ «... 

r = — — = — = 0.1222,0 = 154" 

1 1 OQ 9cm 




r = 0.7222Z154\j = 6.2 




Prob. 11.26 
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" Z„ 75 J 
|r|= OP = 3 : 8cm = 
' 1 <9£ 8.7cm r 

r = 0.4367Z38\ 5 = 2.6 



(b) The Load is purely resistive at s. 
9 V = 38' 



But 720' X, hence 38° 



38/1 
720 



= 0.053A from the load 



Prob. 11.27 



118 







6 


V 



(a) If X -» 720°, then — -> - x 720° = 450 c 

8 8 

z ttt =0 + j% Z„ = = 75C/4) = y300Q 

(b) z, . = 25 ~^' 65 = 0.333 -y0.867 



-►90 £ 



179° 
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z in - 0.2 + yo.oi 

Z in = 75(0.2 +>0.01) = 15+/0.75Q 
Prob. 11.28 




(a) X -+ 720° so then - -» 90° 

8 

(b) 




z in =0.18 +y0.31 
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r (c> 




9 V = 72° - 47° = 25° 
r, - 0.5543 Z25° 
Z.„,max - vZ,, - 3.7(80) - 296 Q 
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(b) Also, at P, Z, =2.3 + yl.55 



Z, = 80(2.3 + j\ .55) = 184 + >124Q 



At S, 



5 = 3.7 



To Locate Z in , we move 2 1 6° from Z in toward the geneator. 
At Z| n , 

Z m = 0.48 + y0.76 

Z m = 80(0.48 + yO.76) = 38.4 + >60.8D 

(c) Between Z L and Z in , we move 2 revolutions and 72°. During 
the movement, we pass through Z in max 3 times and Z jn min twice. 
Thus there are : 



3Z. 



and 2 Z h 



Prob. 11.31 



90" 



180" 




max 



(a) - = 120cm ^X = 2Am 




= 125MHz 



= 120° 



Z, =Z 0 Z/ =150(0.48 + y0.48 
= 72 + y72 



(c) 



s-l 1.6 



= 0.444, 



' s + l 3.9 
r = 0.444Z120° 
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Prob. 11.32 



216* 




s = 8 



0.3 A -►720° x 0.3 = 216° 
AtP, Z, =O.15-y0.32 
Z, = Z a Z, = 15-y32Q. 

|r|= QP = 7.2_cm =0 7742 
1 1 OQ 9.3cm 
r = 0.7742Z216° 

Prob. 11.33 




(a) If X 720°, then - -» 90° 

8 

Z L = 0.7 + y0.68 

Z, = 50(0.7 + y0.68) = 35 + /34Q 

(b) / = - + - = 0.375A 

4 8 — 



Prob. 11.34 









\1 








s = 3.4J 







l = 0.2 A ->720°x0.2 = 144° 
2 + 7 



Z„.=^ = 



10x10" 



= 200+ yioo 



Z in = = 2.667 + J\ .33 

z, =0.3 + yo.12 

Z, = 75(0.3 + y'0. 12) = 22.5 + ;9Q , s 
Prob. 11.35 



*o1 



-in1 



*in2 



(a) From Eq. (11.43), Z Mm ^- 

■■- ' . :-<Z/ 

Z 2 7 2 7 2 

7 - o] -7 i P 7 - ^01 _ ^02 
^mi ~ 7 -^ 0 ,i.e. - — - - — - 

^"2 



Z oX =zJ^= 30^=24.50. 



Z, 



(b ) Also, -i- . 



^o2 



z, 



Also, ^ 

Z„ 



z z, 
z 



(z o2 ) 3 =z„z 
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From (1) and (2), (Z o2 ) 3 = Z 0| Z, 2 = 



Z 3 Z 3 

z 3 



(3) 



or Z„ = l/giT = 4 J(50) 3 (75) = 53.33Q 

From (3), Z o2 = ^/i^z|" = V(55.33)(75) 2 = 67.74Q. 



Prob. 11.36 



180°, Z. = — = 1.48, — = 0.6756 



4 " 50 Z, 

This acts as the Load to the left line. But there are two such loads in parallel due to 

the two lines on the right. Thus 



Z, =50 



= 25(0.6756) = 16.892 



• = 16^892 = Z,„ = -L = 2.96 

'■ 50 Z L 

Z in = 50(2.96) = 148Q. 



Prob. 1137 

From the previous problem, Z in = 148Q 



120 



Z +Z 

tt » 



80 + 148 



= 0.5263/1 



P~ =^(0.5263) 2 (148) = 20.5F 

Since the lines are lossless, the average power delivered to either antenna is 10.25W 



Prob. 11.38 

, . In X 7r 

(a) pl = — .- = -, tan /?/ = oo 

4 4 2 H 



Z =Z 

III o 



Z, + jZ a tan fil 
Z 0 + jZ, tan /H) 



= Z„ 



Z ^ 



tan pi 



f Z ^ 



{tan pi 



As tan pi -> oo. 



z Z^ = (50)i 

Z, 100 — 
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(b) If Z A =0, 



2 m = = £ (°P en > 

(c) z 1 -2S//«-|^~2jL-2» 
25 + oo j + 25 

00 

25 — 



Prob. 11.39 



200 + yi50 „ n 0 



(100y 



Z/, + yz 0 tan - 



Z 0 +yZ £ tan- 
4 



r*, 2 =^-=-^-=-yioms 

yz 0 ylOO 



7/r^l 



Z,+/Z.tan- 
/ = ™_> Z =Z V 4_ 



_ z o (z, - yz o ) 



But 



^Z„ +y'Z, tan 

y, = y in . + y i „2= 2o+j5 m s 

1 1000 



Z ' y, 20 + J5 



= 47.06-yll.76 



100-j47.06-11.76 



Z 0 (Z i -jZ 0 ) 100(47.06- jl 11.76- jlOO) 
= -6.408 + y5.1890mS 
If the shorted section were often, 
>•„„ =20 + yi5 mS 

1 _ytan^ i 



Z,„i 



100 



= yiOmS 
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/ -2A 7 -7 

h ~ g ~* Aw3 ~ £*a 



Z„ + ,Z,«a3) < Z '-^> 

X = >■„, + >-., = 20 + ;1 5 + y'l 0 = 20 + y 25 mS 
± = ^000_ = | 
>•, 20 + y25 

= Z„-yZ, _ 75.61-jl9.5l 



Z.(Z,-jZ.) 100(19.51-7124.39) 



= 2.461 + y5.691mS 



Prob. 11.40 



z L = 



Z, _ 60 - y50 
Z„ " 50 



= 1.2- 7 1 



-146° 
A 

At A, y= 1 +j0.92, y s = -j0.92 




r = 1 circle 



Y s = Y y = j0 92 =-yi8.4mS 

0 5 50 
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L A = (l 36"- 65" )^r = Q.Q986/1 
^ 146" 

^. = = 0.2028/1 



720" 



Prob. 11.41 

^=0.12/1 -+ 0.12x720" =86.4" 

=0.3/1 -> 0.3x720" =216" 
(a) From the Smith Chart, 
Z, = 0.57 + y0.69 
Z, =60(0.57 + y0.69) 
= 34.2 + y41.4Q 

,u\ . 360" -86.4" , 

} B= 720 = 038/1 

/ -i (-62.4 ° --82"), 

/ — — ' A = 



(c) s = 2.65 



Prob. 11.42 



720" 



X = 0.473i 




y, = -j i .06 



x 7 20" , ano 

- -> = 180° 

4 4 




r = 1 circle 



AtA. y=l+jl.5, y = -jl.5 -> Y s = y s Y 0 = -/1.5Y„ 
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rf 128^ 

720° — 
52" 

L, = X = 0.0722/1 

720" = 



Prob. 11.43 



S = -225. _ _ _ = 4 



K.- 4T 

|r| = ^ = ^ = o.6 

1 1 5+1 3 

— = 25 cm - 5 cm = 20 cm 
2 

-> A = 40 cm 

The load is l=5cm from V m \ n , i.e. 



±180' 



40 8 




90° 



-90° 



On the s = 4 circle, move 90° from V min towards the load and obtain Z L = 0.46 - j0.88 at 

P. 

Z L = Z 0 Z L = 60(0.46 -j0.88) = 27.6-j52.8Q 

€ 

0 r = 270° or 90° 
T = 0.6Z-90 0 



Prob. 11.44 



- = 32-12 = 20cw-> X = 40cm 
2 

X 40xl0" : — 
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Q 3 Q 

/ = 21-12 = 9cw = — — x720" =162" 
402 40 

At P, z L =2.6-y'1.2 

Z L =z,Z 0 =50(2.6- yi.2)=130-y60Q 



Prob. 11.45 




|r| = 0.357Z-44.5" 



Prob. 11.46 

At z = 0,t = 0 + ,v o = Z ° V 

z.+'z, 8 

t, = ^ = transit time or time delay. Hence, 

v(i.tf) 

v(i,t;)=v 0+ r L v 0 

Kw)=^V 0+ r 0 r/ 0 

)= r. + r L r o + r G r L v o + r G r 2 r o 
K/jc ) = ^ o (i + r L + r c r L + r G r, 2 + r ( 2 r, 2 ) 

and so on. When t » - 
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r(z,oo) =v o [i + r G r L + (r G r L ) 2 + (r G r L ) 3 + ....] 
+ v 0 r L [1 + r G r L + (r c r L ) 2 + (r G r L ) 3 + ....] 



But 1 + jc + jt + x + = 



Since |r G r L | < 1, 



l-x 



+ 



X <1. 



i-r G r L i-r G r L 
z L -z, 



= K 



z z 



^g+^o 



1 + 



0 + r,,) 
°i-r G r L 



2 L -z 0 z g -z 0 



l- 



Thus 



Z 

Z L +Z C 



Z L +Z 0 z g +z 0 



Z L +Z C 



Z L Z L + Z G 



Prob. 11.47 



w 3x10 s ^ 0 8 Z,+Z g UooJ 
r _ z * -Z„ 40-60 1 _ Z L ~Z 0 _ 100-60 _ 1 



' z s+ z, 



^.+z 0 



We only need the voltage bounce diagram because we can obtain 1(1, t) from V(l, t)/Z L 




(Voltage bounce diagram) 
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«M) 



I4.4V 



12V 



3V 



2.28V 



2.4V 




0.03V 



-i 1 1 1 1- 



4 6 
i >■ 

-0.6 



-t- — i — j — i — ^ — i — * 



8 " " j " " "lUS^ "2" 14 t (MS) 
-0.15 



We obtain V(l, t) from the bounce diagram and divide by Zl = 100Q to obtain 1(1, t). 



V(M) 



15V 



14.25V 



12V^ 
1 



__12V^_ 



■i 1 1 h 



+ 



-0.15 



0.03 
> 



s::::L3^4s::: 

-0.6 



i — i — i — i — > 



12 



14 t(Ms) 



150 mA 



142.5mA 



0" 



H 1 1 1 1 1 1 1 1 1 1 1 > 



10 



12 



14 Uns) 
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Prob. 11.48 

_Z, -Z 0 _0.5Z o -Z o 



Z l+ Z lt l.5Z 0 



z -z 

r = 



Z g +Z 0 3Z 0 



3 



r, = - = 2/zsr, r„=^(27) = 9V, / o =-^ = 180mA 
" 3Z 0 Z 0 

Z < v g =M( 27 ) = 5.4V, / ao =-^ = 216mA 



H = 



2.5 



The voltage and current bounce diagram are shown below 




; 1 



(Voltage bounce diagram) 



(Current bounce diagram) 



! 
J 
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From the bounce diagram, we obtain V(0,t) and l(0,t) as shown below: 



V(0,t) 



9V 



5V 



5.444V 

I 5.395V 




i(o,t) 



220mA 



180mA 



215.5mA r 



216.05mA 



60mA 









••••< 






4 j 


1 | 2 < ^ S > 



>26inA 
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I 200 
u 2 x 10 



Z 9 , Z„ SO - 75 Z, Z 0 ISO - 75 

_ " , L 



Z, + Z 0 50 + 75 5 . 

The voltage bounce diagram is shown below. 



Z, . Z 0 150 + 75 




From the bounce diagram, we obtain V(l,t) as shown below. 



A 



vat) 



80V 



74.67V f 



75.026V 



-60V 



2j)V 



,-1.33V 



1 — h- 4f--4 — r 



-4V 



•>t(us) 



Since 



321 



/(/,/) = ^fj^- . we obtain 1(1, t) by scaling V(l, t) down by 1 50. 



The result is shown below. 



I(l,t)mA^ 



533.3 



497.8 



500.17 



Prob. 11.50 



1 150 

(a) f, = -= - — = 0.5,0?, 



u 3x10* 
Z, -Z, = 150-50 = 1 
Z L +Z 0 ~ 150-^150 ~ 2 



F= _^__50(12) 
° Z a+ Z g 75 



r = 



Zg-Z 0 25-50 



75 



3 



V. 12 
* = — = 160mA 



Z g +Z a 75 
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r=4 




0.5us 



1.5ms 



3.5ms 



(Voltage) 




(Current) 



(b) 



V(0,t) 



V(1,V 
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l(0,t)m/W 



160V 



160.5 




-106.67 



-106.67 



I(l,t)lTli\* 



160 



















80 


0 






80.07 


2.667 






..IV. 




2.222 








2.222 




1 


1 














1 


2 


3 


1 4 1 


1 

5 


— r- 






-0.185 






-13.33 






-13.33 





— 

-80 
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Prob.11.51 



w 

w = 1.5cm, h = lcm, — = 1.5 

h 



6 +1 



«■•' . ,.6 + , 06 ■!.« 



(a) z a , f = + — ' = 1.6 + , = 

V 2 ) 2Vl +12h/w Vl +12/1.5 

o 377 281 



VT8 (1.5 + 1.393 + 0.667 In (2.944)) 3.613 



= 77.77^1 



(b) a, = 8.686—*- 



= 2.995 x 10- 2 
8.686 x 2.995 xlO" 2 



19x2.5xl0 9 x4nx!0- 



1.1x10' 



a, = 



! ~ 1.5 xl0" 2 x 77.77 




u = -iL= X = - = ? = ""7 , — =8.944x10 

f f^jj 2.5x10' >/T8 

0.8(2.2) 2xl0~ 2 96.096 



-2 



a, = 27.3 x 



1.2 1.8 8.944xl0" 2 19.319 



a d =4.974dB/t 



(c) a = a, + a d = 5. 1 97dB/m 



20 20 

al = 20dB -> 1 = — = = 3.848m 
a 5.197 
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Prob 11.52 

(a) Let x = w//r. If x < 1 , 



50= «L/„ 



- +x 



-6In^ + xj = 0 
we solve for x (e.g using Maple) and get x = 2.027 or 3.945 

which contradicts our assumption! that x < 1 . If x > 1 , 

120* 



50 = 



14.6 (x + 1.393 + 0.667 In(x +1.444)) 
1 2k - 5>/4!6 (x 1 .393 0.667 In (x + 1 .44)) 



solving for x, we obtain x = 1.42 « — 

h 

w = 1.42x8 = 11.36m 



(b) /? = — <JL 
c 



1 = 



4 ■ c 
*c 3xl0 8 



4f eff 2^ 8x4.6x8x10' 
1 = 0.102m 



Prob. 11.53 



1 A . vf 0.4 mm „ „ 

For w = 0.4 mm, - = = 0.2 -> narrow strip 

/7 2 m H 
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. = T =E= = 2.606, a = !f^Y ln £ + ^ ln l) 1 

V2(9.6 + l) 2UC6A 2 9.6 it) 



= 0.4057(0.4516+0.02516) 

= 0.1934 

C = ln — + — (0.2) 2 =3.69 
0.2 32 v ' 

Z 0 = A(C -B)= 2.606(3.69 - 0. 1 934) = 9. 1 1 2Q 
w 8 

For w = 8mm, — = — = 4 — > wide strip. 

D = % = 60.84 
V9T6 

E = 2.0 + 0.441 3 + 0.08226 x 8,6 



+ 



N 2 

10.6 



-(l .452 + In 2.94) = 2.449 + 0.4447 



2^(9.6) 

= 2.8936 

Z„=^ = i*!i = 21.03. 
0 E 2.8936 

Thus, 

9.112Q<Z 0 < 21.030 
Prob 11.54 

Suppose we guess that w/h < 2 



= 75 /3J + L3 
~60 V 2 + 3.: 



0.23 + 



0.11 



3.3 ^ 2.3 ) 

w 8e A 44.453 



= 1.715 



h e 2A - 2 28.88 
If we guess that w/h > 2, 

60* 2 60* 2 



= 1.539 ->w=1.539h= 1.85mm 



1fe f 75^13 



= 3.808 
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w_ 2 
h ~ k 



2.803 -In 6.615 + 



L3 
4.6 



/«2.808 + 0.39 - 



0.61 
2.3 



= 0.793*>2 

Thus - = 1.539 < 2 
h 



3.3 
t<f 22 



1.3 



V 1.539 



= 1.869 
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CHAPTER 12 



P. E. 12.1 (a) For TE I0 , f c = 3 GHz, 



V 7 " (777? = yll-(3/15) 2 = 4oJ6, 0 o = a/u o = 4nf/< 



p = -^-yjo.96 = , , . yfOM = 615.6 rad/m 
c 3x10 == 



© 2nxl5xl0 9 
u=—= — —rrz — = 1.531x10 s m/s 
p 6h.6 __= 



50k 



(b)For TM„, f c = 3VZ25 GHz, J\-(f c /f) 2 =0.8426 



o **f , no „„ 4nxl 5x1 0 9 (0.8426) 

P = —(0.8426) = — ^ i = 520.4 rad/m 

c 3x10 = 



<b 2nxl5xl0 9 



P 529.4 



= 77&r/0* m/s 



n rv , = 60n(0.8426) = 158.8D 
P. E. 12.2 (a) Since £. * 0, this is a TM mode 
E :s = £ G sin(w;rx / a) sin(nny I b)e" jpz 



E 0 =20, = 40/r 

a 

i.e. TM? i mode. 



nit 

m=2, — = 50;r 
b 



(b) / c = ^yl(m/a) 2 + (n/b) 2 = ^"V40 2 + 50 2 = 1.5>/41 GHz 



n=l 



P = © - (Z / TP = ^ >/7 7r 7T = 7^ V225 - 92.25 - 241.3 rad/m. 

(c) 

-//? 

£ » = "^2 (40;r > 20 C ° S 40 ^ X Sln 50 ' 7 >' e " 

£„ = Z 7^-(50,T)20sin40,T.xcos50Tve'' 1 " 
/1 
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E y 

— = 1. 25 tan -fOnx cot 50ny 



P. E. 12.3 If TEn mode is assumed, f c and fi remain the same. 
fr = 28.57 GHz. B = 1718.81 rad/m. r = jfi 

377/2 

» = ==r = 229.69 0 

/,A ' 3 Vl" (28-57 /50) 2 — — 
For m=l, n=3, the field components are: 

E z =0 

H. = H 0 cos(;rx: / a) cos(3/ry / b) cos(cdI - fiz) 

afi_( 3/r 
tx = ~ h 2 \b. 



H a cosO* / a) sin(3/ry / b) sin(<y/ - fiz) 
0)fi ( z\ 

E y = ~jpr{~ J H 0 sin(zx / a)sin(3zy / b)sin(<i)t - fiz) 

H x = - jjjr H 0 sin(/nr / a) cos(3;rv / b) sm(o)t - fiz) 
fi (3n\ 

H y = - -j^y —J H 0 cos(/nr / a) sin(3/r>> / b) sin(<y/ - fiz) 

fi 

Given that H„ = 2 = - fy (n I a)H a , 

h 

H oy *-TTQ*lb)H 0 * 6a/b= 6(15)/8= 11.25 













3 








E m 


--E„ 


3a 
6 



/?* 1718.81* 
2<»// 



= -7.96 



fi 



= 2? re = -459.4 



E x =2584.1cos(^x/a)sin(3^/6)sin(<y/-y?z) V/m, 
E, = -459.4sin(^x/a)sin(3/rv/6)sin(<y/- /?r) V/m, 
E,= 0, 
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H y = 1 1.25cos(/rx / a) s'm(3xy I b) sin(#/ - pz) A/m, 

H. = -7.96cos(/rx / a)cos(3xy / b)cos(at - ftz) A/m 
P. E. 12.4 



u' 1 1 3jc10 8 x10 2 I ; r 

few = 2\^ + = 2 ^ 78636 + 1 /4.318 2 = 3.883 GHz 



3x10 s 

u„ = 



p = I =f = 12.5x10* m/s, 

P 4 1- (3.883 14) 2 — 



9xl0' 6 

P. E. 12.5 The dominant mode becomes TEoi mode 



fm = it, = 375 GHz ' 7re = 406jn 

From Example 12.2, 

E x =-E a sin(3/ry / b) sm(aH - fiz) , where E a = // 0 . 

Hence E 0 = 63.77 V/m as in Example 12.5. 

7t£ 0 %x63 .77 

<an* 2nxJ0' x4nxl0 x4xl0 ===== 

P. E. 12.6 (a) Form=l,n=0, f c =u7(2a) 

o 7Q-" 

cos " 2nx9xl0' , x2.6xl0- 9 /(36n)~ 1.3 << 7 

Hence, 

. 1 r— r 3x10* 
m's -7= = c/ V2.6, / t = = 3.876 GHz 

2.v2.4.vl0 "V16 
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err?' 10" l5 x377/ VZ6 

= — . = — . = 1.295jc10 13 Np/m 

2V 1 ~(/c //) 2 VI - (3.876 /9) 2 



For n = 0, m=l, 



2yf2~6ylnx9xl0 9 xl.lxlO 7 xJnxlO- 7 

OSince a c » a^.a = ar c + a rf s « c = 3.148xl0" 2 

loss= a/= 3.148x10" 2 jc0.4= 1.259xl0~ 2 Np = 0.1093 dB 
P. E. 12.7 For TMii ,m=l=n, 

E a = E 0 sin(xx I a)sin(ay I b)e' n 
y 

E a = - -j^{n I d)E„ cos(/nr I a)s\n(ny I b)e~ r - 
y 

E ys ~ - Jjr(* lb)E 0 sm(nx I a)cos(xy I b)e~ r - 
icoe 

n € 

J cos 

H ys = - -fir(* /<*)E 0 cos(xx I a)s\n{Ky I b)e~ n 
// M = 0 

For the electric field lines, 

dy E y 

— = — = (a I b) tan(/rx / a)cot(;ry / b) 
dx t x 

For the magnetic field lines 

dy ii 

— = 77-= -(a/6)cot(^v/a)tan(^>'/6) 

clx n r ;■ 
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Notice that (—)(—) = - 1 

showing that the electric and magnetic field lines are mutually orthogonal. The field 
lines are as shown in Fig. 12.14. 
P. E. 12.8 

frv.wi = ' y/l/25 + 0+ 1/100= 1.936 GHz 
1 

07*10. = ^J. where 

8 = ; 1 ; 1 ===== 1.5jc1(T 6 

4*fml"*c V^cl.936xl0 9 x4^cl0- 7 x5.8xl0 7 



Prob. 12.1 (a) For TM mn modes, H z = 0 
E zs ~ E 0 sin(zx / a)sin(xy / fye'* 

Using eq. (12. 15), all field components vanish for TMoi and TMio. 

(b) See text. 
Prob. 12.2 (a) 

/: = y vW + Tib 2 = 2 yJl/2 2 + l/3 2 = 4.507 GHz 
(b) 

ft - ft 'yfi 7 UJJy = -ifJf) = ^ VT (4-508 /20)< 

= 816.2 rad/m 
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(c ) " 

/n 2xx20xl0 9 

u=<0 ^ = ~T77Tr~ = IMxlO 8 m/s 
010.21 ===== 

Prob. 12.3 (a) 



-J(mll) 2 + {n/2) 2 = ^W + n-' GHz 



2jc9x/0 



Mode 


F c (GHz) 


TEo, 


0.8333 


TEjo, TE02 


1.667 


TEn.TM,, 


1.863 


TE 12 ,TM,3 


2.357 


TE03 


2.5 


TE 13 ,TM,3 1 


3 


TE04 


3.333 


TE14, TM(4 


3.727 


TE05, TE 23 ,TM 2 3 


4.167 


TE 15 , TM I5 


4.488 



I (b)The highest possible mode is TE| 5 or TM| S . 
1 = ~T"= ^> V 7 " (/c//) 2 = yl 1- (4.488 / 4.5) 2 = 0073 



1 7?;/5 ~ 



yfl-UT/T ~ 0.073 



= 575.5/2 



(c) The lowest mode is TE01 

u' =c/9, Wg = u'Jl-(f c /f)> = 1~-4I-{0A333I4J>) 2 = 3.276x10 s m/s 
Prob. 12.4 a/b = 3 



A design could be a = 9mm. b = 3mm. 



9 

a = 3b 

3x10 s 



2f cl0 2x!8xl0 9 



m = 0.833cm 
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Prob. 12.5 For the dominant mode, 

, c 3x10 s 
f '=Ta-^F- m5MIh 

(a) It will not pass the AM signal, (b) it will pass the FM signal. 



Prob. 12.6 (a) For TEio mode, / = — 

2a 



Or a = 



3x10 s 



2f cl0 2x5xW 9 
u' 

For TE 0 1 mode, f c = — 

2b 



■ = 3 cm 



b = 



u' 3x10 s 



Or 2f c 2x12x10" 



= 1.25 cm 



(b) Since a > b, 1/a < 1/b, the next higher modes are calculated as shown below. 



Mode 


£ (GHz) 


TE.o 


5 


*TE 20 


10 


TE 30 


15 


TE40 


20 


*TEo, 


12 


TEo 2 


24 


*TE„ 


13 


TE 2I 


15.62 



The next three higher modes are starred ones, i.e . TE™ TEm TEn 



(c) u ' = 1 nTTe 
^ue V2.25 

ForTEn modes, 



= 2x10 s m/s 



3x10 s 
fc ' 2xI0 : y[2~25 

Prob. 12.7 

0) it' 



ff^jjT--8J7 GHz 



3x10" 



u = 



P / ./ )•' ~ yll-(6.5/-.2) : 



= 6.9-5x10" m/s 
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2[_ 300 
u ~ 6.975x10" 



(=—= —* = 430 ns 



Prob. 12.8 

f c =^yl(m/a) : Hn/b) : 

fcn=fc03 ► -^(J/a) 2 + (l/b) 2 = ~yl9lb : 

9 11 b 

V = 7 + ¥ ► a= 7s 

3tf_ ► 3c 9x10" 

Jc0}= 2b 2t n3 = 2x12x10" = 375 Cm 

a= 1.32 cm. b = 3.75 cm 
Since a < b, the dominant mode is TEoi 

c 3x10 s 
f --Y b -lxJ^- 4 GHz<f=8GHz 

Hence, the dominant mode will proprog ate. J! 

I 

Prob. 12.9 E.tO. This must be TM 23 mode (m=2, n=3). Since a= 2b, <! 

I; 

r c n J 3x10 s , o) W n ■! 

/. - Tb 4 ^- ^F^ 6 - GHz - /■ 5T- 7T- 1592 0Hz I 

1 i 

1™ = / , = 375.1 Q 1 

377 yj 1- (15.81 II 59. 2) 2 



ave U z 



p E 

JTTf [(2* /a) : cos : (2nx/a)sin : (3ny/b)+ (3n /b) 2 sin : (2nx/a)cos : (3ny/b)]a. 

n I'm J ■ 
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a b 



x=Oy=0 



P^/ 1 



4n' 9n- 



8h\ ,, 



2h\ ni 4 
But 

P = ^i^UJf) 2 = -j-^yjl-05.811 159.2)' = 5J/7x/0 J 

,, 4n 2 9n 2 10n 2 
h : ' = — + — - = -77- = 1098x10 s 
a' b~ b~ 



(3.317) 2 xl0 6 x25 _ 
^ = 8x(1.098xl0 s ) 2 x375.4 = W 

Prob. 12.10 (a) Since m=2 and n=l , we have TE?i mode 
(b) P = P' VmZ/TF = • JvT.Jl-ivJ*) 2 



(C) T] 7 , ; = , = , =T=i2IMl 

4l-Vc'f) 2 Jl~ (5.973 /6) 2 — 
(d)For TEmode, 

£^ = -jp-(mn /a)H 0 sin(mnx/a)cos(rmy/b)s'm((iit-$z) 
-P 

//, = "^r(>"* /a)// 0 sin(/M7rx/a)cos(«ity/6)sin((ar- Pz) 



P = /2, m = 2, n=l 

E, n = ^(nnla)H„, H m = jr(rm I a)H„ 
£„ v on 2zx6xl0 v x4nxW~ 

n , = ^ = y = £ = ■/* - x/<w 



337 



E 5 
//„, = —= , , , nn = 1.267 mA/m 
oz i[ n: 4n 'xIOO 

H t = - 1.267 s'm(mnx / a)cos(mty / b)s'm(d)t - Pz) mA/m 

__________ l| 

i 

Prob. 12.11 (a) Since m=2, n=3, the mode is TE? i I 

(b) mpVm/,//)' = ^V'- 

But 

/ c = jj(m/a) 2 + (n/b? = j^r,](2 / 2.86) 2 + (3 / 1.016) 2 = 46.19 GHz, f = 50 GHz 

n 2nx50xl0 9 I 7 I 

f - „ 41 - v / 50)' = -/00.<5S rad/m 

i 

s 

y = yp = /m j ( 

i 

Jl-(f c lf) 2 Jl- {46.19 1 SO) 2 = 1 

J 

Prob. 12.12 I 

I- 
I 

j b a 

^ = 37 / \<\Ej+\Ej)dxdy 
But 

-yp 

E a = ~^r( n I a)H Q cos(nx I a)sm(ny I b)e~ J *~ 
E ys = ^(n /b)E 0 sm(nx/a)cos(nylb)e* : 

1 P V r2 f l 



-jjT E o\~2 f cos * (* x I ")dx J sin 2 (7ix / b)dy 



P = 

ZJ \7MN 

1 a t 



77 \ sin 2 (nx/a)dx\ cos 2 (nx/b)dy) 



+ h3 

° 0 o 



1 pV , / / 

£,;[—+ -j](a 1 2)(b 1 2) 



2r] ruu h 4 "V h- 
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2 2 2 i2 

7t n a + b 
Note that hr = — + —r = — jtt- k * 
a' Zr a Zr 

p = 



Prob. 12.13 (a) 



I 

\2 i 



u- o) /B = -7 = , X = 2* /B = ; == 

(b) If a = 2b = 2.5cm, / e = Vm' + 4n 2 . For TE, 

3 X J0 H , 3x10* 

L = . ,,, ^7= Z3.-/2 GHz, w= ; , = 4.06x10 m/s 
yc 2x2.5x1 0- 2 y]l-(13.42/20) 2 — 

, , 4.046x10 s „„„ 

X = u/ f = —7 = 2.023 cm 

y 200x10 s — 

ForTE2i, 

j x /0 8 , 3x70* 

/c = + 7 = /(5.97 GHz, k = ; — = = 5.669x10 s m/s 

yc 2x2.5x10 2 yjl- (16.97 1 20) 2 — 

, , 5.669x1 0 8 „ 0 , v 
X = u/ f = „^ — s = 2.A34 cm 
y 200x10 s =*= 

Prob. 12.14 (a) 

/ e = ^(m/a) 2 + (n/b) 2 = ^^tV///+^/9 = 75.03 GHz 
f= 1.2 £- = 21.63 GHz 
(b) Jl-{f c /f? = Jl-(1/1.2) 2 = 0.5528 



3x10 



H 



u r = , = — — - 5.427x10 s m/s 

r yjl-i/Jf) 0.5^28 — — 

«, = Uyjl-ifJ/r = 3x10 s xO.5528 = 1.658x10" m/s 



I 
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Prob. 12.15 

f c = ^(m / 0.025) 2 + (w / 0.01)' = 15yjn : + {ml 2.5) 2 GHz 

fdo = 6 GHz, f c20 = 12 GHz, f c0 i = 15 GHz. 

Since fao , fcio > 1 1 GHz, only the dominant TEio mode is propagated. 

u n 1 1 

(a) — = i = , U93 

u Ji-ifjf) 2 <Ji-(6/uy — 



(b) ^ = -J 1- {6 111) 2 = 0.8381 



Prob. 12.16 Let F = Jl-(f c /f? = yll-(16/24) 2 = 0.7453 

1 3xl0 8 u' 
u'= -7— = -7— = 2jc/0 s , a = — , w = u' F = 2xl0*x0.7453 = 1.49lxl0 8 m/s 
Vne V2.2". p p g 



Prob. 12.17 In free space, 

r\o , _£_ 3x10* 

' /= yll-(fjf) 2 ' L= 2a " 2x5xI °- 2 = 

377 

n/ = -7— === 406.7 
4l-{3l8) 2 



120% u' c 



2 = 52.d2 



f = , , = 2 GHz, r\ , = i = 

Jc 2x5xI0- 2 y[235 12 Jl-(2I8) 

_ ^ 82.62 - 4067 __ 

tj 2 + n / 82.62 + 406.7 



l+\r\ 1.662 

s= — — ■= = 4 917 

/-in 0.338 =^ 
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Prob. 12.18 Substituting E. = R0Z into the wave equation, H| 



0Z d RZ 

— — (pR')+—0"+R<PZ"+k'R0Z= 0 
P dp P* 

Dividing by R0Z, 

Id 0" Z" 

Rp dp 0p Z 

i.e. Z'-k : 2 Z= 0 



or 



Q"+kj0 = 0 



p-^(pR') + (k p 2 p 2 = 0 , where k 2 = k 2 + */ . Hence 

p 2 R"+pR'+(k () 2 p 2 - k^)R=0 



Prob. 12.19 

*~ = — ^ — "< = sm 



2 2 2 o b 

Pave = l^ve ^^T",/ J J %y I bdxdy 

" x=0y=0 



0) U 7t 

'-•ifpF*'*' 2 



But /? : = (wti /a) : + (n* I b) : = —r . 

n" 
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4n'r\ 



Prob. 12.20 



n f*Vf Inxl2xl0 9 x4nxl0- 7 „ oco , 

Hf~ = v — ^ — = 2858x10 



fcIO - 



3x10" 



7 = 4.651 GHz 



f =" 
Jc, 2 



2a 2426x2x10 

112 

= 10.4 GHz 



1 / 
a o 



■4- 



377 



= 233.81Q 



y[2~6 

(a) For TEio mode, eq.( 12.57) gives 
a d + j$ d = 2 \iz + k x 2 + k 2 + >na rf 



.f. 



f 2*xl2xl0 9 ^ 



V 3x1 0 8 } 



( 2< *) + /-> 77^7 + j2*xl2xl0 v x4xxl0- 7 xl0- 4 



(2x10') 



= 0.012682 +j373.57 
a d = 0.012682 Np/m 



2/?, 



a = 



*n'V'-</c//) J 



2 a f 



2x2.858xl0~ 2 



~ 10' 2 (233.81)^1 -(4.651 III) 2 
(b) For TEii mode. 



/ 7 ^5/ . 



= 0.7525 Np/m 



ft j * /P j = •yZ-c) : I u~ + I / a : + 1 /b~ + ja\io j 
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= J- 139556.21+ fjjpy + j9.4748 = 0.02344+ j 202.1 4 



a d = 0.02344 Np/m 



2R. 



a. = 



(b/a) 3 + l 



C b^yjl-i/J f) 2 [(bla) 2 + l\ W- 2 (233.81)yll-(104/12) : 



2x2.858x10' 



(1/8)+ 1 
(1/4) +1 



a c = 0.0441 Np/m 



Prob. 12.21 z c = e'- /e"= e - /- 

00 

Comparing this with 

e c = 16t 0 (l- jlO- 4 ) = 16z 0 - jl6z o xl0- 4 
e = 16t Q , -=16i o xl0- 4 

CO 

ForTMbi mode, 



u 

Jc 2 



m 2 n 1 
a b 



112 



= 4.795 GHz, / = 1.1 f c = 4.6123 GHz 



70 



-9 



a = 16z 0 ®xW- 4 = 16x2nx4.6123xl0 9 x^-^—xlO' 4 = *7x/0-' 



on' 



4.1X10' 4 x30* 



2jl-(fjf) 2 ~ 2^1-111.12 



= 0.04637 Np/m 



£„e~°'-" = 0.8 £„ 



z = -^-\n(l/0.8) = 4£H cm 



Prob. 12.22 For TM 2 i mode, 



2/?. 



br\'4l-ifjf)' 
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/ M hx4.6123xl0 9 x4nxl0 7 , , 0 ,„ 

R = = J— = J — = 3.484x10' 

s <r 5 V o r V .5x10' 



c 



2x3.48x1 0' 2 nn 

= 0.04406 Np/m 



4nxl0' 2 x30nx0.4166 



E 0 e' a ' : = 0.7 E 0 ► z = ^- ln(/ / 0.7) = 8.097 m 



c 



Prob. 12.23 For TEio mode, 



f -jL 3 -±l°l 2151 

Jc 2a 2y[2Jlx4.8xlO- 2 



a 

(a) loss tangent = — = a 

(06 

10' 9 

a = da>t = 3xl0~ 4 x2nx4xl0 9 x2,llx-T— = 1.407 xlO- 4 

36n 

, 120n r , 

Tl'= -r^=rr = 25953 



y/JJl 

a = -•■ ------ — ----- = 2 j 65x1 0 2 Np/m 

24l- if e If) 3 2^1- (2.151 1 4) =___ 



/u/fc~ \nx4xl0 9 x4*xl0 7 , , 

(b) H^H 4.ixio 7 - 19625x10 



2R. 



br\'jl-(f c /f) 2 
= 4.81 8x1 0' 3 Np/m 



3.925x1 0' 2 (05 + 05x0.2892) 
2.4x10^x259 53x0. 8431 



ctt| ' 1.4067 x!0~ 4 x259 53 XT _ 



Prob. 12.24 (a) For TE, 0 mode, 
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0>) a r7/../fl = 



2R. 



2 a 



R. = .— = J t^-t^ = 3.796 xlO' 3 



1.37x10' 



377 



4ui 



1.5 



2x3.796xl0 : [0.5 + — (4.589 /5) : ] 

a c = ^ . = 0.052/ 7 Np/m 

1 3x1 0' 4 (259 J4)yll- (4.589 /5Y 

Prob. 12.25 For TEio mode, 



a „ ■ = 



2 a f 



But a = b 



'V 



where k is a constant. 



2 V 



*V7 



2 V 



f 



"1 



/ 



i-(f c if) 2 



ch. 



For minimum value, — f = 0 . This leads to f = 2.962 



Prob. 12.26 



a = k. 



f 



I-(fJf) 



7 , where k is a constant 
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a = k 



W 7 ^ 



# ~ f 2 -f c 2 



da 

For maximum a , — = 0 which implies that 
df 



if 2 -f c 2 ) 3 - 2 f" 2 -f 5l2 -o 

or 



f Sf c 

Prob. 12.27 For the TE mode to z, 

= 0 y H :s = H 0 cos(mnx I a)cos(nny I b)s\n(pnz I c) 



y 3£ dH^ s jco\i 

E„ = - — "T^~ + ~ — = - -77" ( mn ' a ) "o sin(/w7c x I a) cos(wr>> / b) sin(/wi z / c) 



A dy W dx 



as required. 



h 2 dx ~ h 2 
From Maxwell's equation, 



(wt / £>)// 0 cos(/wttx / a) sm(nny I b) sin(pnz/ c) 



- j® \x H s = VxE s = 



AAA 

dx dy dz 

E» E ys 0 



1 1 

H xs = ~^~^t~ = ~~^2( mn 1 a )iP^ I c)H 0 sm(mnx I a)cos(nny I b)cos(pnz I c) 
Prob. 12.28 Maxwell's equation can be written as 

h cv h cx 
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For a rectangular cavity, 

h 2 - k 2 + k 2 - (mn Id) 2 + (nn lb) 2 

For TM mode, H 2S = 0 and 

E zs = E (i s\n(mnx I a)s\n(nny I b)cos(pnz I c) 

Thus 



jaz dE. s yo)8 

// Xf = — 2 — j^- = ~Jp~( m I b)E a sm(mnx I a)cos(nny I b)sm(pnz I c) 
as required. 



— (mn I a) E 0 cos(mnx I a) sin(nny I b) cos(pnz I c) 

ri 

From Maxwell's equation, 



y©eE $ = VjcH s = 



AAA 

dx dy dz 
H„ H„ 0 



1 d H 1 

Eys = 'j^z^T = H 2 ^™ / ^^ t77r 1 C ^ E ° s * n ( mnx / a ) cos ( nn y / b) s\n(pn zlc) 
Prob. 12.29 

/, = f J(mla) 2 Hnlb) 2 + (plc) 2 

where for TM mode to z, m = 1,2,3,..., n=l,2, 3 , p = 0, 1,2, .... 

and for TE mode to z, m = 1, 2, 3,..., n=l, 2, 3, p = 1, 2, 3, .... 
(a) If a<b<c, l/a> l/b> 1/c, 



u x 1 1 

The lowest TM mode is TM 1 1 o with f r = — J — + 



The lowest TE mode is TE<n i with f r = — J — + -4 < — J— + ~4 

2 \ c m 2 V cT A* 
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Hence the dominant mode is TF.^ , 
(b) If a>b>c, l/a< l/b< 1/c, 



The lowest TM mode is TM, 10 with f r = -J^j+-^ 

2 \ a b' 



The lowest TE mode is TE I0 , with f r = -.\~L + -L < ^-\-L + -L 

2 \ a c* 2 \a~ b~ 



Hence the dominant mode is TM, , 0 

(c) If a = c> 1/b, l/a= l/c< I/b, 

Th- lowest TM mode if TM,, 0 with / = — J-4+ ~4 

' 2\a 2 b 

The lowest TE mode is TE I0 . with / ; = - J— + ~T < ~ J-4+-4 

2\a 2 c 2 2\a 2 b' 

Hence the dominant mode is TF, in< 
Prob. 12.30 

f r = 1.5xlO lo ^m/3) 2 + (n/2) 2 + (p/4) 2 Hz 

frmou = 15^0+114+1116 = 8.385 GHz, etc. 
The resonant frequencies are listed below. 



Modes 


Resonant frequencies 
(GHz) 


TEioi 


6.25 


TEon 


8.38 


TMno 


9.01 


TM,,, 


9.76 



Prob. 12.31 b - 2a, c = 3a 

/, = ~^{mla) : + (n/2a) 2 + (p/3a) 2 <u' = 



12.5 
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3xlO a 



*y _ rz ~ — ,„-= 3.1 62x1 O v 
2a 2423x3x10 2 

f r = 3.162yjm 2 + n 2 /4 + p 2 1 9 GHz 



Mode 


f r (GHz) 


Oil 


1.9 


110 


3.535 


101 


3.333 


102 


3.8 


120, 103 


4.472 


022 


3.8 



Thus the lowest five modes have resonant frequencies at 
1.9. 3.333. 3.5^ c . 3.8. and 4.472 GHz 
Prob. 12.32 



/, = |V7777777 



For cubical cavity, a = b = c 



■> a = 



3x10 s 



y[2f r 42x2x10' 



= 10.61 mm 



a = b = c = 1.061 cm 
Prob. 12.33 (a) 



it 

f r = ^yl(m/a) 2 + (r>/b) 2 Hp'c) 2 

a = b = c = 3.2 cm, m=l, n=0, p=l, u' = c 



fr 



(b) 



3x10" 



2x3.2x10 



yyfFTVTP = 6.629 GHz 



a i 

Q = -yjxf rll>l u„o t . 



3.2xl0- 2 



yj*x6.629xl0" x-tnxW~ xl3?xI0~ 



= 6.387 
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Prob. 12.34 

The lowest possible modes are TEioi, TEoi i, and TMuo Hence 

c 3x10* 



a = b = c = 7.071 cm 



a - 



f r 42~ 42x3x10 s 



= 7.071 cm 



Prob. 12.35 This is a TM mode to z. From Maxwell's equations, 



VxE, = - 700 n // t 



//, = -— Vjc£ 5 = — 
7<bu G)U 

But 



_a_ _a_ _a_ 

dx dy dz 
0 0 E :s (x,y) 



_J_ 

0)^ 



£„ = 200sin50itxsin30n>v 



[ dE., dE. t ) 

— —a - — ~ a 
\ dy x dx y ) 



10' 



u " 6xl0 9 x4nxl0' 7 24n 



H = ^—x200x30ii\sm30nxcos30nya x -cos30iixsm30nya l ) 
24n { ■ ' 

H =Re(H s <? 7<0 ') 

H= 2j|- sm30%xcos30nya x + xx>s30nxsm30nya y ^sin6xl0 9 nt A/m 



350 



CHAPTER 13 

P. E. 13.1 



2d 2 iYwof X 



r = = — — — = — — 1 r = - is in far field 

max I /. 5,000 5 



y/,pa/sin9e ypr 2ti X 

(a)//, 5 =^- , Pr = ^4 = 72» 

f 4nr X 5 



2nc 2n*3xl0 8 

X = = —z = 071 

© 10 8 



J(0.25)( 2 -^)^-sm30°e-^ 

= a / = 0 J652e JI8 ° v Vm 

M 6n / 5 ) 

H = Im ^H^e JU> 'a^j Im is used since I = I 0 sin wt 

= O.I628sin(J0 8 + 18°)a k mA/m 

(b) p = — 200X = 0° 

X, 

j(p25K—) — Sin60°e- j0 ° 
u A. — 100 = 02871e' 90 ° ^Am 

H= lm(H^e Ja ") = 0.267 J sin(/0 s + 90°)^ yiAm. 

4 ======== 

P. E. 13.2 

(a)/=^=/Jift, 

(b) In = 83.3mA 

(c) Prad = 36.56 X , P rad = L(0.0833) 2 36.56 



(d) Z|.= 36.5+ J21.25, 
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36.5+ J 2 1.25- 75 

r = TTTT^ -re = 0.38741 140.3° 

36.5+ j 2 1.25+ 75 



1+0.3874 
S-iZoJiH- 2 -^ 



P. E. 13.3 

4nU 



D = 



max 



(a) For the Hertzian monopole 



f/(9^)=sin'G,0( 6 ( ~, 0 < <|> < 2n , U max = 1 

*/2 2n 



8=04=0 



(b) For the — monopole, 

cos 2 (-^cos0) 

UM)= ~~^ — ' u - =1 

sin u 



*A 2* COS 2 (^jCOS0) 



P rad = I \ s .^ e sin9aB4 = 2*{0.609) 



0=0 *=o 



4n(l) 

D = , ^r~r = 
2n (0.609) — 



P. E. 13.4 



(a) P rad = =0.95(0.4) 

•^ m a* 4* (0.5) 

D = — = — - = 16.53 

P raJ 0.4x0.95 — 

47. (0.5) 
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P. E. 13.5 



Praj = J J sin0 sin0dB<# = U max = 1 



D = — = 2.546 

*/2 



P. E. 13.6 



(a) /(8) = |cos0|cos |(pi/cos6 + a) 

where a = ti , (k/ = — .- = n 

A. -2 



/(0)= |cos0|cos 



— (n cosG + n) 



■a 



unit pattern group pattern 
For the group pattern, we have nulls at 

^(cos0 + + 

and maxima at 



%(cOS0 + /)=0 



COS0 = -/ 



Thus the group pattern and the resultant patterns are as shown in Fig. 13. 15(a) 

(b) /(0) = |cos0|cos|^(p</cos0 + a ) 
where a = n / 2 > N = n 



/(8) = |cos8|cos|j(ii cos0 - n / 2 ) 



V 



II 



unit pattern group pattern 
For the group pattern, the nulls are at 

54 (cose- /)= ±y 2 +jy 2 



0 = ISO" 
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and maxima at 



cosG -1 = 0 



e = tf 



Thus the group pattern and the resultant patterns are as shown in Fig. 13.1 5(b) 



P. E. 13.7 

(a) 



x • 



• • "A • "A • 

1:2:1 ^ 1:2:1 
x x 



Thus, we take a pair at a time and multiply the patterns as shown below. 






The group pattern is the normalized array factor, i.e. 



2 . 3 ! 



.+e 



n-'/N) N - / N(N-/)(N-2) 
where ^ ^ J = / + N + — + - >-+. 



:(/ + /) N -'=2 N - / 



(AF) n = ? ^|/ + ei*r = ^ 



e e ^ + e " 



N-/ 



i.V-/ 



2cos— 
2 



v-/ 



cos— 
2 



S-l 



P. E. 13.8 
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Ji- 



ff 3x10" 



For the Hertzian dipole. 



= 3m 



Gj = 1.5 sin*' 0 
X' 

A e = — (/.Jsin-0) 

1.5X 2 1.5x9 



4n 



4n 



= 1.074 nr 



By definition, 



P r 3xlQ- 6 
w A t 1J074 

= 2.795 nW/m ; 



P. E. 13.9 



(a) G rf = 



4nr IT jnrV 



1^ 



2nx400xW 6 xl44xl0~ 6 
120nx 100 x10 s 



= 2.16 



G = 10]og in G H = 3.34 dB 
(b) G = T) = 0.9* x 2./<5 = 2.7/7 
P. E. 13.10 



r = 



where X = — = 



c 3 x10 s 



f 6x10" 



= 0O5m 



A e = 0.7* a*' = 0.7n(1.8) 2 = 7.125m 2 



4nA e 47*7.125) , 

O , = — — = = 3.381 x /0 

>.- x 10' 4 
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r = 



5 x 10' 4 x (3.581) 2 xlO 4 x5x60x I0 } ~f* 



(4n) 3 x026xlO' } 
= 1270 m= 0.857 nm 

At r = r ™- x / 2 = 635m > 



GjPraj 3.581* 10 4 * 60* 10 s , . 

p= -s*-=f = — — = 42.4W/m 2 



4nr 4%(635y 



Prob. 13.1 

Using vector transformation, 

A„ = A a sine cos* , \ 5 = A xs cosO cos* , A is = A^ sin* 
50e* r 

A s = (sin6 cos*a, + cos0 cos*<? e - sin*a 4 ) 



Vx^ rr -/00cos6sin* . 50 , . n „ v . t #B , 

£ -= H s = 2 , e ypr a f - —(sinO + ypr)sin<K 7,, 'a e 

H ' ursine r \ir JV ' T 8 

5 ycosecos*(;+ ypr)e" 7|,r ^ 



At far field, only - term remains. Hence 
r 

H s = Zj ^-$e- J * r (sm$a B + cos6 cos*a t ) 

E s = -r\a r x // ? = — (sin<|>a f - cosG cos*ar 9 ) 

H= R^H s e JW '] = — p sin(©/ - Pr)(sin*a 9 + cos6 cos*a 4 ) 

r i -50tiP 
£ = Re [£ T e y> " j = sin((o/ - Pr)(- sin*a # + cos6 cos*a e ) 

[I A* 
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Prob. 13.2 



\E 9s \ = — — — sinG 



4nr 



At (100,0,0), r= 100m, 6 = j 
I | 120(10) 2n 

Prob. 13.3 



c 3x10" 



= tm p = — = 271 

/ 3 x /0* 



2;t 

A. 



r= 10, 6 = JO", $ = 90° 
j(2)(2n)5xl0- 3 . 



sin30e' j2 ' = jO.25 mA/m 



n = 120n = J77 



£», = il// i . = 9425 mV/m 
Prob. 13.4 

y 

e^' \'4 M ' % 2\z\ 
= — /. j (/- ^e*~-\fe + 7 ](/- ^sinCPzcosB)^ 

4nr V'A 1 -'A 1 



4nr 



A 



2I a \(1- y)cos(p2cos0)ffe 



27tr(J* cos* 9 ' / _ 



= -yw'M v 



/- COS(^/^COS0) 



-> £ e « = yw-i sin9^ ri = yPn sin9/J. ( 
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-yp<- sin0 



/- cos(^/^cos0) 



91 nrl pcos'0 
If f% « 1 , cos(%cosO) = /- ^ 



(^cosO)' 



2! 



Hence 



^ = ^P^ yPr sin0 , //, t = n£e. 



/> = 



2r\ 

or ^=20^^] 
(b) 0J = 20tt 2 (£) ► / = 0itf\ 



Prob. 13.5 



3/ = 5m , X = — = 



c Jx/0 



* 



/ 3xlO e 



= 100 



dl = 5 / / 
A. 100 ~ 20 10 



nn JdlY 80k 2 



Prob. 13.6 



„ Z m -Z 0 23+ j 42 J 
r = _" - = — ^ = 0J7/3Z 42.52° 



5 = 



Z OT + Z„ 123+ j 42.5 
7+H /J 7/5 



7-IH /- 0.3713 



= 2.75/ 
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Prob. 13.7 

This is a monopole antenna 

, c 3x10* „„„ 

X = — = — = 200 

f 1.5 x JO 6 

l((X ,hence it is a Hertzian monopole. 



= 9.87 mn 



/2= 2P t 8 



R rad 9.87x10 



T = 810.54 



I =28.47 A 



Prob. 13.8 

Change the limits in Eq. (13.16) to ± l / 2 i.e. 
n/y- 0 " 0 (yp cose cospf + p sinp*) 



A. = 



4k r 



2nr psin J 0 
But 8 = n// = Vx/< 



-p'cos 2 9 + p 2 

/ r . p/ ni 

—coa — 
2 \ 2 



'A 



sin- 



cosG 



J - cos 8 cos ~ sin 


"tcosg) 




k 2 J 



dr 



where A 0 = - A. sin 8 , A r = A. cos8 

P/ fp/ 
*~2 C0 \J 



I c* r { /p ^ 



V sinG/ 



p/ f(5/ 
cosB - cosG cos— sin — cos0 
2 \ 2 



For far field, onlv the - -term remains. Hence 

r 



2nr 
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?1 coa — COS0 

2 sinO 



0 5 



.0 5 



-1 5 




- * -0 8 -0 6 -0 4 -0 2 0 .02 04 06 08 



For /=2X, /(0) = 



cos(2n cos8)~ 7 
sinO 



OS ~ 



-0 5 




Prob. 13.9 



(a) From Prob. 13.4, 



'Of 



8nr 
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(b) D = ^ 



' ave 



f/(9,((.)=sin'0, U nax =l 



M ^ji J J Y 



~ 4n\3J 3 



D =17-hL 

/3 



Prc\ 13.10 



(a) jp rad .ds= P^nr 2 (hemisphere) 

2nr 2 2n(50xl0 6 



P ave = 12.73a r viW/m 2 



(b) /^ = (/ ' 



2r\ 

^max = = h40% x 72.75 x 10- 

= 0.098 V/m 
Prob. 13.11 



, , . c 3x10 s . 

(a) X = — = -r = i/M 



rl 2 " r\nS 



50xl0- 3 x3x3~ nn ^ t 

I = ; ; = 90.71 nA 

" 120r\'n (0.2Y 100 
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320it 4 S 

(b) Koj = — n — = '* " (OJ) x 70' = 6077 kQ 
Proa = l ~ iJKad = j(W.7/)- x w" x (50.77 x /0 J 



= 0.25 mW 



Prob. 13.12 



"(a) /(8) = 



COS) yCOS0 

sinG 
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Prob. 13.13 

p or / = 3y and / = X , the plots are the upper portions of those in Prob. 1 3.8(b). For 
/ = 5 Y 8 , the plot is as shown below. 




Prob. 13.14 



a r = 



2 5 sin 2 20 
2x\r 2 



2q ' 

= ^-J|(2sinecos0) 2 sin0i*^ 



25 

' rad ~ 2r\ 



25 

P,ad ~ 240n 



(2it ) J 4 sin 2 0 cos J 0 d(- cos0 ) 



25 
120 



}(cos'0-cos 2 0)/(-cos0) 



25 ( cos 5 0 cosV 
720 1 5 3 



25 f 2 2 
120\ 5 + 3 



P_ = 55 J5 mW 



Prob. 13.15 

/(0)= |cos0 cos<(»| 

For the vertical pattern, <|> = 0 



/(0) = |cos0| which is sketched below. 



Prob. 13.16 



52* V 
sin^e 7.5 sin' 9 



/J sin' 9 
P = P 

4%r 2 rod 



Prob. 13.17 

U tor'P^ 3nsin9cos4> 

d ~ v<™~ \p„.ds~ \p^.ds 
■ 

But J/^.dS* f {2sin9cos<|»sin9<*4 
= 2 |cos(|)^<t) Jsin 2 9<$ = 2sin<|> 



Gj = SsinG cos<() 



365 



Prob. 13.18 



-fir 



From Prob. 13.8, E 9s = 
For/ = X _ = __ = 7l 



T]/Jcos(n cos6)+ /] 
2jircos0 



. p' « 

cosl —cosQ 



-cosy 



2nrsmQ 



"65 



/(0) = 



"05 I 



cos(n cosQ ) + / 



"85 | 



sinO 



It is sketched below. 



Prob. 13.19 



(a) Eov = M^sine*- 



'- 
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, 4nr 2 .-!-\Ej 



'rod 



4nr 1 



l/ 2 R 

2 '<> K rad 



<^ 2 /T, 2 /„ 2 pWsin 2 0 



l; '80n 2 \dU 



G k - 1.5 sin* 9 
(b) D=G^ = U 



I 2 „ I.5X 2 sin 2 Q 



16k 2 r 



2 2 



4 i 



(d) K.-SOn'y- 
Prob. 13.20 



= 3.084 



(a) 



120n 2 I„ S 



jsinGe 



■fir 



r V 

320* 4 S 2 



4nU(Qj) 4nr 2 P ave 8nr 2 1 



r rad 

8nr 2 1 



1 ' Ij '2r\ R rad 

2 l o^rad 



(b) 
(c) 

(d) 



D= 1.5 



l 2 G d \~ 
A e = — J -=—1.5sm 2 Q 
4n 4k. 



, nd : 320n 6 
S = Ti a' = 



4 (576)- 



K,j = gum 
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Prob. 13.21 



R. 



ac „ _ 2 



25 dc 25 ana' 



15x 10 6 *4nx 10~ ini , 
Now 5 = J— = 5 ^ x/0 7 = /0- J m 



Alternatively, since 5 ((a , current is confined to a cylindrical shell of thickness 8 . Hence I 
*' = Rac= o(2na)b 

X c Jx 70* ! 

= 2xl.01x5£xl0 7 xnxUxlO 2 = 002090 

n = = „Z{^ = 99.97% 

Koj+R, 73.0209 — 



Prob. 13.22 

(a) U max =l 



= — f (sin'' 20 sinG cfi </<b 
7 

= — (27i)f(2 sinG cos6) 4-cos6) 

4% 0 

= 2 J (cos' e- cos' eV( cose) 
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= 2 



= 2 



u~ = QJ1II 



cos j e 


cosV 


| 


5 


3 


i 

li 


2 2 


8 


i 








~ 5 + 3] 


~ 15 


I 



D = 



1.875 



(b) U max = 4 



/ r fV(-cos0) it r c/v . 1-u 



03 

= ln/-ln— =lni 



Uavc=JLQ99 



5* 



7.099 



(c) U raax = 2 

U "" = 4nl ud{2= ~k ll 2sin2 9 sin ' * sin0 <*<# 
= — J sin 2 *4 }(/ - cos 2 9>/(- cos9) 



2n 2' 

U ave = (U3.3 



fcos J 0 1 


" / 


2 


- cos0 






V j / 


o = * 


:r 2 . 



I 

3 



U. 
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Prob. 13.23 

(a) 



U = — \udQ 



= ~ J I sm2 ® ♦ sin0d9i# 



= - COS0 

2l 3 



2 
V 5 



+ 2 =-.- = 



HI 

2' 3 ~ 3 



=06667 



u 



(b) 



U = — ff4sin 2 0cos 2 $sin0i#<ty 



1 * * 

= - jcos 2 4><# f(/- cos 2 eV(- cose) 



= 1)^(1 -Cos2^[^-CosQ^ 



= 2*1 



♦ + 



Sw2f 




J c/.max 



= 6 sin 2 0 cos 2 <(> 



0 =<?./.«« = £ 



(O L'^ t . = ~ j(cos : 0 sin 2 ^sin0<$J<t> 
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If) A 

= — fsin^4 f(cos'0V(-cose) 
4* i 2 V 



^ j- 2 (l -cos^[ 



cos'e^ 



w_ 

4n 



( ->\ 



\3) 



(I 



(-J^ + sin-'ifr) 



v 2 ~ ' 



12n 



=0.1514 



U , it 

G rf.max = = 66.05 cos 0 cos* - 



Prob. 13.24 



(a) P^-lP^dS^WEjdS 



.04 ( l)t rCOs'0 2 . njnjl 



0.04 
16% 

0.04 



7oV 



— l — )(2n) fcos64- cos0)./0 e 
V 240% J * 



0.04 10 6 



16n 2 120 



( C9sV 



10 4 2 



o 480n 2 '5 



P ra<i = 0.8443 W 



(b) G d = 



4nU(Q,$) 4nr 2 P (n 



'rod 



rod 



= 4%r 



, 0.0-/ cos' 0 70* /2ti- 
7<5tcV '2-/0K ' 700 



G, = fcos-'e 
Since costf0" = y-). 
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G d = 5 



\2 



= 0.625 



Prob. 13.25 



This is similar to Fig. 13.10 except that the elements are z-directed. 



4n 



sin9 , a 9/ + sin0 2 a 9 , 



d d 
where r, = r-— cos0, r 2 = r+— cosG, 0/ = 0 2 = 0, a 9/ sa 92 = a 9 



E, = ^^sin0 aje^"* 0 ' 2 + e *«**"] 
4 n J 



^ = JX] ^° dl sinQ cos(|p^cos0)a 9 



Prob. 13.26 



(a) AF = 2cos|^(pi/cos0 + a) 



AF = 2cos(jtcos0) 



a = 0, 



K 



(b)Nulls occur when 



COS(7l COS0) = 0 

or 



it cos0 = +ji I2,±3n 12,... 



0 = 60° ,120° 



(c) Maxima and minima occur when 



df 

-J-=0 



sin(n cos0)jt sin0 = 0 



i.e. sin0 = O > Q = 0",180" 

cos0 = 0 > 0 = 90" 

or 

0 = 0". 90" .180" 
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(d ) The group pattern is sketched below. 




?rob. 13.27 

(a) The group pattern is 

/(0)= cosj^(p</cos0 + a) 

/(0)= cos| T 1 -! 0080 + f 



-fit* 

^cos~(cos0 + /) 



= COS 



cos~-(cos0 + /) = (T 
4 



-(cos0 + /)=±-± — 
4 2 2 



or cosO = I 



-► 0 = 0 



Maximum and minimum occur when 



d_ 



cos—(cos0 + /) 
4 



= 0 



sin0 sin-~(/ + cos0) = 0 
4 

sin0 = O 9 = -7 or 9 = 180° 
Alternatively /(9) can be plotted using Matlab or Maple. 
The group pattern is shown below. 
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-1 -0 8 -0 6 -0*4 -0 2 6 0 2 ' 0 4 " 0~6 ' 0 8 1 



(b) For «/=-,/(9) = co 



2% X n n 
— .— cos0 + — 

V X 2 2) 



= 0«(| 

^cosG + ^) = 



„ cos0 + — 
2 4 



n „ % n 3it 
— cos6 + — = ± — ,± — 
2 2 2 2 



cosG = - ► 

For maximum or minimum, 



0 = 60° 



d \ *( n " 

— cos— COS0 + — 
dd\ 2\ 4 



= 0 



5 in(f 



sinO^inj — cosG + — J = 0 



sin9 = 0- 



Q = 0°,180° 



stni ~cos9 + — J = 0 



71 „ n 
— cos0 + — = 0 
2 4 



cosG = - — 



4 



cos) — COS0 + ~ 



Q = I20 



71 rt 71 ^ ^ 
— cosQ + — = 0 9 n 9 2n 



The group pattern is sketched below. 
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Prob. 13.28 



/(0)= cos |(pi/cos0 + a) 



(a) a = y 2 ,fid = ^-.X = 2n 



/(0) =cos(it cosG + ^) 
Nulls occur at ji cos0 + ^ = ± - ,+ — ,...or 8 = 7S5°J386° 



2'" 2 
-> sinG = 0- 



Maxima occur at — = 0 — 

ae 

Or sin^n cos+ = 0 ► 0 = 4 1.4°, 104 J" 

With = 0.7/,/. ^ 
Hence the group pattern is sketched below. 



-► e = o°j8o° 
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-0.8 -0.6 -0.4 -0.2 



0.2 0.4 0.6 0.6 1 



(b) a= _p^__ = _ 



/(0) = |cos(^cos0 + y) 



»r % A 3n n 3% 

Nulls occur at —cosQ + —=±—,±—,... 



Maxima and minima occur at sin0 sin^cosG + y 

4 

i.e. 0 = 0°,I80° -> /(0) = 0383,0.924 



0 4 



0.2 



-0 .2 - 



-0 4 



-0 6 



-0 8 



0 = 60° 



= 0 




-0 8 



-0 4 



0 2 0 4 



0 6 



0 8 
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„ „ . 2n 3k 3n 

(c)a . ft „ rf .__._ 

/(9) = cos^cosO 



It has nulls at y cos0 = +y+ : y,...->0 = 48.2" ,13 J. 8" 

It has maxima and minima at = 0 -> sin0 sinf — cosGj = 0 

cm \ 4 ) 

i.e. Q = 0°,180°^ /(0)= 0.7 1 J 




-0 6 -0 6 -0 4 -0 2 



0 2 0 4 0 6 0 8 1 



Prob. 13.29 

(a) For N = 2, /(0) = cos||(p</cos0 + a ) 



a=0,d=- 
4 



/(e) = cos 



l(2n X 



2\k 4 



COS0 + 



cosG 



Maxima and minima occur at 



cos — cosG 

V 4 J 



= 0 



~cos6 | = 0 



sinG sin 

V 

sinG = ()-> G = nj) and /(G) = 070' 
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(b)ForN = 4, 

sin2(p</cose + O) 
AF = -j 

sin-(Mcos0 + 6) 



sin 4Q 2 sin 20 cos 20 

Now, . n = — = 4 cos 20 cos0 

sin0 sm0 



AF= -/cos(p<icos0)cos^-^P</cos0 



( 2% X ) ( I 2ti X) 
/(0)= cos^y.-cosejco^-y-j 



cos0 
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= COS^—COSG I COS) -7COS0 



The plot is shown below. 




■0.8 0.6 



0 4 0 6 0 8 



Prob. 13.30 

(a) The given array is replaced by k ^ 

where + represents ^ # 



Thus the resultant pattern is obtained as follows 




Unit Pattern 



group pattern 



(b) The array is replaced by by <3> 



4 



where + stands for 



z n 



Z0" z^< 
Thus the resultant pattern is obtained as shown. 




\J 

resultant pattern 
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Prob. 13.31 



where G H = 



4nu _ 4nU 

U ave r ud 



But = ^sinG^' 



r|7i 



ilJi 2 //S 2 sin 2 0 



X 4 ■ 3 



= -sin'0 



v £ 3x IP 8 

A. - — - j — - Jffl, 



ix 9 



V2/ 
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Prob. 13.32 



A 7 n 



2x 120nx 2x JO'* 48n 



25 x 10' x 10- 



250 



= 0.6031 



Prob. 13.33 

X 2 



4n 



4n 



4nr) 



P, 



}t er A el 



Pr 

A rr A. 



(b) / > r . ma x=-^-f-/ > , , ^ = ^=— {IM) 



x=— = 3xl ° 8 



, = 5m, 
/ lOOxlO 6 

(o.m 2 ) 2 (ao) 



= 12.8\iW 



Prob. 13.34 



/> f = P,A e = P l — G d 

'r.max ~ ^ ^J.nax 



But Gj = D = 1.64 and 



c J x /0 s 



2ti / 60x/0 ft 



= 5/w 



E'Vp 9x70-* x 25x1.64 
8xx\ ~~ 8n(l20n) 



= 38.9 nW 



Prob. 13.35 



G Jt = 10\G dr = 10 s : = 1585 



. c 3x10 s I 

k = — = r- = 0.02m = — 

/ 15*10 9 50 



P r - G,gJ±)' P, = 10\I585){ ° f ) : 320 

\4nrJ \4n* 2.456741 x 10 / 

= 2.128* W" W= 21.28 pW 



Prob. 13.36 



1/ _ Gjfrad 

Oj = = Ol fgyg = J" 



G d = 10 } 4 =2511.9 

2511J>x7Jxl0 3 



4n{ 



(40xl0 3 ) 2 
= 0.937 mW/m 2 



Prob. 13.37 



30dB = log-^- -+^ = 10* = 1000 

^ Pr fSS| " 

U007J />, /ooo Kiojio) 

800 k _„ 
or = ^ = 79.476 

lOyflO 



Gj= 10lo&79.476= 19 dB 
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Prob. 13.38 



G Jt = 25 = 10 \og l0 G dl -> Gj, = 10 25 = 3/6.23 
G Jr = 10 3 = WOO 



R = 316.23 x J0 : 



Prob. 13.39 



/ 



3x 10" 



\4nx 1.5 x 10 3 ' 1.5 x 10\ 



= 7.12 mW 



(a) P,= 



2r\ 0 4nr 



24 0nP raJ G d 
4nr 2 



\ E ,\ = -yl60P rad G d = — r yl60x 200 xlO 3 x 3500 

r y 120 xlO 6 



= 1.708 V/m 



x8 



14400 x 10 



7 = 1136 jiV/m 



1 708 2 

(c) P c = = = 30.95 mW 



x n |£| 2 (1U6) 2 xW- 12 

\ 3xl ° 8 m * 004x3500 
A. = = 02m, A 2r = ■ 



I5xW 8 



4n 



4n 



P r = P a A er = 1712 x W 13 x 1 1.14 = 1.907 x 10' 12 



{^Gj) 2 oP rad (02 x 3500) 2 x 8 x 2xlQ 3 
[4n) 3 r 4 (4n) 3 xl2 4 xW 16 



= 1.91 x 1Q-' 2 W 



Prob. 13.40 
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= 0.1267 nW 



Prob. 13.41 



\ = - = 



c 3 x10 s 1 



= —((r = 250m 



f 6xlO v 20 



40 = log /0 G d ->G d = 10 4 



Prod ~ 



(4n) 3 (025xl0 3 ) 4 x2xl0 



x0.8 



Prob. 13.42 



4n 



G dt G dr 



fr. 

a 



= ,1.52 W 



But = 36dB = 10 36 = 3981.1 



Gj, = 20dB = 10 2 = 100 



X = - 



c 3x10 



8 



f SxlO 9 



= 0106 



r, = 3km , r 2 = 5km 



4n 



Prad 398 J. J > 100 



( 4nxl5x 10 6 Y 8x I0~' 2 



6* 10- 



2.4 



= 1.038 kW 
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CHAPTER 14 



1 




P. E. 14.1 

„ 1 + 0.4 



1.4 



2.333 



0.6 



S 0 = 



1+0.2 
1-0.2 



12 
0.8 



L5 



P. E. 14.2 

(a) By Snell's law, n f sin 6 \ = n 2 sin 0 2 ■ Thus 

02 = 90° . sin 0 2 = 1 



sin 8 , = n 2 /n,, 6 , = sin _l n 2 /n, = sin 1.465/1.48 = 81.83° 



(b) NA = Jn* - n 2 2 = Vl-48 2 - 1.465 2 = 0,21 



P. E. 14.3 

a 1 = 10 log P(0)/P(1) = 0.2 X 10 = 2 

P(0)/P(1) = 10° 2 , i.e. P(l) = P(0) 10"° 2 = 0.631 P(0) 
i.e. 63.1 % 



Prob. 14.1 Microwave is used: 

(1 ) For surveying land with a piece of equipment called the tellurometer. This radar 
system can precisely measure the distance between two points. 

(2) For guidance. The guidance of missiles, the launching and homing guidance ot 
space vehicles, and the control of ships are performed with the aid of microwaves 

(3) In semiconductor devices. A large number of new microwave semiconductor |i 
devices have been developed for the purpose of microwave oscillator, l| 
amplification, mixing/detection, frequency multiplication, and switching. ' 
Without such achievement, the majority of today's microwave systems could not j 
exist. 'i 

Prob. 14.2 (a) In terms of the S-parameters, the T-parameters are given by [' 

Tii = I/S21, T12 = -S22/S21, T21 — S11/S21, T22 = S12 - S 1 1 S22/S2 1 

1 

(b) T, 1 = 1/0.4 = 2.5, T 12 - -0.2/0.4. ] 
T21 = 0.2/0.4, T22 = 0.4 - 0.2 x 0.2/0.4 = 0.3 
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I Hence, 



T = 



2.5 0.5 
-0.5 0.3 



Prob. 14.3 Since Z L = Z 0 , I" L = 0. 

T ; = S,i = 0.33 -i0.15 
T g = (Z g - Z 0 )/ (Z g + Z 0 ) = (2 -l)/(2 +l)=l/3 
i' 0 = 82-2 — S12S21 i g Cl-Sii l'g ; 

= 0.44 - j0.62 + 0.56x0.56 x(l/3)/[l - (0.1 1 - j0.05)] 

= 0.5571 -j Q.6266 

Prob. 14.4 The microwave wavelengths are of the same magnitude as the circuit 
components. The wavelength in air at a microwave frequency of 300 GHz, for example, 
is 1 mm. The physical dimension of the lumped element must be in this range to avoid 
interference. Also, the leads connecting the lumped element probably have much more 
inductance and capacitance than is needed. 



Prob. 14.5 



X =c/f = 



Prob. 14.6 



3x10" 
8.4jc10 9 



3.571 mm 



f 



+ 
v 



1R 



R 



i c + i R = 0; hence Cdv/dt + v/R = 0 
or dv/v = -dt/RC 

so that lnv = -t/r +lnv 0 , r = RC = 125 x 10" 12 x 2 X 10 3 = 0.5 fj s 
v =v 0 e* r , v(0) = v o = 1500 
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i c = Cdv/dt = C(-l/r) voe-"^ Ag — ; xlSOOe^ 

0.5x10 



= -0.375^ r A, r =0.5 // § 



Prob. 14.7 




I 2 
-4- 



+ 



V 2 



By definition 



V, =AV 2 -BI 2 
I, = CV 2 - DI 2 



We eliminate Ii and I 2 . 
V g = V, + Z g I, or Ii = (V g - V, )/Z g 
V 2 = - Z L I 2 or I 2 = - V 2 /Z L 



(1) 
(2) 



(3) 
(4) 



Substituting (3) and (4) into (1) and (2) and expressing V| and V 2 in terms of V g , we 
obtain 



IL - 20 log V, /V 2 = 20 k>g, 0 
Prob. 14.8 



AZ L + B+ CZ g Z, + DZ g 



/ 10 3 
(a) R<i C = — = nny . , ^. , „ 7 = 16.73 m Q Aon 
w aS 0.96x10 4 x6.1xl0 7 — — =— 



(b) R ac = ~ c — , x a 2 = 0.8 x 1 .2 = 0.96 or a = 0.5528 
owa 



8 = 



yjxfya y]xX6x\0 6 x4;rxl0" 7 x6.1x!0 7 12/rxl0 3 



1000x1 2xxl0 3 

Rac= , ,..,n* =51.5 Q 



12x10^x6.1x10' 
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Prob. 14.9 



MO" , „ c 

n = c/Um = 7 = 1 .428 

m 2.1x10* =— 

Prob. 14.10 When an optical fiber is used as the transmission medium, cable radiation 
is eliminated. Thus, optical fibers offer total EMI isolation because they neither emit nor 
pick up EM waves. 

Prob. 14.11 



(a) NA= V", 2 -«2 2= Vl.62 2 - 1.604 2 = 0,2271 

(b) NA = sin 0 a = 0.2271 or 0 a = sin -1 0.2271 = 13.13° 

nd nx50xl0- 6 x0.2271 

(c) V= — NA = 3 = 27.441 

w k 1300x10'' 

N = V 2 /2 = 376 modes 



Prob. 14.12 

nd i— y t %x25xl0' b x2 



(a) V= y 4^W= }3xW - 6 VbttM = 12*9 



(b) NA = V", 2 " " 2 2 = Vl.45 2 - 1 2 = 1.05 

(c) N = V 2 /2 = 80 modes 
Prob. 14.13 



(a) NA = sin 0 . = V", 2 - " 2 2 = Vl-53 2 - 1.45 2 = 0.4883 
0 a = sin -'0.4883 =29.23° 

(b) P(1)/P(0) = 10 a/ 7 10 = 10- 04X5/10 = 0.631 

i.e. 63.1 % 

Prob. 14.14 

P(l) = P(0)e' a,/, ° =10e-° 5 x0 85/10 mW = 9.584 mW 
Prob. 14.15 As shown in Eq. (10.35), log, 0 Pi/P 2 = 0.434 In P,/P 2 , 
1 Np = 20 logio e = 8.686 dB or 1 Np/km = 8.686 dB/km. 
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or INp/m = 8686 dB/km. Thus, 

a 10 = 8686 a u 
Prob. 14.16 

P(0) = P(l)e ai/ '° = 0.2 e 04x30/10 mW = 0.664 mW 
Prob. 14.17 See text. 
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CHAPTER 15 

P. E. 15.1 The program in Fig. 15.3 was used to obtain the plot in Fig. 15.5. 

P. E. 15.2 For the exact solution, 

(D 2 + 1 ) y = 0 — ► y = A cos x + B sin x 

y(0) = 0 -► A = 0 

y(l)=l — ► I =Bsin 1 or B= 1/sin 1 

Thus, y = sin x/sin 1 

For the finite difference solution, 

y » +y = 0 **+A)-2J*s)+J<x-A) 0 

A 
or 

, „ y(x + A ) + y(x - A) 

><*)» - — f^jr -,X0)= o,MD = U = 1/4 

With the Fortran program shown below, we obtain the exact result y e and FD result y. 

DIMENSION 
Y(0) = 0.0 
Y(4)=1.0 
DEL = 0.25 

DO 10 N = 1,20 ! N = NO. OF ITERATIONS 
DO 10 1=1,3 

Y(I) = ( Y(I+1) + Y(I-l) )/(2.0 - DEL*DEL) 
X = FLOAT (I)*DEL £ 
YE = SIN(X)/SIN(1.0) 
PRINT *, N, I, Y(I), YE 
10 CONTINUE 
STOP 
END 

The results are listed below. 



y(x) 


N=5 


N=10 


N=15 


N=20 


Exact 

y e (x) 


y(0.25) 


0.2498 


0.2924 


0.2942 


0.2943 


0.2941 


y(0.5) 


0.5242 


0.5682 


0.5701 


0.5701 


0.5697 


>'(0.75) 


0.7867 


0.8094 


0.8104 


0.8104 


0.8101 I 
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P . E. 14.3 By applying eq. (15.16) to each node as shown below, we obtain the 
following results after 5 iterations. 
0 0 25 



10.01 
9t*5- 

4^69 

-0 — 


28.3 

2&-tT 

27.06 

iy 

^9t92- 
1&95~ 
-0 — 


f\ 


^50 


12.05 

11.44 

7r76 
IM 
-0- 


28.3 

28r4?~~ 

2?t85 

25t06 
L9*9T 

-e — 


44.57 
44t4T 

43*76- 
42^48- 

-0 — 


10.01 

9.35 
^Srf9 

-5t56 

-0 — 


28.3 
27.85 
-25- 
-0— 








< 




' 50 



0 0 " 25 



P. E. 15.4 (a) Using the program in Fig. 15.16 with NX = 4 and NY = 8, we obtain the 
potential at center as 
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V(2,4) = 23JO 

(b) Using the same program with NX = 12 and NY = 24, the potential at the center is 
W6.12) = 23.89 V 

P. E. 15.5 By combining the ideas in Figs. 15.21 and 15.25, and dividing each wire into \\ 

N segments, the results listed in Table 14.2 is obtained. i 

I 

P. E. 15.6 3 

(a) 




1 



For element 1, local 1-2-3 corresponds with global 1-3-4 so that Ai = 0.35, 
P, = 0.8, P 2 = 0.6, P 3 = -1.4, Qi = -0.5, Q 2 = 0.5, Q 3 = 0 



c <» = 



0.6357 0.1643 -0.8 
0.1643 0.4357 -0.6 
-0.8 -0.6 1.4 



For element 2, local 1-2-3 corresponds with global 1-2-3 so that A 2 = 0.7, 
P,=0.1, P 2 =1.4, P 3 = -l-5, Qi=-1, Q 2 = 0,Q 3 = 1 



C 



(2) 



0.3607 0.05 -0.4107 
0.05 0.7 -0.75 
-0.4107 -0.75 1.1607 



The global coefficient matrix is given by 
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C = 



c (,) „ + c n (2) 




12 1 J 


C 13 (1) 

1 J 


r (2) 
U 2I 


(2) 

^22 


(2) 

*~23 


0 


^21 .31 


(2) 

^32 


r < ! > i r (2) 

^22 *~33 


(i) 


^ (1) 
^31 


0 


^ (2) 
^32 


(1) 

U 33 



0.9964 


0.05 


-0.2464 


-0.8 


0.05 


0.7 


0.75 


0 


-0.2464 


0.75 


1.596 


-0.6 


-0.8 


0 


-0.6 


1.4 



(b) 




1 

For element 1, local 1-2-3 corresponds with global 1-2-4 and A] = 0.675, 
P,=0.8, P 2 = -0.9, P 3 = 0.4, Q,=-0.5, Q 2 = 1.5, Q 3 = -1.0 



C (2) = 



0.5933 -0.9800 0.3867 
-0.9800 2.040 -1.060 
0.3867 - 1.060 0.6733 



For element 2, local 1-2-3 corresponds with global 2-3-4 and A 2 = 0.375, 
Pi =0.1, P 2 = 1 .4, P 3 = -1.5, Q, =-1, Q 2 = 0,Q 3 =1 



r *< 1 ) 



0.3607 0.05 -0.4107 

0.05 0.7 -0.75 
-0.4107 -0.75 1.1607 
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The global coefficient matrix is 



C = 



- (i) 

21 



0 




C 12 "> 0 




< (I) 

31 



1.333 



-0.0777 



0 



- 1.056 



-0.0777 0.8192 -0.98 0.2386 



0 



-0.98 



2.04 -01.06 



- 1.056 



0.2386 - 1.06 1.877 



P. E. 15.7 ' We use the FORTRAN program in Fig. 1 5.34. The input data for the 



NE = 32; ND = 26; NP= 18; 
NL = [ 1 2 5 
2 4 5 

2 3 5 

3 6 5 

4 5 9 , 

5 10 9 f 

5 6 10 'l 

6 11 10 j 

7 8 12 I 
1 8 13 12 1 

8 9 13 l| 



9 14 13 

9 10 14 

10 15 15 

10 11 14 

11 16 15 

12 13 17 

13 18 17 

13 14 18 

14 19 18 

14 15 19 

15 20 19 

15 16 20 

16 21 20 

17 18 22 



region in Fig. 14.35 is a follows: 
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18 23 22 | 

18 19 22 

19 24 23 1 

19 20 24 

20 25 24 | 

20 21 25 

21 26 25]; 

X = [ 1 .0 2.5 2.0 1.0 1.5 2.0 0.0 0.5 1 .0 1 .5 2.0 0.0 0.5 1 .0 1 .5 2.0 0.0 0.5 1 .0 1 .5 
1.5 0.0 0.5 1.0 1.5 2.0]; 

Y = [0.0 0.0 0.0 0.5 0.5 0.5 1.0 1.0 1.0 1.0 1.0 1.5 1.5 1.5 1.5 1.5 2.0 2.0 2.0 

2.0 2.0 2.5 2.5 2.5 2.5 2.5 2.5]; 
NDP = [ 1 2 3 6 11 16 21 26 25 24 23 22 17 12 7 8 9 4]; 
VAL = [0.0 0.0 15.0 30.0 30.0 30.0 30.0 30.0 20.0 20.0 20.0 10.0 0.0 0.0 0.0 
0.0 0.0 0.0]; t! 

I 

With this data, the finite element (FEM) solution is compared with the finite 
difference (FD) solution as shown below. \ 



Node # 


X 


y 


FEM 


FD 


5 


1.5 


0.5 


11.265 


11.25 


10 


1.5 


1.0 


15.06 


15.02 


13 


0.5 


1.5 


4.958 


4.705 


14 


1.0 


1.5 


9.788 


9.545 


15 


1.0 


1.5 


18.97 


18.84 


18 


0.5 


2.0 


10.04 


9.659 


19 


1.0 


2.0 


15.22 


14.85 


20 


1.5 


2.0 


21.05 j 


20.87 
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Prob. 15.1 (a) Using the Matlab code in Fig. 15.3, we input the data as: 
» plotit( [-1 2 1], [-1 0; 0 2; 1 0], 1, 1, 0.01, 0.01, 8, 2, 5 ) 

and the plot is shown below. { \ 

i 

I 
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(b) Using the Matlab code in Fig. 15.3, we input the required data as: 
»plotit([l 1 1 1 1], [-1 -1;-1 1; 1 -1; 1 1;0 0], 1, 1,0.02,0.01,6,2,5) 
and obtain the plot shown below. 
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Prob. 15.2 



Exact solution: y = Ax + B 



B = 0; x= l,y = 10 



x = 0, y = 0 
y=10x; y(0.25) = 15 

Finite difference solution: 

d 2 y y(x+b)-2y(x)+y(x-b) _ 

~dV= A 2 

or 

y(x) = ^[y(x + A ) + y(x - A )],A = 0.25 

Using this scheme, we obtain the result shown below. 



A= 10 





0 


0.25 


0.5 


0.75 


1.0 


n 
0 


0 


0 


0 


0 


10 


1 


0 


0 


0 


5 


10 


2 


0 


0 


2.5 


7.5 


10 


3 


0 


1.25 


5.0 


8.75 


10 


4 


0 


2.5 


5.625 


7.5 


10 


5 


0 


2.8125 


5.0 


7.8125 


10 


6 


0 


2.5 


5.3125 


7.5 


10 



From this, we obtain y(0.25) = 2J. 
Prob. 15.3 (a) 

dV V(x 0 +Ax)-V(x -Ax) 
dx ~ 2 Ax 

For A.r = 0.05 and at x = 0. 1 5, 
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_ _______ _ 



dx 0.05X2 



= 10.117 



d 2 V V(x + Ax)- 2V(x„)+V(x„- Ax) _ 2.0134+ 1.0017-2x1.5056 _ 
~dx T = (Ax) 2 = (0.05) : = — 

(b) V= lOsinhx, dV/dx = 10 cosh x. At x = 0.15, dV/dx = 10Jj3 

which is close to the numerical estimate. 

d 2 V/dx 2 = 1 0 sinh x. At x = 0. 1 5, d 2 V/dx 2 = 1.5056 

which is lower than the numerical value. 

Prob. 15.4 

, ___ + l__ + ___ o 
dp 1 p dp dz 1 

The equivalent finite difference expression is 

V( Po + Hp,z 0 )- 2V(p 0 ,z 0 ) + V( Po - kp,z 0 ) ( 1 V( Po + bp,z 0 )-V{p 0 + Hp,z 0 ) 
(hp) 2 Po 2A/7 

V(p 0 ,z 0 _ Az)- 2^/^) + F(a,,z 0 - Az) 
(Az) 2 

If Az = A/? = A, rearranging terms gives 

^(A,,0= ^(/W + h)+\v(p 0 ,z 0 - h)±(U^)V(p+Kz 0 ) 

+ (\-£-W(p-h,z 0 ) 

as expected. 
Prob. 15.5 

c 2 V 1 cV \ c 2 V n 
V 2 |/=^+ — — +— — -=0. (1) 

r/7" /? /?" r^" 



as expected. 
Prob. 15.5 



d-v 1 dv 1 <? 2 v n 

V 2 F= —+- — +— —r=0, (1) 
op p op p o<p 



dp 2 (ApY 

d 2 v Kr l - 2v m n + v n 



df (Aij>) 

~dp\ m - n = " 2A/> 

Substituting (2) to (4) into (1) gives 



(2) 



(3) 



(4) 



V" , - V , V " - IV " + V " V - 2V " + V 



Vt= . , + 7— 71 + 



mA/>(2A/>) (A/?) {jnhpW 



*-b v ~' - 1V - ^ u h v -' *^ v "' - 2v: 



as required. 
Prob. 15.6 

V. + V 2 + V, + V 4 -10+ 0+ 30+ 60 A „ 

V. = 4 = ~ A =^L 

Prob. 15.7 

V, =0.25(V 2 + 30 + 0-20) = V 2 /4 + 2.5 (1) 
V 2 - 0.25 (V, + 20 + 0 + 30) = V,/4 + 12.5 (2) 
Substituting (2) into (1), 

V, =2.5 + V,/16 +3.125 ^ V,=6V 
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**V V" - 2V m " + V" 



^ ' m mm 



(3) 



m '" 2A/> (4) 

Substituting (2) to (4) into (1) gives 



wA/>(2A/>) (A/?) 2 (mA/?A^) 



v 2w 7 m 1 m v 2m' ™ 1 (mA^) 2 



(A/7) 2 
as required. 
Prob. 15.6 



V, + V 2 + V, + V 4 -jo+0+30+60 
V »- 4 4 - 2 £ V 

Prob. 15.7 

V, = 0.25 (V 2 + 30 + 0 - 20) = V 2 /4 + 2.5 (1) 
V 2 - 0.25 (V, + 20 + 0 + 30) = V,/4 + 12.5 (2) 
Substituting (2) into(l), 

V, =2.5 + V,/16 +3.125 ^ V,=6V 

V 2 = V,/4 + 12.5 = 14 V 
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Prob. 15.8 



k = 



2 100 

/r 

lO" 9 



= 36 



36,7 



Vi = - (V 2 + 30 + 0- 20 + k) = V 2 /4+ 11.5 



V 2 = £ (V, +20 + 0 + 30 + k) = V,/4 + 21.5 
Substituting (2) into (1) gives 

V, = 11.5 + V,/16 +5.375 ^ V, = 18 V 

V 2 =V,/4 + 12.5 =26V 



(I) 



(2) 



Prob. 15.9 (a) 

1 1 

V, = -(0+100 + V 3 + V 2 ), V 2 = -(0+100 + V,+V 4 ), 

1 1 

V 3 = -(0 + 0 + V, + V 4 ), V 4 = -(0 + 0 + V 2 + V 3 ) 
We apply these iteratively n=5 times and obtain the result below. 



n 


0 


1 


2 


3 


4 


5 


V, 


0 


25 


34.375 


36.72 


37.305 


37.45 


v 2 


0 


31.25 


35.937 


37.11 


37.403 


37.475 


v 3 


0 


6.25 


10.937 


12.11 


12.403 


12.475 


v 4 


0 


9.375 


11.917 


12.305 


12.45 


12.487 



(b) By band matrix method, 
4V, - V 2 - V 3 - 100 

- V, +4V 2 - V 4 = 100 

- V, + 4V 3 - V 4 =0 
-V 2 - V 3 + 4V 3 = 0 
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In matrix form, 



' 4 


-1 


-1 


0 






100' 


-1 


4 


0 


-1 






100 


-1 


0 


4 


-1 


v* 




0 


0 


-1 


-1 


4 






0 


A V 


= B 




— ► 




V 


= A" 



which yields V. =37.5 = V ? . V? = 12.5 = V f . 

These values are more accurate than those obtained in part(a). Why? The average of 
the values should give 25 V which is the potential at the center of the region. The 
values in part(a) give 24.96 V while the value in part (b) gives 25 . 
Prob. 15.10 



(b) 



-4 
1 

0 
1 
0 
0 



1 0 
-4 1 
1 -4 



0 

1 

0 



0 -4 
0 
1 



0 

1 

0 

1 



0 
0 

1 

0 

1 -4 1 
0 1 -4 
[A] 



•200 
100 
100 
100 

0 
0 

[B] 



-4 


1 


0 


1 


0 


0 


0 


0" 






-30' 


1 


-4 


1 


0 


1 


0 


0 


0 






-15 


0 


1 


-4 


0 


0 


1 


0 


0 


v* 




-30 


1 


0 


0 


-4 


1 


0 


1 


0 






-15 


0 


1 


0 


1 


-4 


1 


0 


1 


v, 




0 


0 


0 


1 


0 


1 


-4 


0 


0 


v 6 




-15 


0 


0 


0 


1 


0 


0 


-4 


1 






0 


0 


0 


0 


0 


1 

[A] 


0 


1 


-4 






0 

" [B] 
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Prob. 15.11 (a) Matrix [A] remains the same. To each term of matrix [B], we add 

-h 2 p, I £. 

(b) Let Ax = Ay = h = 0.05 so that NX = 20 = NY. 

p, a (> - 1)10 9 

7= 10-/36*- =36 ^-D 

Modify the program in Fig. 15.16 as follows. 

DO 40 1=1, NX -1 

DO 40 J=1,NY-1 

SAVE = V(I,J) 

X = H*FLOAT(I) 

Y=H*FLOAT(J) 

RO = 36.0*PIE*X*(Y-1) 

V(I,J) = 0.25*( V(I+1,J) + V(M,J) + V(I,J+1) + V(I,J-1) + H*H* O ) 
40 CONTINUE 

This is the major change. However, in addition to this, we must set 

VI =0.0 
V2 = 10.0 
V3 = 20.0 
V4 = -10.0 

NX = 20 
NY = 20 

The results are: 

V„ = 4.276. Vk = 9.577 T V. = 1 1 , 1 26 V, = -7 Oil V r = 1 oi Q| 



V f = 6.069. V P = -3.424. Vh = -0. 109. V = 2.909 



Prob. 15.12 



1 0> yt Vn +<D y 'V B -2(DV„ _ <P^,, n -KDV,, n -20' 
c 2 (AO 2 = (Ax) 2 

D'^i + QV„-i -2(D y m ,„ 
(Az) 3 

If h = Ax = Az . then after rearranging we obtain 
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0 = 2<D - 0 J - l m .„ + a(<D V* + 0 - 20 J m , n) 
ff(<D 7 m . fl ., + 0 ; m . n .,-2(D ytl m .„) 

where a - (cM I h) 1 . , 

Prob. 15.13 Applying the finite difference formula derived above, the following J 

programs was developed. 

DIMENSION V(0:50,0:50) 

U= 1.0 
DT = 0.1 
DX = 0.1 
NT = 4/DT 
NX =1/DX 

ALPHA = (U*DT/DX)**2 I 
DO 10 I=0,NX-1 ' 
DO10J=0,NT-l I 

10 V(I,J) = 0.0 .i 
DO20J=0,NT-l I 
V(0,J) = 0 j 
V(10,J) = 0 I, 

20 CONTINUE 

DO 30 I=0,NT-1 

V(I,0) = SIN(FLOAT(I-1)*3.142/10.0) 
V(I,1) = V(I,0) 
30 CONTINUE 

DO40J=l,NT-2 
DO 40 I=l,NX-2 

V(I,J+1) = ALPHA*( V(I-1,J) + V(I+1,J) ) + 2*(1.0 - ALPHA)*V(I,J) 
1 -V(I,J-1) 
40 CONTINUE 

WRITE(6,*) V(I,J) ' 

STOP 
END 

The results of the finite difference algorithm agree perfectly with the exact solution as 
shown below. ' 



i 

J 
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T 


x 






0.0 


0.0 


0.0 


0 0 


0.0 


0.1 


0 30903 


0 30902 


0.0 


0.2 


0.58779 


0 58779 


0.0 


0.3 


0 80902 


0 80902 


0.0 


0.4 


0 95106 


0 95106 

\J . s *J l \J\J 


0.0 


0.5 


1.0 


1.0 


0.0 


0.6 


0.95106 


0.95106 


0.0 


0.7 


0.80902 


0.80902 











Prob. 15.14 

(a)Points 1, 3, 5, and 7 are equidistant from O. Hence 



V 0 = ^(V, +V. fV 5 +V 7 ) 



(1) 



Also points 2, 4, 6, and 8 are equidistant from O so that 
V 0 =^(V 2 +V 4 +V 6 +V 8 ) (2) 



Adding (1) and (2) gives 






V 0 = ^(V, +V 2 +V 3 +V4 + V5 +V 6 +V 7 +V 8 ) 
as required. 

Prob. 15.15 Combining the ideas in the programs in Figs. 1 5.20 and 1 5.24, we develop 
a Matlab code which gives * ; ^ 



N = 20 



N = 40 



N= 100 



^ C=19.4pF/m 



_^ C= 13.55 pF/m 



C = 12.77 nF/m 



For the exact value, d/2a = 50/10 = 5 

%z TixI0~ 9 /36n 



C 



cosh 



cosh _/ 5 



= P F/m 



la 
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Prob. 15.16 To determine V and E at (-1,4,5), we use the program in Fig. 15.21. 




, where R = yj26+ (4-y') 2 



\Axs a R 



a v P* 



Ane T=\ y/26+ (y- y k ) 2 




f PjdjR 



where R = r - r' = (-1, 4-y', 5), R = |R| 



For N = 20, V 0 = 1 V, L = lm, a = 1mm, the following lines are added to the program in 
the Fortran version of Fig. 15.21 after 90 CONTINUE statement. (See second 



V = 0.0 
EX = 0.0 
EY = 0.0 

FACTOR = DELTA/(4.0*PIE*EO) 
DO 100 K=1,N 

R = SQRT(26.0 + (4.0 - YY(K) )**2) 
V=V + RO(K)/R 
EX = EX-R0(K)/R**3 
EY = EY + (4.0 - YY(K))*RO(K)/R**3 
100 CONTINUE 

V = V*FACTOR 
EX = EX*FACTOR 
EY= EY*FACTOR 
EZ = -5.0*EX 

PRINT *. V. EX. EY. EZ 



■J. , A A (4-y k ) Pl 



3/2 



Ey = 4«fe[26+(4-^) 2 ] 



3/2 



edition.) 
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The result is: 

V = 12.47 mV, E = -0.3266 av -H.1353a y + 1.6331a, mV/m 
Prob. 15.17 



e 



To find C, take the folio vying, aieps: 

(1) Divide each line into N equal seg ^.ents. Number the segments in the lower conductor 
as 1 , 2, . . . , N and segments in the upper conductor as N+ 1 , N+2, . . . , 2N, 

(2) Determine the coordinate (x k , y k ) for the center of each segment. 

For the lower conductor, y k = 0, k=l, N, x k = h + A (k-1/2), k = 1,2,... N 
For the upper conductor, x k = [h + A (k-1/2)] sin 9 , k=N+l , N+2, . . .,2 N, 
x k = [h + A (k-1/2)] cos 0, k = N+l,N+2,... 2N 

where h is determined from the gap g as 

h= 8 
2sin<9/2 

(3) Calculate the matrices [V] and [A] with the following elements 



V 0 ,k=l,...,N 
-V a ,k= N+1...2N 



J * j 



2 In A I a J = j 



where /?„ = J(x, - x, ) 2 + (>•,- y> f 

(4) Invert matrix [A] and find [p ] = [A]" 1 [V]. 
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(5) Find the charge Q on one conductor 

A/ 
* = l 

(6) Find C = (Q|/V 0 

Taking N= 10, V 0 = 1.0, a program was developed to obtain the following result. 



0 


C (in pF) 


10 


8.5483 


20 


9.0677 




5.893 


40 


8.606 


50 


13.004 


60 


8.5505 


70 


9.3711 


80 


8.7762 


90 


8.665 


100 


8.665 


110 


10.179 


120 


8.544 


130 


9.892 


140 


8.7449 


150 


9.5106 


160 


8.5488 


170 


11.32 


180 


8.6278 



Prob. 15.18 We may modify the program in Fig. 15.25 and obtain Z a = 50ft . For 
details, see M. N. O. Sadiku, "Numerical Techniques in Electromagnetics," (CRC Press 
1992), pp. 338-340. 

Prob. 15.19 (a) Exact solution yields 

C= IrteHn^k l a) = 8.02607x10 " F/mand Z a = 41.559ft 



where a - 1cm and A = 2cm. The numerical solution is shown below. 
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N 


C(pF/m) 


Z (CI) 


10 


82.386 


40.486 


20 


80.966 


41.197 


40 


80.438 


41.467 


100 


80.025 


41.562 



(b)For this case, the numerical solution is shown below. 



N 


C (pF/m) 


2,(0) 


10 


109.51 


30.458 


20 


108.71 


30.681 


40 


108.27 | 


30.807 


100 


107.93 


30.905 



"rob. 15.20 We mHify the Matlab code in Fig. 15.26 (for Example 15.5) by changing 
the input data and matrices [A] and [B]. We let 
x, = h + A 0-1/2), i = 1,2,... N, A = L/N 

yi = h/2, j = l,2,...N, Zk = t/2, k=l,2,...N j 

and calculate i! 

i 

We obtain matrices [A] and [B]. Inverting [A] gives 1 

L <i, 

[q] = [A]"' [B], [p v ] = [q]/(ht A ), C = 

The computed values of [p v ] and C are shown below. 



1 


/7 V( (jc10' 6 )C/w 3 


1,20 


0.5104 


2, 19 


0.4524 


3, 18 


0.4324 


4,17 


0.4215 


5,16 


0.4144 1 


6, 15 


0.4096 


7, 14 


0.4063 


8,13 


0.4041 


9. 12 


0.4027 ~ 


10.11 . ' 


0.4020 "I 
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C= 17.02 dF 

Prob. 15.21 From given figure, we obtain 

= Ya^ x 2>'3 ~ x 3 y 2 )+(y 3 - y 3 )x+(x 3 - x 2 )y] 

as expected. The same applies for a 2 and a 3 . 

Prob. 15.22 (a) For the element in (a), 
A = '/ 2 ( 1 -0.5x0.25 ) = 0.4375 

a, = -^-[0.875- 0.75* - 0.5>>] = 1- 0.8571a:- 0.5714>> 
a 2 = tj[0+ x- 05y] = 1.1428*- 0.57 14>> 

a 3 = tj[0- 0.25a: + y]= -0.2857* + 1.1429.V 

For the element in (b), 

A = '/ 2 [0.5xl.6-(-l)xl.6]= 1.2 

«, = 1.25- 0.625>> 

a 2 = - 1.5+ 0.667* + 0.4167.V 

a, = 1.25- 0.667* +0.2083.V 

(b)For the element in (a), 

P, = -0.75, P 2 - 1 .0, P 3 = -0.25, Q, = -0.5 = Q 2 , Q 3 = 1 .0 

+ £<?,]= (Va,.Va 3 M 

Hence, 



a, = 



J_ 
2A 



1 * 
1 x 2 
1 x x 



y 

>*3 
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0.4643 -0.2857 -0.1786 
-0.2857 0.7143 -0.4286 
-0.1786 -0.4286 0.6071 



For the element in (b), 

P, = 0,P 2 = 1.6, P 3 - -1.6, Q, =-1.5. Q 2 = 1.0, Q 3 =0.5 
Hence, 





" 0.4688 


-0.3125 


-0.1553' 


C (2, = 


-0.3125 


0.7417 


-0.4292 




-0.1563 


-0.4292 


0.5854 



Prob. 15.23 (a) 



2A = 



1 1/2 1/2 
1 3 1/2 
1 2 2 



= 15/4 



«i = ^K 6 " 0+ (-1^)* +(-!)>']= ^(5- 1.5*- y) 



15 



<*i = ^[(1- 0+ \x- \y} = jjQSx- I5y) 

<* 3 = ^[0 / 4 - 3 / 2) + Ox + ^y] = 1.25 + 2.5j>) 

Substituting V=80, V, = 100, V 2 = 50, V 3 = 30, a , , a 2 , and a, leads to 
20 = 7.5x+ 10y + 3.75 
Along side 12, y=l/2 so that 

20= 15x/2 + 5 + 15/4 ^ x=3/2, i.e (1.5, 0.5) 

Along side 13. x =y 

20= 15x/2+ 10x + 15/4 x=13/4. i.e. ( 13/14. 13/14) 
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Along side 23, y = -3x/2 + 5 
20= lSx/2- 15 + 50 + 15/4 
Hence intersection occurs at 



x=-5/2 (not possible) 



(1.5.0.5) along 12 and (0.9286. 0.9286) alone 13 
(b) At (2,1), 



a 



^(1,2) = a,K, + ff 2 K 2 + a y V 3 = (400 + 300 + 150)/15 = 56.67 V 
Prob. 15.24 



2A = 



1 0 0 
1 2 -1 
1 1 4 



= 9 



*, = ^[(0 - 0) + (4 - 0)x + (0 - l)y] = |(4x - 



1 



1 



«i = 9KO - 0) + (0+ l)x + (2 - 0).y] = -(x + 2y) 



1 



1 



«s = 9 K8 + 1) + (" 1 - *)* + 0 - 2)y) =-(9-5x-y) 
K = OiKt + a 2 V e2 + a 3l V e3 

V(l,2) = 8(4-2)/9 +12(l+4)/9 + 10(9-5-l)/9 =96/9 = 10.667 V 

At the center a,= a 2 = a 3 = 1/3 so that 

V(center) = (8 + 12+10)/3 = 10 

Or at the center, (x, y) = (0 + 1 + 2, 0 + 4 -l)/3 = (1,1) 

V(l,l) = 8(3)/9 +12(3)/9 + 10(3)/9 = 10 V 



Prob. 15.25 



(3,12) 
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(3,12) 



(8,12) 





(8,0) 

(0,0) (8,0) 
For element 1, local numbering 1-2-3 corresponds to global numbering 4-2-1. 

P, = 12, P 2 = 0, P 3 = -12, Q, = -3, Q 2 = 8, Q 3 = -5, 

A = (0+ 12x8)/2 = 48 



c (l) = 



0.7956 -0.1248 -0.6708 
-0.1248 0.3328 -0.208 
-0.6708 -0.208 0.8788 



For element 2, local numbering 1-2-3 corresponds to global numbering 2-4-3. 
P, = -12, P 2 = 0, P 3 = 12, Q, = 0, Q 2 = -5, Q 3 = 5, 
A = (0 + 60)/2 = 30 ' Y: 



C («) = 



1.2 0 -1.2 
0 0.208 -0.208 
-1.2 -0.208 1.408 
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C = 





r «) 

^23 


0 


.* i 


(1) 

^23 


(1) . ^» (2) 
^22 T Hi 


^ (2) 
^ 13 


<~ (I) , (2) 
^21 r ^12 


0 


r (2) 

^31 


^ (2) 
^33 


r (2) 

^32 


^13 


r o x (2) 

^21 r ^21 


r 1 (2) 

^23 


(2) , r (1) 
^22 T Hi 



0.8788 -0.208 0 -0.6708 

-0.208 1.528 -1.2 -0.1248 

0 -1.2 1.408 -0.206 

-0.6708 -0.1248 -0.208 1.0036 



Prob. 15.26 



(0,1) 




(2,2) 



(2,2) 




(1,0) 



(1,0) 



(3,0) 



For element 1, local numbering 1-2-3 corresponds to global numbering 1-2-4. 
P, = -2, P 2 =1, P 3 = -1<, Q, = 1, Q 2 = -2, Q 3 = 1, 
A = (P 2 Q 3 - P 3 Q 2 )/2 = 3/2, i.e. 4A = 6 



- - 
6 



5 -4 -1 
-4 5-1 

-1 -1 2 



For element 2, local numbering 1-2-3 corresponds to global numbering 4-2-3. 



P, =0. P, = -2.P 3 =2.0, =2. Q 2 =-l.Q 3 =-1. 
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A = 2, 4A = 8 



4 -2 -2 



C 



-2 5 -3 



8 



-2 - 



3 5 



The global coefficient matrix is 



C = 



• (0 

13 



• (I) 
12 



0 



C I2 <" 0 C I3 (, » 

/- ('),/- (2) ^ (2) ^ (I) ^ (2) 

<_22 + *-22 L -23 C 23 + C 2I 

/" (2) (2) r (2) 

*~23 <~33 C 3I 

('),/- <2) r (2) r o) , r < 2 > 

^23 + <-2l C 3I C 33 + Hi 



0.8333 -0.667 0 -0.1667 

-0.6667 1.4583 -0.375 -0.4167 

0 -0.375 0.625 -0.25 

-0.1667 -0.4167 -0.25 0.833 



Prob. 15.27 We can do it by hand as in Example 15.6. However, it is easier to prepare 

an input files and use the program in Fig. 15.54. The Matlab input data is 

NE = 2; 
ND = 4; 
NP = 2; 
NL = [1 2 4 

2 3 4]; < 
X = [0.0 1.0 3.0 2.0]; 
Y = [ 1.0 0.0 0.0 2.0]; 
NDP=[1 3]; 
VAL = [ 10.0 30.0] 



10 



The result is V 



18 

30 



20 



From this. 



V 2 -18 V, V 4 = 20V 
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Prob. 15.28 



2 



4 




5 



5 



2 



The local numbering 1-2-3 in element 3 corresponds with the global numbering 5-4- 
1, while the local number 1-2-3 in element 4 corresponds with t'.e global numbering 



5-1-2. 

C 5 .5=C ll (2) + C„ (3 > + C ll (4) + C ll (5) , A = 2, 
Cii (2) = ( 2 x 2 + 2 x 2)/8 = 1 = C„ (5) 
C, I (3) = (2x2 + 0)/8 = '/2 = C,, (4) 

c 5 ,5 - l + l + ! / 2 + Vi =2 
c 5 , = c 31 < 3 > + c 2I < 4 > 



But C 3 i tJ ' - - ( P3P1 + Q3Q1 ) = 0 since P 3 = 0 = Q 3 



Prob. 15.29 As in P. E. 14.7, we use the program in Fig. 15.34. The input data based 
on Fig. 15.56 is as follows. 

NE=50; ND=36; NP=20; 
NL = [1 8 7 

1 2 8 

2 9 8 



C 2 i w = ~( P2P1 + Q2 Qi ) = 0 since P 3 = 0 = Q 3 



1 



3 

10 
4 



9 
9 
10 
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4 11 10 

4 5 11 

5 12 11 
5 6 12 
7 14 13 

7 8 14 

8 15 14 

8 9 15 

9 16 15 

9 16 16 

10 17 16 

10 11 17 

11 18 17 
11 12 18 
13 20 19 

13 14 20 
1' 21 20 

14 15 21 

15 22 21 

15 16 22 

16 23 22 

16 17 23 

17 24 23 
17 18 24 
19 26 25 

19 20 26 

20 27 26 

20 21 27 

21 28 27 

21 22 28 

22 29 ' 28 

22 23 29 

23 30 29 
23 24 30 
25 32 31 

25 26 32 

26 33 32 

26 27 33 

27 34 33 

27 28 34 

28 35 34 

28 29 35 

29 36 35 
29 30 36]; 

X = [0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0]; 
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Y = [0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.2 0.2 0.2 0.2 0.2 0.4 0.4 0.4 0.4 0.4 
0.4 0.6 0.6 0.6 0.6 0.6 0.6 0.8 0.8 0.8 0.8 0.8 0.8 1.0 1.0 1.0 1.0 1.0 1.0]; 
NDP = [ 1 2 3 4 5 6 12 18 24 30 36 35 34 33 32 31 25 19 13 7]; 
VAL = [0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 50.0 100.0 100.0 100.0 
100.0 50.0 0.0 0.0 0.0]; 

With this data, the potentials at the free nodes are compared with the exact values as 
shown below. 



Node no. 


FEM Solution 


Exact Solution 


8 


4.546 


4.366 


9 


7.197 


7.017 


10 


7.197 


7.017 


11 


4.546 


4.366 


14 


10.98 


10.66 


15 


17.05 


16.8-. 


16 


17.05 


16.84 


17 


10.98 


10.60 


20 


22.35 


21.78 


21 


32.95 


33.16 


22 


32.95 


33.16 


23 


22.35 


21.78 


26 


45.45 


45.63 


27 


59.49 


60.60 


28 


59.49 


60.60 


29 


45.45 


45.63 



Prob. 15.30 We use exactly the same input data as in the previous problem except that 

the last few lines are replaced by the following lines. 

VAL = [0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 58.8 100 0 95.1 95.1 
58.8 0.0 0.0 0.0]; 

The potential at the free nodes obtained with the input data are compared with the exact 
solution as shown below. 
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Prob. 15.31 



Node no. 


FEM Solution 


Exact Solution 


8 


3.635 


3.412 


9 


5.882 


5.521 


10 


5.882 


5.521 


11 


3.635 


3.412 


14 


8.659 


8.217 


15 


14.01 


13.30 


16 


14.01 


13.30 


17 


8.659 


8.217 


20 


16.99 


16.37 


21 


27.49 


26.49 


22 


27.49 


26.49 


23 


16.69 


16.37 


26 


31.81 


31.21 


27 


51.47 


50.5 


28 


51.49 


50.* 


29 


31.81 


31.21 


1 v 2 



/ 1 









v 3 



v 4 



For element 1, the local numbering 1-2-3 corresponds wim nodes with V. , V? , and 

V 3 . 
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4 I I 



C " = iP" 1 ^' + Q & ]= W [ ~ hh ~ ° ] = _I 



2x1 2 

Similarly, C 03 = -1 = C 04 . Thus 

V 0 = ( V, + V 2 + V 3 + V 4 )/4 

which is the same result obtained using FDM. 



